ON TWO FIFTH ORDER MOCK THETA FUNCTIONS

SANDER ZWEGERS

ABSTRACT. We consider the fifth order mock theta functions xo and x1, de-
fined by Ramanujan, and find identities for these functions, which relate them
to indefinite theta functions. Similar identities have been found by Andrews
for the other fifth order mock theta functions and the seventh order functions.

1. INTRODUCTION AND STATEMENT OF THE RESULT

The mock theta functions were discovered by Ramanujan and are the subject of
the last letter he sent to Hardy (see [5, p. 127-131]), in 1920. In [I] we can find the
mathematical content of this letter and an account of the mock theta functions.

In [2] Andrews gave identities which relate a lot of the mock theta functions from
Ramanujan’s letter to indefinite theta functions. For example for the fifth order
function

P— S qnz
fola) = ;::O QI+ +¢*>) - (14q¢m)

he found (slightly rewritten)
1 C 5p24 1, a2
folg) = 7( o=y )(*1)]11g g
n+5>0,n—j>0 n4j<0,n—j<0

with (¢)oo 1= [[h=;(1 — ¢*). He found similar identities for 7 other fifth order
functions and for all 3 seventh order functions. The only fifth order functions that
he didn’t deal with are xo and 1, which are defined by

q
Xo(q) ==Y s
n=0 (qn )
x1(q) = .
el (@")n
Here we use the standard notation (), := Z;S(l —zq").

Recently, an intrinsic characterization of the mock theta functions has been
found: they can be seen as the holomorphic parts of certain non-holomorphic mod-
ular forms. For a description see [8], [4] and [6] (in chronological order). In [7] (see
also [9]) this is shown for most of the fifth and all seventh order functions using the
before mentioned identities by Andrews.

For completeness, we give similar identities for o and x1, which relate them to
indefinite theta functions. In fact, we will prove
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Theorem 1. We have

Z Z ) k+l+qu(k:lm)+ (kettm)

oo kJlIm>0 k,l,m<0

Y1(q) ( Z Z ) 1)k++m Q(klm)+ (ketitm)

oo k,l,m k,l,m<0

Xo(q) =

with Q(k,1,m) = $k? + 31> + $m? + 2kl 4 2km + 2Im.

Note that the quadratic form @ is of type (1,2), while in the 11 identities that
Andrews found for the fifth and seventh order mock theta functions, the quadratic
form is always of type (1,1). This means that we can’t use the methods from [7] to
find the nature of the modularity of xg and x; from these identities. An extension
of the theory of indefinite theta functions is required for that.

In the next section we will state and prove two necessary lemmas. In Section 3
we will then prove Theorem [}

2. SOME LEMMAS

To simplify the notation we introduce
Definition 2. For r,s € Z we define

1 ifr,s >0,
prs =<4 —1 ifr,s <0,

0 otherwise,

5 — 1 ifn=0,
" 10 otherwise.
The next lemma is basically a rewritten version of a result by Andrews, Lemma
12 in [2].

and for n € Z

Lemma 3. For n > 0 we have

1
TN 2§n - r,s
@), Z Pr,

r,s€Z, |r+s|<n

(_1)7'+sq%7'2+27's+%52—%’r—%s

)

(Q)n+r+s (Q)n—r—s

and forn >1

1
(qn)n = Z Pr,s

r,s€Z, |r+s+1|<n

(_1)r+sq%r2+2rs+%sz+%r+%s+2

(Q)n+1+r+s (q)n—l—r—s

Proof of Lemma[3 Andrews in [2] defines for n > 0



ON TWO FIFTH ORDER MOCK THETA FUNCTIONS 3

and

2 2 2 2
on(0)=¢*" T Y " =Y g

il<n lil<n
2 n 2 5 n—1 ,
o y1(0) = —2¢%" HAH Z q T 24 Z g’ 7,
j=0 j=0

n—1

2_2n n —j2—j

o (1) = =2¢°" 2" (1—¢") Y g7,
7=0

2 2
on i1 (1) = q3n +n(1 _q4n+2) Z g 7.
lil<n
According to Lemma 12 (%,(0), %,(0)) and (#,(1), B,(1)) are Bailey pairs for
a = 1. This means

B (i) = Xn:m with i = 0, 1. (2.1)

We have for n > 0

2n

n
a2 _s2 . . _ 2
[7]<n j=-n j=0 r,s€Z, r+s=2n
2 ] 2 2 ! 2
Z g7 = Z g =g Z P = g Z prs 4%,
|7l<n j=—-n+1 j=—2n+1 r,s€Z, r+s=—2n
and similarly
n n 2n+1
2Zq_j2_j = Z q_j2_j = q_"2_” Z qj(2n+1—j)
Jj=0 j=-n-1 j=0

p— 2_
=q n—n Z Pr.s qrs’

r,s€Z, r+s=2n+1

n—1 n—1 1
23 ¢ = ¥ g =gt 3 o)
j=0 j=—n j=—2n

—_n2—
= —q n n Z p’r‘,s qTS.

r,s€Z, r+s=—2n—1

If we put this in the definition of %, (0) we find

Ay (0) = ap +a_p ?fn>1,
ag if n=0,
with

1.2, 1
an = (71)nq2n +3n § Prs qrs.
r,s€Z, r+s=n
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Using this in equation (2.1)) with i = 0, we get

1 " (0) "
<wﬂn:§%@ E:

n— q n+k n+k

n ( l)kqék2+ k+rs
= E § Pr,s
k=—nr,s€Z, r+s=k (q)nfk(q)n+k
(_1)T+Sq%7'2+27“8+%82+%7“+%8
- § Pr,s
rs€Z, |r+s|<n

= Z P—r,—s

r,s€EZ, |r+s|<n

(Q)n—r—s (Q)n+r+s

(_1)r+sq%r2+2rs+%sz—%r—%s

)

(Dn—r—s(@Qn+rrs

where we have replaced (r, s) by (—r, —s) in the last step. We can easily check that
P—r,—s = 0p + 05 — prs, Which gives

( l)lq;ﬂfll (71)T+sq%r2+2rs+%s2f%rfés

1
@, =2 D e D DR O

lEZ I”<n (Q)nfl(q)n+l ’I‘SEZ |7‘+s|<n (q)nf’rfs(q)'npl»r«}s

If we proof that

L

1€Z, |l|<n (@n—1(@)n+

then we get the desired identity for ﬁ This equation is equivalent to the
statement that (a,,d,) is a Bailey pair for a = 1, with

(—1)rgn = An (14 qn) i > 1,
=
1 if n =0,

which is proved in [3 p. 27-28].
The proof of the identity for e ) is similar, so we omit some of the details. By
rewriting the definition of 7, (1) we find

JZ{n(l) =ap-1+a_n-—1.

If we put this in equation (2.1)) we find that if n > 1

1 ~ o, (1) a = a
B %( _ k 1 _ k
(Q")n I;O n k q n+k Z n+/<: szznfl (q)n—l—k(q)n—i-l—i-k

(71)r+sq§r +2rs+%52+%r+%s

= Z Pr,s

r,s€Z, |r+s+1|<n

3

(Q>n717rfs(q)n+1+r+s

where we have to note that a_y = 0 (if » + s = —1 then p, s = 0). If we replace
(r,s) by (—r —1,—s — 1) in the last sum and use p_,_1,_s_1 = —p, s, We get the
desired result. O
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Lemma 4. For m € Z we have

n
q p _ nq%n2+%n+2nm+m
§ § n,m

nez, n>|ml (Q)nfm(Q)n+m )3 nez

2
_ n n —lnt2nm-—m
f( E an — 2
°o neZ

Proof of Lemma[j} We have the partial fraction decomposition

(q)go _ Z (_1)nq%n2+%n

m 1—zqgn (2.2)

nez

found in [3 p. 42]. If |¢| < |x| < 1, then

17:“1 = pus aFq"*

keZ

so the right hand side of equation (2.2]) can be written as

Z Prk (_1 T qin + n+nk
n,k€Z

Since

-y

k=0 (@)x
for |z| < 1 (see equation (2.9) in [3] with a = 0 and z = z), we see that for
lg] < |z| <1 we can write the left hand side of equation (2.2) as

LYY e

k€Z |=max(0,—k) (q)k+l<Q)l

L o X X G

=0 1=0 \Wk\q 1=0 he—1 Di+1(q)1

If we compare the coefficient of 2* on both side of the equation (2.2]) we see

00
q 1,21
@3 = pug (1)gEm TEE,

I=max(0,— k) (@il neZ

If we take k = 2m, replace [ by [ — m in the sum on the left, multiply both sides
by ¢™/(g)%, and note that p, 2m = pPr.m, we get

l

Z g - 2 Z Pn,m qzn + nt2nmm (23)

1€Z, 1>|m| (Q)l—m(q)l-i-m oo nez

This is the first part of the lemma.
If we replace (n,m) by (—n,—m) in (2.3) and use p_p —m = —pPn.m + On + O
and Znez(—l)"q%"L%” = 0 we get the second part. O
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3. PROOF OF THEOREM [I]

Proof of Theorem [l Using Lemma[3|and the first part of Lemma[d] with m = r+s,

we see
i 9 i Z ) (_1)r+sq§r +2rs+2s ——r——9+n
- TS
n—O n+1 n=0rsE€Z. rbs|<n (q)n+r+s(q)n—r—s
s 1p2 1,2 1, 1 q"
=2— Y pp (<L) T e e N
r,s€Z nEZ, n>|r+s| (q)n—i-?”—i-s(Q)n—r—s
1
= ) Z Pr.s Pnr+s (*1)T+S+”QQ(T’S’”)+2(T+5+n)’
& r.s,neZ
If we use
1 ifr,s,n>0o0rrsn<0,
Pr,s Pnr+s =

0 otherwise,

we get the first part of the theorem. The proof of the second part is similar

Y

(71)r+sq%7’2+2rs+%52+%T+%s+n+1

(Q)n+1+r+s (q)nflfrfs

n=1 n n=1rscZ, [r+s+1|<n
n
= H’S Ir?+2rs+is®+3r+3s+1 q
= — Pr,s q (q) (q) 7
r,s€Z neZ, n>|r+s+1| n+ld+r+s\d)n—1—r—s

where we have to note that p, s = 0if r + s+ 1 = 0. If we use the second part of
Lemma@with m=r+s+1 we get

§ r+s T +2rs+ls2+ 7‘+ s
Xl(q) Pr,s
r,s€EZ

+ Z Prs Prrtstl (_1)r+s+an(ns,n)+%(7"+s+n)
r,s,nEZ

The second part of the theorem follows if we use

1 ifr,s,n>0o0rrs,n<0,

Pr.s Pn,r+s+1 = .
0 otherwise,

and

Z Drs (71)r+sq%r2+2rs+%52+%r+%s = 0.

r,s€Z
The last equation follows from the fact that (—1)"+5¢3" +2rs+3s"+5m+35 ig invariant
if we replace (r,s) by (—r —1,—s — 1), while p_,_1,_s_1 = —prs. O
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