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This module introduces Quantum Mechanics in its modern mathematical setting. Several canonical,
exactly-solvable models are studied, including one-dimensional piecewise constant potentials, Dirac
potentials, the harmonic oscillator, and the Hydrogen atom. Three calculational techniques are
introduced: time-independent perturbation theory, variational methods, and numerical (spectral)

methods.
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states;
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6. Explain the quantum theory of angular momentum and compute expectation values for appro-
priate observables. These computations will involve both the matrix representation of intrinsic

angular momentum, and the spherical-harmonic representation of orbital angular momentum;
7. Add independent angular momenta in the quantum-mechanical fashion;

8. Perform time-independent non-degenerate perturbation theory up to and including the second

order
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Chapter 1

Introduction

1.1 Overview

Here is the executive summary of the course:

After this course, you will understand the vital need for quantum mechanics in reconciling
experiments with theories of particle behaviour. You will be able to apply the mathematical
machinery of quantum mechanics to characterize several physical systems of great practical
importance: the square well, the harmonic oscillator, and the hydrogen atom. In doing so, you
will develop intuition about quantum tunnelling, angular momentum, uncertainty, and the theory

of operators.

In more detail, we will follow the following programme of work:

1. We review the evidence that points to the failure of classical mechanics and introduce an

alternative treatment;
2. We study the theory of linear operators on Hilbert spaces;
3. We formulate the postulates of quantum mechanics;
4. We examine the Schrodinger equation;
5. We apply the Schrodinger equation to several standard systems;

6. We introduce perturbation theory to solve non-standard problems where a certain parameter

is small;
7. We introduce spectral methods to study problems that do not have an analytical solution;

8. We introduce variational methods for the same reason.
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1.2 Learning and Assessment

Learning:

e Thirty six classes, three per week.
e In some classes, we will solve problems together or look at supplementary topics.

e To develop an ability to solve problems autonomously, you will be given homework exercises,

and it is recommended that you do independent study.
Assessment:

e Three homework assignments, for a total of 20%;
e Three in-class tests, for a total of 20%;

e One end-of-semester exam, 60%

Policy on late submission of homework:

The official UCD policy explained in the Science handbook will be strictly adhered to: coursework
that is late by up to one week after the due date will have the grade awarded reduced by two grade
points (e.g. from B- to C); coursework submitted up to two weeks after the due date will have the
grade reduced by four grade points (e.g. B- to D+). Coursework received more than two weeks

after the due date may not be accepted.

Textbooks

e Lecture notes will be put on the web. These are self-contained. They will be available before
class. It is anticipated that you will print them and bring them with you to class. You can
then annotate them and follow the proofs and calculations done on the board. Thus, you are
still expected to attend class, and | will occasionally deviate from the content of the notes,

give hints about solving the homework problems, or give a revision tips for the final exam.
e To a certain extent, | have based my notes on the book by Mandl:
— Quantum Mechanics, F. Mandl, Wiley (Four copies in UCD library, 530.12).
e | have also used material from the following sources:

— University Physics, H. D. Young and R. A. Freedman, Addison-Wesley (10" edition,
2000);
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— The Feynman Lectures on Physics, R. P. Feynman, Addison—Wesley—Longman (1 edi-
tion, 1970);

— Quantum Mechanics Non-Relativistic Theory, L. D. Landau and L. M. Lifshitz, Butterworth—

Heinemann (3" edition, 1981).

e The lecture notes by Prof. David Simms (Course 211) will be helpful in understanding the

mathematical formulation of Quantum Mechanics.

1.3 On the failures of classical mechanics

Reading material for this chapter: Young and Freedman, Chapters 40-41

In other classes (e.g. ACM/MAPH 10030) you will have learned that the equation

d’x

mﬁ = —VU,

is sufficient to describe the trajectory x(t) of a particle of mass m, for all time. In other classes

(e.g. ACM 40010) you will have learned that the equations (Sl units)

1
V-E=—p, (1.1)
€o
V-B=0, (1.2)
0B
E=-"" 1.
V x g (1.3)
OF
VxB= /LUJ + IU()GOE, (14)

suffice to describe electromagnetic phenomena. We now examine what happens when these two

sets of equations are combined.

1.3.1 Blackbody radiation

Rayleigh, c. 1890

A blackbody is a perfect emitter (and absorber) of electromagnetic radiation, and is in thermal
equilibrium. Such a body can be modelled as a box (or cavity) containing normal modes of elec-
tromagnetic radiation. To see what such normal modes look like, we take the curl of Eq. (1.3) and
combine it with Eq. (1.4). There are no sources and sinks of radiation in the box, hence J = p = 0,
and

0 O’FE

V X (V X E) = —a (V XB) :—Moﬁow.
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We use the vector-calculus identity (ACM 20150)
Vx(VxE)=V(V-E)-V’E, V-E=0,

hence PR
1 1
= V’E, c=

C_2 ot? w//L()GO.

The solution to this wave equation is

(1.5)

E = Eye“' sin(k,x) sin(k,y) sin(k, 2),

with dispersion relation
— =k k= (ks ky k).

For reasons that will become clear in what follows, we label the solution by the wavenumber k:
Ey, = Ege™’ sin(k,z) sin(k,y) sin(k, 2). (1.6)

Now the domain of the problem is a box, x € [0, L]g, and the boundary conditions on the box
wall specify that no vibrations can occur there (ACM 30220), hence E(x =0) = E(x = L) =0
etc., or

Ny n,m
kx: y ky:%a kz: 7 n:mnyaanN

(that is why no cosines appear in the solution; they cannot satisfy the boundary conditions). Going

back to the dispersion relation, we have

2
W o k:2
= -
C
2
v
T2 2 2
= LQ(’%"‘%"‘”Z)’

- (5)-

2L
A= (g, ny,n,) € N°.

2 2 2’
VMg +ng +ng

An allowed k-value is called a normal mode. To each normal mode, there corresponds a wavelength

hence

A. Note, however, that different integer triples can produce the same wavelength. We wish to

compute the total energy in the cavity. To do so, we will resort to density-of-modes calculations.
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First, note that

Total energy

Unit volume’
/°° Total energy in a wavelength interval from A to d\
0

Unit volume, unit wavelength
= / ux(N)dA.
0

The function uy(\) is the spectral density, which we compute now.

),

The number of normal modes with wavelength A is obtained by counting points in k-space. This is
a three-dimensional discrete space where (k, k,, k.) form the axes, and where each allowed point
(ks, ky, k) is given by (ng,n,,n,)w/L, where (n;,n,,n.) € N®. There is one such point in a box

of volume (7/L)* in this space’:

. : : 1 L3
Number of points per unit volume in k-space = ——— = —.
Box volume 73

The number of normal modes of magnitude k = |/kZ + k2 + k2, in the range [k, k + dk], is given
by

Number of normal modes in the range [k, k + dk] =
[Number of points per unit volume in k-space| x

[Volume occupied by normal modes in the range [k, k + dk]]
The volume element in k-space is
dk, dk, dk, = k*dksin 6 d6 dyp,

where k = /kZ + k2 + kZ is one of the three spherical-polar coordinates (, ¢, ). We are concerned

only with the magnitude of the wavenumbers, and not with their directions, hence

[Volume occupied by normal modes in the range [k, k + dk]] = / dk, dk, dk.,
Positive octant

= / k*dk sin 0d6 de,
Positive octant

4
= LKk,
8

— lrk%dk.

1The dimensions of volume in k-space are 1/ [dimensions of volume on ordinary space]
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Putting these last two results together, we have

I3
Number of normal modes in the range [k, k + dk] = — x ink*dk
T

The solution (1.6) to the wave equation satisfies the equation of a harmonic oscillator:

O?Ey,

8t2 + C2k§2Ek =0.

We therefore recall some facts about statistical ensembles of classical harmonic oscillators. Given
such a collection of oscillators, in thermal equilibrium, the average energy of each oscillator is kgT,
where kg is Boltzmann's constant and 71" is temperature. The energy per unit wavenumber is

therefore

Energy in a wavenumber interval [k, k + dk| =

Energy of a normal mode x Number of normal modes in the range [k, k + dk],

L3
= (kgT) x (—k2dk) x 2,

272

where the factor of 2 is introduced because each normal mode of vibration contains two polarisation

states of light. Finally, we pass over to the wavelength variable, A = 27 /k:

L? (2m\? | dk 2
Energy in a wavelength interval [\, A+ d\ = kBTF (;) 7Y da, k= Tﬂ’
SnkgTL?
-
Energy in a wavelength interval [\, A+ d)\] 8rkgT
- A\,
I3 \d
hence Sk T
TRB

We have computed the spectral density u(\). This enables us to compute the total energy density
of the blackbody:

u = / ux(A)dA,
0
= SnkgT / A4,
0
: -3
= gﬂ'kBT(lsl_I}’[l)(s ,

= OQ.
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Figure 1.1: Spectral density of blackbody radiation, as a function of temperature and wavelength

But what has gone wrong 7?7 The best place to start a failure analysis for a theory is with
experiments. It is a simple experiment to measure the intensity of light coming from (an approximate)
blackbody, and hence to find the spectral density. Our failed theory is compared with the true
(experimentally correct) curves in Fig. 1.1. The theory does appear to be correct in the long-
wavelength limit. Only in the short-wavelength limit does the theory fail. Thus, the classical theory
we have just derived is sometimes given the rather florid title of the ultraviolet catastrophe.
Later on, we shall find out that our assumption that each normal mode of radiation behaves like a
classical simple-harmonic oscillator is totally wrong. The classical oscillator can possess any amount
of energy; if instead, we assume that the normal modes behave like quantum-mechanical oscillators,
with discrete energy levels given by a quantum-mechanical calculation, then we shall recover the

experimentally-correct curve. This will be the subject of future chapters.
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1.3.2 Photoelectric effect

Hertz, 1887; Einstein, 1905

The photoelectric effect is the emission of electrons when light strikes a surface. The liberated
electrons absorb energy from the incident radiation and are thus able to overcome the attractive
forces that bind them to the surface. Hertz first observed the effect in 1887, and experiments (W.
Hallachs and P. Lenard (1886-1900)) on the phenomenon defied classical explanation:

1. For incident light below a certain frequency, NO electrons are emitted. This is called the

threshold frequncy.

2. Increasing the intensity of the light, while maintaining the frequency below threshold, does

NOT cause electrons to be emitted;

3. Indeed, the energy of emitted electrons is independent of the intensity of the incident light.
Since the intensity is a measure of the energy carried by the incident light, one would expect

a higher intensity to lead to more energetic emitted electrons.

Einstein proposed that the incident light must be quantised. In other words, the incident light has a
particle nature. The particles of light are massless and are called ‘photons’; a photon carrying light

of frequency v has energy
E = hv,

where h is Planck’s constant, and is a fundamental unit of angular momentum. Now the bound
electrons have an energy —¢, where ¢ is the ‘work function’, or the potential energy binding the

electrons to the surface. Thus, the initial energy of the system (photon-electron) is
hv — ¢,

while the final energy is simply the kinetic energy of the liberated electron, m.v?/2. Since energy is

conserved,

%mEUQ = hv — ¢.
Thus, points 1-2 are explained: The threshold frequency is hv = ¢, since photons below this

frequency would cause the liberated electron to have a negative kinetic energy — impossible.

The intensity of the incident light is a measure of its energy content, per unit time, per unit area.
If we divide the intensity of a monochromatic source by hr, we obtain a measure of the number
of photons incident on the surface, per unit time, per unit area. Thus, the intensity controls the

number of photons, but not the photon energy. Increasing the intensity of the incident light
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will increase the number of photons, and hence, the number of emitted electrons, but it will not

increase the energy of individual emitted electrons.

Einstein's explanation is satisfactory, but it does not fit into any overall theoretical framework.
In particular, there is no description of the dynamics of the light- and electron-particles, and no

description of their interaction.

1.3.3 The emission spectrum of the hydrogen atom

Bohr, 1913

Hydrogen is the simplest atom, and consists of one electron of negative charge (—e) that is bound
to a much more massive proton, of positive charge (+e¢). Classically, the electron can be thought

of as ‘in orbit’ around a fixed force centre, with potential energy

1 e?
U(r) = — —
(r) dmeg 1
The energy of the atom is therefore
1 2
E = %mev2 — <.
dmeg 7

The electron binds to the proton provided £ < 0. One can imagine an electromagnetic interaction
where an excited electron E < 0 de-excites to a more stable state (a more negative E-value) by
the emission of electromagnetic radiation (a photon of light). In this scenario, the excited electron
can have any negative energy F, and therefore, a continuous spectrum of emitted light must be
possible. However, this is not the case. It is an experimental fact that the spectrum of hydrogen

atom is a sequence of lines (Fig. 1.2)

Before the advent of the Schrdodinger equation, Bohr (1913) proposed an ad-hoc model to describe

the spectrum of hydrogen. He first noticed that circular orbits solve the orbit problem

d’*x e x
Me = —
dt? dreg |x]3
or
d?r e? 1 J?
Me—s = — -+ —
dt? Ameg 1?2 merd’

i (mergd—9> = 0, mer2d—9 =J,
dt
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(a)

Lines get coser and doser gether
and eventually reach the "series limit".

0 05 10 15 20 25 30 35
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Figure 1.2: (a) The photograph comes the HyperPhysics website (Rod Nave, GSU). It shows part of
a hydrogen discharge tube on the left, and the three most easily seen lines in the visible part of the
spectrum on the right. lgnore the blurring — particularly to the left of the red line. This is caused
by flaws in the way the photograph was taken; (b) A schematic interpretation of (a), showing other

emission lines not in the visible range (chemguide.co.uk).
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in polar coordinates. Indeed, circular orbits are an equilibrium solution, d?r/dt?> = 0, provided

e 1 J?

-2 37
dmegr Ml

or ) I
e” 1 9

-_— = pu— . 1_7

Amtegr  Mer? et (1.7)

Here J is the angular momentum. Bohr hypothesised that the angular momentum should be

quantised:

where h = h/27 is a fundamental unit of angular momentum and n is a positive integer. This in

turn implies that the velocity v and radius r of the circular orbits can take only discrete values:
J,, = mev,ry, = nh. (1.8)

Substituting the quantisation rule (1.8) into the circular-orbit condition (1.7), we have

1 62 9
— = M.
dmey 1), "
We solve the equations
meUpTn, = nh,
1 62 2
——— = MV
Ameg Ty "
for r,, and obtain
n’h? 4re,
rn = 5
me €

Thus, the radii of the electron orbits are not random, but are rather square-integer multiples of the

basic radius
h? 4re,
apg = — D)
Mme €
Using the circular-orbit expression
2 2
e 1 J
E = ima? - =

2
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[ ny [ ng | AE/eV | M/pum | Name |
1|2 10.2 | 0.121 | Lyman-alpha (Ultra-violet)
2|13 1.88 | 0.656 Balmer-alpha (red)

2 | 4 255 | 0.486 | Balmer-beta (blue-green)
2|5 285 | 0.434 Balmer-gamma (Violet)

2 16 3.02 | 0.410 Balmer-delta (Violet)

2 | 7 3.12 | 0.397 | Balmer-epsilon (Ultra-violet)

Table 1.1: Some spectroscopic lines of hydrogen (emission spectrum), computed from the Bohr
model. The visible lines form part of the Balmer series. These lines correspond exactly with
experimental observations of the light emitted from hydrogen.

we obtain the quantisation of energy,

J2
En = - - ;

2mer2

n2h2 [ me €% \°
" o2m (n2h247r60)
_ meet 1

? (4meoh)® n?

Ey

The fundamental unit of angular momentum is Planck’s constant, h = 6.626x 103*kgm?s~!,

and h = h/2m. Using this information, the energy Ej is computed to be

mee?

1————— =2.1798 x 10" "®kgm?s™* = 13.60 eV,
(4meoh)

where 1eV = 1.602 x 107 kgm?s~2. Sometimes E| as written as £, = 1Ryd, the Rydberg.

Remember this value for the whole module!!

From the discussion on the photoelectric effect, we know that light is made up of discrete photons.
Let us assume that a single photon is produced as an electron de-excites from a high energy level £,
down to a less energetic state E,,,, where ny > n;. We tabulate some of these energies (Tab. 1.1)

and the corresponding photon wavelengths, using

1 1 hc
AEM,M = Eo <_2 - _2) = th,m = ) ng > Nj.
nl n? )\nl,ng

The visible lines of the Balmer series (n; = 2) correspond exactly with the experimental pictures
(Fig. 1.2). Bohr's theory works! The transitions are shown schematically in Fig. 1.3. Unfortunately,

there is no reason to assume that the angular momentum is quantised — we need a more complete
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Hed photon
656 NM [z Jepem-"""-==s

Figure 1.3: Schematic description of the transition of the electron to lower energies, corresponding
to the Balmer (visible) series.

theory to justify this.

1.3.4 Diffraction patterns formed by electron beams

de Broglie, 1924; Davisson and Germer, 1927

The examples of blackbody radiation and the photoelectric effect suggest that light comprises parti-
cles that obey ‘strange dynamics’, and are not described by classical mechanics. In this section, we
show that particles — electrons — can exhibit wave-like behaviour. Only by invoking a complete theory

of quantum mechanics can the apparent contradiction of this wave-particle duality be overcome.

As an alternative to Bohr's resolution of the hydrogen problem, de Broglie (1924) proposed that
particles have a wave-like behaviour; the particle wavenumber k is related to the particle momentum

p through a Planck-type equation,
p=hk=—. (1.10)

Since the electron that is bound to the hydrogen atom is confined in some sense, it must correspond
to a ‘standing wave', in which the wavelength ‘fits’ into the confining domain. In other words, the

standing wave must be related to the radius of the circular orbit in a rational way:
n\, = 27r,,.

But A\, = h/p = h/muv,, hence

= 27r,,
muy,
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Figure 1.4: Schematic description of the experiment of Davisson and Germer (1927).

or
nh

or =

This is equivalent to Bohr's quantisation of angular momentum! This consistency is reassuring, and

nh.

Jp = mu,r, =

provides support for de Broglie's hypothesis.

However, the only true test of such speculative theories is experiment. In 1927, Davisson and Germer
fired a beam of electrons at a crystal sample (Fig. 1.4). The intensity of the scattered beam was
very strong at certain scattering angles, and weak at others. They drew a plot of the intensity
of the scattered beam as a function of the angle 8, and found a functional form that could only
be described by making the assumption that the scattered beam was in fact a wave. Referring to
Fig. 1.5, two neighbouring waves emerging from the crystal are in phase (constructive interference)
provided

mA = dsin 6, m=1,23,---, (1.11)

where d is the crystal spacing and X\ is the de Broglie wavelength.

Example: In a particular electron-diffraction experiment using an accelerating voltage of 54V, an
intensity maximum occurs when the scattering angle is ¢ = 50°. The initial kinetic energy of the
electrons is negligible. The rows of atoms are known to have a separation d = 2.15 x 107m.

Find the electron wavelength (a) from the diffraction formula; (b) from the de Broglie hypothesis.
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Figure 1.5: Constructive interference: The reflected waves are in phase provided that the difference
between the path length of neighbouring waves is an integer number of wavelengths.

Compare the results.

From Eq. (1.11), with m =1,

A = dsinf,
= (2.15 x 107"m) sin 50°,
= 1.65 x 107'%m.

Using the work-energy theorem, the work done on the electron (= eV/) is equal to the kinetic

energy gained:

p
V=
€ 2me’
hence
P = v/ 2meeV,
and
h
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Putting in the numbers,

6.626 x 10734J - s
v/2(9.109 x 10-3Tkg) (1.602 x 10-19Coulomb) (54V)
= 1.67 x 107%m,

and the two numbers agree to within the accuracy of the experimental results.

Having described several experiments where classical mechanics demonstrably fails, and having ad-
vanced several ad-hoc theories to describe these phenomena, we turn to the rigorous formulation of

the axioms of quantum mechanics.



Chapter 2

The mathematical foundation of quantum

mechanics

Reading material for this chapter: Feynman (Vol. 3, Chapters 1 and 3); Simms 211

In this chapter, we develop a framework to describe the phenomena described in Ch. 1 using generic
rules. There are two approaches here: the first, very intuitive approach, comes from Feynman. The
second is more abstract and mathematical, and can be regarded as a neat distillation of the first

approach into a few laws whose form we will investigate in later chapters.

2.1 The two-slit experiment

Consider the double-slit experiment involving waves (water waves, light, sound), shown in Fig. 2.1.
Waves emanate from a source and hit a wall containing two slits. We know from Huygens' Principle
that the slits act as ‘new’ wave sources. Therefore, to study the pattern formed by waves moving
between the slits and the detector, it suffices to imagine the interaction between two individual wave

patterns, sourced at slit 1, and slit 2.

Suppose that a vector E; describes the wave pattern emanating from source ¢. This might be the
electro-magnetic field of light, or the velocity field of a water wave. The dynamics of such waves is

linear. Therefore, the total vector for the combined pattern coming from both secondary sources is

E=FE + E;.

k-x=wt) - Finally, the intensity pattern

Typically, this is a complex-valued vector, with phases like el
observed at the detector is related to energy; the energy of these waves is related to the square of
the total wave vector:

Iy = |E? = |E\|* + |Ey|* + 2R (E, - E»).

17
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Figure 2.1: Interference pattern from a wave source

That the intensity of the combined waves is not the sum of the individual intensities is called

interference.

Next, we conduct a thought experiment where we replace the wave source with an electron gun.
We also reduce the size of the slits to a width that compares with the spacing of a crystal lattice
(as in the experiment of Davisson and Germer). Technically, we should replace the absorber with
a backstop, and replace the detector with one capable of observing electrons. We compute the
probability that electrons, starting at the source, pass through slit 1 OR slit 2, and arrive at the

detector, located at position x. This is called Pj5. Practically, this can be computed as

Average number of clicks made by electron detector at location x, per unit time (both slits open)

Py(x) = . —
12(7) Number of electrons emitted by gun, per unit time

Next, we close off slit 2 and compute the probability that electrons, starting at the source, pass

through slit 1, and arrive at x:

Pi(x) Average number of clicks made by electron detector at location x, per unit time (slit 2 closed)
1) =

Number of electrons emitted by gun, per unit time

Similarly, we compute P,. We find,
Py # P+ P,

which is the same result as the case of waves. Thus, it appears as though the two sources of

electrons interfere.

We are therefore motivated to ascribe a complex-valued probability amplitude to events:

¢1 = Probability amplitude for electron to leave the source, pass through slit 1, and end up at =,

¢o = Probability amplitude for electron to leave the source, pass through slit 2, and end up at x
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such that
Py = ¢, Py = |¢a]*.
We know that the probabilities do not add, so we propose instead that the probability amplitudes

add:
P12 = @1 + Po,

In other words,

Probability amplitude for electron to leave source, pass through slit 1 OR slit 2, and arrive at x
= Probability amplitude for electron to leave source, pass through slit 1, and arrive at x

+ Probability amplitude for electron to leave source, pass through slit 2, and arrive at x.

But we have interpreted the modulus-squared of an amplitude as a probability, hence

Py = |¢1 + ¢o|” = |91]> + |d2]* + 2R(p1¢2) = Pr + Po + 2R(p162).

Thus, the two events interfere, just like ordinary waves.

For the second part of the thought experiment, we imagine observing the electrons as they pass
through one of the two slits. To do this, we place a light source near the slits, between the slits
and the backstop (Fig. 2.2). We know that light (photons) scatter off electrons. Thus, whenever
we see a flash of light near A, we know that the electron has gone through slit 2; if we see a flash
of light nearer to slit 1, then we conclude that the electron has gone through slit 1. In this way, we

build up new probabilities:

P = Probability that the electron leaves the source, passes through slit 1,,
scatters light, and ends up at =,
PQ’ = Probability that the electron leaves the source, passes through slit 2,,
scatters light, and ends up at =z,
P/, = Probability that the electron leaves the source, passes through slit 1 OR slit 2,

scatters light, and ends up at .

Remarkably, we find that

Thus, we no longer get the interference pattern (Probability as a function of ) associated with the
original experiment. Indeed, the pattern of probabilities observed is as though we were firing bullets

through the slits (Fig. 2.2). Continuing with the thought experiment, the original interference
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Figure 2.2: Electron source, slits illuminated (interference pattern collapses)

pattern is observed when the light source is switched back off.

This thought experiment (which is supported by real experiments) leads to the following rules for

combining probabilities:

1. The probability of an event is given by the square of the absolute value of a complex number

¢ which is called the probability amplitude:

= Probability;
¢ = probability ampliutde;
P = |g]

2. When an event can occur in several alternative ways, the probability amplitude for the event is

the sum of the probability amplitudes for each way considered separately. There is interference:

¢ = o1+ ¢,
P = |¢1+ ¢o|*.

If an experiment is performed which is capable of determining whether one or another alter-
native is actually taken, the probability of the event is the sum of the probabilities of each

alternative. The interference is lost:

P=P + P,
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2.2 Manipulating probability amplitudes

Consider again the interference pattern generated by the two-slit experiment with electrons, when
there is no way of knowing which slit the electrons have passed through (Fig. 2.1). We are going

to use some new notation for the probability amplitudes. For the detector at position x, we havel

Amplitude that electron leaves source s and arrives at x

= (Particle arrives at x|Particle leaves s) = (x|s).

We know that probability amplitudes add, thus the amplitude for the particle to arrive at x is given

by a sum over all possible routes of getting there:

<x|5>both slits open — <x’5>through 1 + <$‘S>through 2-

To these results we may add a further general principle (rule 3):

When a particle goes by some particular route, the amplitude for that route can be
written as the product of the amplitude to go part of the way, with the amplitude to go
the rest of the way.

Thus,
<x|8>through 1= <$|1><1|S>

But

<x’5>through 1

= Probability amplitude for electron to leave source, pass through slit 1, and arrive at x
= ¢1;
similarly
$2 = ([$)througn 2 = (2|2)(2]s).

Combining these, we have the total amplitude for the electron to reach the detector:
<x|5>both slits open — <I"1><1|5> + <$‘2><2’8>

Referring back to the law
Piy = |¢1 + ¢2],

1The order is rather strange here: final state (f| on the left, initial state |i) on the right, leading to an amplitude
(f|i). According to a friend from undergraduate days, the order of these terms is precisely the same as the order of
the first letters of the two-word expression ‘Feck it’ — a rather curious mnemonic.
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we have
P(x;both slits open) = |(x]8)both slits open|> = |{[1){1]s) + <$\2)(2]3)]2.
2.3 Distinguishable alternatives

We return to the problem of measuring which slit the electrons pass through. This is done by placing

two detectors between the slits and the backstop (Fig. 2.3). The amplitude for a particle to start

A
LA
L/
/
V1 D|
|
) <&
4
LIGHT
I SOURCE E
I _“‘:—:"“-——-H‘__‘ —E :’Q\j e —
ELECTRON =
GUN 2 %
Dp
Figure 2.3:

at the source s, go through slit 1, scatter off a photon that goes into detector Dy, and proceeds to

location z is
(z[1)a(l]s) = agr,

where a is the probability amplitude that the electron at slit 1 scatters a photon that goes into
detector D;. Now we also have to allow for the possibility that an electron going through slit 2
scatters a photon into detector D;, although this would be a poorly-designed experiment, since we

wish for detector D, to mark out electrons going into slit 1. Nevertheless, we have
(x]2)b(2[s) = b,

where b is the probability amplitude that the electron at slit 2 scatters a photon that goes into
detector D;. Thus,

(electron at z, photon at D |electron from s, photon from light source) = a¢; + boo,  (2.1)
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where we sum over the two indistinguishable alternatives. Now we assume that the system is totally

symmetric between slits and detectors, so that
(electron at z, photon at Ds|electron from s, photon from light source) = aps + be;.

Thus, the probability to get a detection of light in D; and an electron at x is the absolute value

squared of Equation (2.1):
Prob(Detection in D;, electron at x) = |a¢; + boo|*.
If we design our experiment well, then b = 0, and
Prob(Detection in Dy, electron at x) = |a¢:|?,

so that up to a silly prefactor (|a|?), a detection of light in D; corresponds to an electron passing
through slit 1. Now here comes the crux. We want to find the interference pattern at the detector,
in other words, we want to find the probability that an electron ends up at z, regardless of which
detector it scatters light into. Should we add some amplitudes? The answer is NO. We never
add amplitudes for distinguishable final states (rule 4). Detection of photons in one device is

completely independent of detection of photons in another. Thus, in this case, the probabilities add:

Prob(Detection in D; OR Dy, electron at z)
= Prob(Detection in Dy, electron at =) + Prob(Detection in Dy, electron at x)

= lagi|* + ags|* = P{ + P;.

2.4 The mathematical postulates of quantum mechanics

In the first part of this chapter, we have used thought experiments, based on real experiments, to
derive some rules for quantum-mechanical behaviour. While very intuitive, it is also quite long.
That discussion can be distilled into the following few mathematical rules. You will probably not
understand all of them yet; that is the purpose of Chapters 3-9. However, after studying these

chapters, you should try to reconcile the following laws with Feynman's more intuitive explanations.

Mathematical postulates of quantum mechanics:

1. Each physical system is associated with a (separable) Hilbert space H. Norm-one vectors in

‘H are associated with states of the system.
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The norm can be re-constituted by pairing with elements in the dual space (Riesz Represen-

tation Theorem). Norm-one vectors that differ only by a phase represent the same state.

. The Hilbert space of a composite system is the Hilbert-space tensor-product of the state

spaces associated with the component systems.

. Physical symmetries act on H through unitary or conjugate-unitary operators.

. A physical observable is represented by a Hermitian operator on H; the only allowed results

of measurement of the physical observable are the eigenvalues of the operator.

Quantum mechanics is probabilistic: the probability that a system prepared in a state |z) € H

is measured to be in an eigenstate |z,) of the observable A is given by
[{zalz) [,

where (x,| € H* is dual to |z,) € H and (x,|z) is the pairing induced by the scalar product.

Notes: The Schrodinger equation is not a fundamental postulate of quantum mechanics; it can be

derived from these laws. the same is true for Heisenberg's uncertainty principle. To understand

these concepts, we shall need to recall the concept of a vector space over the complex numbers.
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Complex vector spaces

It is left as homework to study this chapter; Reading material for this chapter: Simms 211.

Definition 3.1 A set ‘H is called a complex vector space if the following properties hold:

1. An operation

HXxH — H,
(z,y) > x+y

is given, called addition of vectors, such that

(a) The addition is associative: (x +y) +z=x + (y + 2),
(b) The addition is commutative: * +y =y + x;
(c) There is an additive identity: x + 0 = x;

(d) There are inverses: x + (—x) = 0.
These properties make the vector space into an abelian group.

2. An operation

CxH — H,

Nx) —

is given, called scalar multiplication, which satisfies
(a) The multiplication is distributive: \(x 4+ y) = \x + \y;

25



26 Chapter 3. Complex vector spaces

(b) Distributivity: (A + p)x = A\ + px;
(c) Distributivity: (Ap)x = ANux),;

(d) 1 € C is a multiplicative identity lx = x,

forall \,n € C and x,y,z € H. The elements of H are called vectors and the elements of C are,

in this context, called scalars.

Examples:

1. The set
C"={(z1,"-2n) |21, -2, €C}

is a complex vector space.

2. The set Hg of all complex-valued functions of a real variable,
Ho=A{flf:(QCR)—=C}
is a vector space, with vector addition

(f +9)(x) = f(x) + g(x),

and scalar multiplication

(Af)(x) = Af(),

forall z € Q, all f,g € Hq, and A € C. Note that the addition operation is called pointwise

because it is defined with reference to each point = € ().

3. The set of all solutions of the equation

d*u
@—FU:O

is a vector space.

Definition 3.2 Let G C H and let H be a complex vector space. Then G is called a vector

subspace of H if it is non-empty, and if,

1. Closure under addition: x, y € G — x+y € g,

2. Closure under scalar multiplication: A€ Cx € § — lx € G.
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Thus, G is itself a complex vector space.

Example: Let H be the set of all complex-valued functions of a single real variable, with domain
Q. Let f € Hq. Define the L? norm of f:

1l = / delf ()2,

The set
Ga = {f € Halllfll2 < oo}

is closed under addition and scalar multiplication, and is therefore a vector subspace of Hg,.

Definition 3.3 Let xq, - ,x, be vectors in the complex vector space H, and let \i,--- )\, be
scalars. Then the vector

/\1331 + .- +A7‘wr

is called a linear superposition of x{,--- ,x,. We write

8(3317"'337“) :{)\lwl+"')\rwr’/\l>"' a>\r GC}

to denote the set of all linear combinations of xy,--- ,x,. S(xy, - x,) is a vector subspace of H,
and is called the subspace spanned by x,--- , x,.

If S(xy,---x,.) = H, we say that x,,--- ,x, span the whole space H. Then, for each x € H,
there exist scalars \q,--- , \, such that

T =M\Nx|+ "\,

Examples:

1. The vectors

e = (1,0,0),
€y = (07 170>7
e; = (0,0,1)
span C3 because for any x in C3,
r = (217'22723)7

= z1e1 + 20ey + z3€3.
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2. The functions

span the space of solutions of the equation
d’*u
— 4+ u =0,
dx?
because for any u(z) in the solution space,
u(z) = Ae + e .
Definition 3.4 Let xy,--- ,x, be vectors in a complex vector space H. Then,

1. x,--- ,x, are linearly dependent if there exist scalars \1,--- , A\, such that

)\1331 -+ ---)\,,zcr =0.

2. They are linearly independent if
Axy+-- Az, =0
implies that A\ = --- =\, = 0.
Example: ¢ and e are linearly independent functions in Hq. For, let us solve
el 4+ e =0, for all x € C.
Since this expression must be true for all z € R, set = 0. Since ¢’ = 1 we have
= —A\.

Thus, we have
0= Xe" + pe ™ = X (e —e™) = 2iAsin(z).
The only way for this to be identically zero is for A = 0.

Note: If xq,--- ,x, are linearly independent, with
)\1.’.31 + e )\TCCT = O,

and \; # 0 (say), then

1
r = —— (/\2332 + - /\rmr) .
M
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Thus, «i,---,«, are linearly dependent iff one of them is a linear combination of the

others.

Note: Let « # 0 be a vector in H. Then the pair {0, 2} are linearly dependent, because
1.0+ 0.x = 0.

Thus, a list of linearly independent vectors can never contain the zero vector.

Definition 3.5 A sequence of vectors x1,--- ,x, in a real vector space H is called a basis for H
if,
1. xy,--- ,x, are linearly independent;
2. xy, - ,x, span H.
Thus, given a basis @1, -- ,x, , we can write a vector & € H as
T =X+, a, - ap € C.

The «;'s are called the coordinates of the vector.

Definition 3.6 Let H be a complex vector space spanned by a finite number of vectors. The
minimal number of vectors required to span the vector is called the dimsension of the space. The

number of elements in a basis is equal to the dimension of the space.

A vector spaces that is spanned by a finite number of vectors is called finite-dimensional vector

spaces. Examples:

1. The vectors

€ = (17070)7
€ = (Oa 170)7
€3 = (ana 1)

are a basis for C3. They certainly span C3:

r = (ZhZQyZ?))v

= z1€ey + z9e9 + z3€3.
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They are also linearly independent:

a€1+b62+663 = O,
(a,b,c) = 0,

a=b=c = 0.

2. The functions ¢'* and e~ form a basis for the solution space of the differential equation

d*u
@—l—uzo.
3. The m X n matrices
0 0 0
0 0 0
00O 0 0 0O 0 000 1

form a basis for C"™*™ as a complex vector space.
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Scalar products

Reading material for this chapter: Simms 211

4.1 The definition

Definition 4.1 Let H be a complex vector space. A scalar product on H is a map

HxH—C,
(z,y) = (zy),
that is conjugate-linear and conjugate-symmetric:
1 Az + pylz) = X (x|z) + p*(ylz),
2. {why + uz) = Maly) + plalz),
3. (zly) = (ylz)",

for all x,y,z € H and \, u € C.

4.2 The dot product on C”

Consider the usual basis on C™:

€ = (1707 70)7
€ = (0717 70)7
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Define the dot product of two basis vectors:
(eilej) = 0
where ¢;; is the Kronecker delta. Extend this definition by linearity two arbitrary vectors in C":

a = aie;+ -+ apey,

= blel ++bnen7

(alb) = (a1e;+ - -+ aze,lbie; + -+ bye,),
- S,
i=1 j=1

= @b+ aby.

Note: (alb) =), a;b;, and

(bla) = a;b; = <Z afbi> = (a|b)".

% %

Moreover, for a vector a € C™, we define its norm, |al:

a = aje; + -+ apey,

la| == V/{ala) = V][ + - +[an ]

Theorem 4.1 The dot product on C" satisfies the Cauchy-Schwartz inequality:
|(a[b)| < |a]b].
Proof: Consider
F(z) := (ze’a + blze’a + b),

where x is a real variable and 6 is an arbitrary parameter which we shall fix. Since (a|a) > 0 for

all @ € C", we have F(x) > 0, for all x real. We have

F(r) = 2%|a* +2e7(a|b) + ze(bla) + |b]?,

= 2’a]’ +2e”"(alb) +xc” ((alb))" + [b*,
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But 0 is arbitrary. We choose it such that
(alb) = [(a|b)| "
Hence,

F(z) = 2°|a]> +ze™ (|{a|b)] ) + &’ ((|(alb)| )" + [b]*,
= 2% al* + 2z |(a|b)| + |b.

This is a quadratic function in z, with real coefficients, and with roots

_ [alb)| £ v/[{alb)* — [a?[b]*

|al?

But F'(x) > 0, the quadratic function has at most one real root, so
{alb)|* — |a|*[b]* < 0,

or
{alb)| < |allb],

as required.

Note: The Cauchy—Schwartz inequality is true for any scalar product with the positive-

definite property (x|x) > 0 for x # 0.

Definition 4.2 Since |(a|b)| < |al||b|, we define the angle between vectors a and b (up to a

sign):
[{alb)]
lallb]

| cos 0] =
Definition 4.3 Two vectors are orthogonal if the angle between them is zero:

(a|b) = 0.

4.3 Spaces of functions

For a Lebesgue-measurable set 2 C R, consider the set Hq of all complex-valued measurable

functions,

Ho={f|If: (QCR) = C.
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This is a vector space, with pointwise operations of addition and scalar multiplication.

[ 1 <

is a vector subspace of Hq called the space of square-integrable functions.

Definition 4.4 The set
LQ(Q) = {f € Hq

Theorem 4.2 The map
) x L*(Q ) — C,
) — / f(x

is a scalar product on the vector space L*(f2).

The proof is easy: all you do is show biconjugate-linearity, e.g.

(Af+npg,h) = X(g,h)+p (g,h),
(fidg+uh) = X(f,9) +u(f,h),

for functions f, g,h € L*() and scalars A and p.

Definition 4.5 Let f € L*(2). Then the norm of the function f is denoted by | f||2, and is
defined by

1FI2 = (F1f) = / f(@)Pde.

Definition 4.6 Let f,g € L?(2). These functions are orthogonal if

(flg) = / F(@)g(e)dz =

Example: Let Q2 = [—m, 7]. The length of the function e is given by

le™]]5 = / ee dx = / dz = 27.
—T —T

The functions e and e~'* are orthogonal because
T -1
o N P
<elx|e 1m> :/ e 21w: —e 2ix :0
—T

Now we can define what a Hilbert space is:
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Definition 4.7 A Hilbert space H is a complex vector space endowed with a positive-definite

scalar product.

Moreover, the space is a complete metric space with respect to the norm induced by the scalar

product.

The second part of the definition is not important for our purposes, and already follows from the
first part for finite-dimensional vector spaces. We also have the following definition and theorems

that are not important for our purposes:

Definition 4.8 (Denseness, Separability) Let H be a Hilbert space with norm || - ||. A subset
D C H is dense in H if for each € H and each € > 0, there exists d € D such that ||d —x|| < e.

The Hilbert space H is called separable if it contains a countable dense set.

Also,

Theorem 4.3 A Hilbert space is separable if and only if it has an orthonormal basis with a countable

number of elements.
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Linear forms and duality

Reading material for this chapter: Simms211

5.1 The definition

Definition 5.1 Let H be a complex vector space. A linear form f is a map

f:H — C,

r — f-x,

that satisfies the following linearity properties:
L f- e+ py) = AMf-2)+pu(f-y),
2. (M +ng)-x=XMf =) +ug-y)

for all linear forms f and g, vectors  and y, and scalars A and p.

5.2 Coordinate functions

Let H,, be a finite-dimensional vector space of dimension n, with basis b, ---b,,. Thus, for each

vector x € H,,, we have

i=1

36
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Define the i*" coordinate map f; by its action on x:

szn — C7
fi-e =X\

This map is a linear form. We can write

(note that f; - b; = 9,;). We can also define a new vector space of functions:

H:LZS(fh 7fn>'

The coordinate maps f; are linearly independent. For, consider the map

afi +6fj7

where o and 3 are scalars and ¢ # j. The addition of maps is defined in a pointwise way. Thus, let

us examine

(afi+pfj) z=a(fi-x)+B(f; x) =ak+ B

The only way for this to be identically zero (for all possible values of \; and ;) is for o and 3 both to

be zero. Thus, the coordinate maps {fi,- -, f.} are linearly independent, and H; is n-dimensional

as a complex vector space. This motivates the following definition:?

Definition 5.2 The space H is called the dual space to #,,.

Example: Let

Consider the vector
[ = (wi,ws).

Taking the matrix product of these two elements, we have

fx=wiz +wiz.

1The dual space is also where mathematicians go to sort out their differences in a violent way. A bad joke, | know.
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Thus, f is a linear form on C2.

The coordinate functions with respect to the usual basis

(1) ()

f1:<170)7 f2:<071)'

are

Hence, given the vector x,

2= fi-x, zo = fa- vy,

and
x = (fi-x)er+ (f2-x)es.

5.3 A special scalar product

There is a bijective map between H,, and H. For, let x € H,,, such that

xr = i )\ibi-
i=1

Then, we can write down a corresponding linear form:

=1

where f; is the it coordinate map, f; - & = \;. Thus, for each x there is an f,, and for each f,

there is a . Moreover, let us take

form = (ZA:ﬁ) (Zm),
i=1 =1
= ZZ)\:Aszbﬁ

i=1 j=1

- Z Z Ai Ajdij,
i=1 j=1

= Z|)‘Z|2v

=1
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which is suggestive of the norm on C™ !l Indeed, it suggests a recipe for constructing a scalar

product on any finite-dimensional vector space H,,.

e Choose a basis for H,,, {b1,--- ,b,}, say.
e Write vectors  and y as € =) . \;b; and y = > . j1;b;.
e I|dentify the dual-space elements f, =" A/ f; and f, = > . it fi.

e Define the scalar product of x and y:
(xly) == fo-y = ZAZM.
i=1

Because the dual-space scalar product is ‘special’, we introduce some special notation:

e The vector y € H,, will be re-written as |y) and called a ‘ket’;

e Similarly, the vector © € H,, is written as |x). Its corresponding dual element in # will be

re-written as (x| and called a ‘bra’.

e The scalar product constructed by uniting (x| with |y) will be written in standard form as

(z]y).

Thus, the ‘bra’ and ‘ket’ are united into one ‘bracket’. Where the missing ‘c’ has gone is a

mystery yet to be solved by quantum mechanics.

Example: Take C? again. Form the vector

w—<zl>e<c2.
22

.f:c = (Z;Z;) >

[ts dual element is

or, treating @ as a 2 x 1 matrix, f, = x*T. Hence,

21
fxa::(zikuz;) ( > :|21|2+|Z2’27

22

which is the usual dot product on C2.

Remarkably, the prescription for creating the natural pairing is independent of the basis {b, - - -

used to formulate the scalar product, because of the following theorem:
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Theorem 5.1 Let {a;}_, and {b;}}'_, be two bases for C", connected by a unitary transformation,
bi=Y Qua;, QQ=1 (@), =@
j=1

Then, the natural scalar product is the same in the a- and b-bases.

Before proving this theorem, | want to admit that it seems weird. But consider the following

analogous statement for real vector spaces:

Let {a;}", and {b;}!_; be two orthonormal bases for R", connected by a rotation,
bi = Z Rjia,j, RTT =1
j=1
Then, the usual dot product is the same in both bases:

z-@ = (Aby+ - Auby) - (Aby + - Auby)

= (M Xan) - (Na o+ Aan)

Now we prove the theorem:
i=1
= Z)\z‘ (Z jS%’) ’
i=1 j=1
= >, (Z jS/\i) a;,

j=1 \i=1

= > Nai A= Qe
j=1

k=1
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Similarly, y = >"" | fi;a;. Therefore, in the a-basis,
<$|y>a - Z)\j [Zjv
j=1

= Z( ij%) (ZQJ‘@W>>
k=1 (=1

j=1

¥ (zzcz;k@ﬂ> A

j=1 k=1 (=1

(@ly)a = ZZ <Z(Q*T)kaj£> AL b,

k=1 (=1 \j=1

= Z Z Oke ] ks

k=1 (=1
= > Ak,
k=1
= (@|y).

Notes:

e From this proof, it follows that here is nothing arbitrary about the scalar product just defined.

e Because it has the positive-definite property, it makes H,, into a Hilbert space.

e The proof relies on the transformation matrix () being unitary; we discuss this in more detail

now.

5.4 Unitary matrices

Consider a ket |x) in C™. Let's act on the ket with a unitary matrix Q:
) = Qlz).
We know from the example in C? that the transformed bra is

@)™ = ()™ Q7
= (z|Q".
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Let's take the norm of the transformed variable:

(21Q'Qlz) = (2l|z) = (z]z).

Thus, unitary transformations preserve the norm of vectors.

This is very similar to rotations in R™. Consider a vector & € R". If we rotate the vector, we act

on it with a real symmetric matrix R, RTR = I. The norm of the vector is

and the norm of the rotated vector is
(Rx)"(Rx) = " R"Rx = x" 1.

The quantity @ - « is therefore a scalar, and we formulate physical theories based on such scalars.
Thus, if we are working with C”, instead of R", it is natural to formulate a physical theory based
on quantities that are norm-invariant. Natural transformations are therefore those that preserve the

norm — or unitary matrices.

Now we can make some more sense of Postulate 3 of Quantum mechanics. Consider two states of
|¢) and |1)) of a physical system. To characterise the system, we need information about probabilities

that certain states are realised. Such information is contained in pairings like

(@)

A symmetry of the system must not change this information. Thus, consider a unitary operator U.
The pairing
(SIUTU ) = ($lTly) = ($l)

contains exactly the same information as (¢|¢). Thus, the system is effectively unchanged when

This is a justification of the third postulate.

5.5 On the induced scalar product versus the prescribed one

So far we have worked with a finite-dimensional Hilbert space H,. This means that there is a

definite scalar product that is prescribed or given to us. On the other hand, we have described a



5.5. On the induced scalar product versus the prescribed one 43

process of pairing elements in H,, with elements in H; which induces a scalar product on H,,. It
will be helpful (especially in the infinite-dimensional case) to know that these two scalar products

agree. The following results give a condition that guarantees that these two scalar products agree:

Lemma 5.1 Let {|e;)}?, be a basis for H,, that is orthonormal with respect to the given scalar

product:
(eilej) = 6y

Then, the scalar product induced by pairing is the same as the given scalar product:
(eile;) = (eilej)er = dij,

where the subscript e P here denotes the scalar product got by pairing with respect to the |e;)-basis.
Proof: By definition, file;) = d;;, where f; is the i*" coordinate function with respect to the

|le;)-basis. In other words, (e;|e;)cp = 0;;, and the result is shown.

Theorem 5.2 (Agreement between the prescribed scalar product and the induced one) Let

{le;) Y, be a basis for H,, that is orthonormal with respect to the given scalar product:
(eilej) = i

and let {|b);}?_, be another basis, connected to the |e;)-basis via a unitary transformation:
n
) =Y Qjle;),  QIQ=1
j=1

Then, the scalar product induced by pairing with respect to the |b;)-basis is the same as the given

scalar product:
(bilbj) = (bilbj)op = (eile;) = b4,
where the subscript bP here denotes the scalar product got by pairing with respect to the |b;)-basis.
Proof: We have
bij = (bilbj)op,

Since the |e;)- and |b;)-bases are connected via a unitary transformation, by Theorem 5.1 we have
that
855 = (bilbj)ep = (bilbj)ep

and by Lemma 5.1 we get
055 = (bilbj)ep = (bilbj)er = (bi|b;),

and the theorem is shown.
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5.6 Riesz representation theorem

The correspondence between the Hilbert space and its dual extends to infinite-dimensional spaces,

where it is called the Riesz representation theorem:

Theorem 5.3 If H is a Hilbert space with prescribed scalar product (-|-), then for any continuous

linear form f : H — C, there exists a unique element |u) € H such that

fle)y = (ulz), Vi) e H.

In this way — just as in the finite-dimensional case, an arbitrary linear form can f can be identified
with a vector |u), and we would write f = f, = (u|. However, this theorem relies for its proof
on the topological properties of the Hilbert space induced by the prescribed scalar product, and we
cannot in this case simply start with a pairing operation and construct a scalar product — we must
proceed in the reverse order. These are technical points whose elucidation is well beyond the scope

of this module.
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Operators

Reading material for this chapter: Simms211; LandaulLifshitz, Chapter 1

6.1 Linear operators

Definition 6.1 Let H; and H be complex vector spaces. A linear operator A is a map

AZHl — Hz,
) — Alz)

such that

A(lz) +y) = Alz)+ Aly),

z)
AQ\z)) = Mlz),

for all |z),|y) € Hy and A € C. Examples:

e An n X n matrix is a linear operator on C", and maps C”" to itself.

e Let C"(Q2) be the space of all complex-valued functions of a single real variable that are r-times
continuously differentiable on the open interval €2 C R. Then the usual derivative operation

is a linear operator:

d/dz: C™(Q) — C™HQ),
flz) — (df /dx),

45
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since

(d/dx) [f(x) + g(x)] = (df/dx) + (dg/dz),
(d/dz) [\f(x)] = A(df/dx),

for all f(x),g(z) € C"(22) and X € C.

Definition 6.2 Let A be a linear operator that maps the Hilbert space H to itself. The adjoint

of A, At is an operator acting on H*, defined as follows:

e Identify |x) and Alz) in H.
e Pair A|x) with an element (y| in the dual space.

e Call (y| := (z|Al.

Example: Let H = C™ with the usual basis {e;}? ;. Consider a matrix A € C"*". This can be

made into an operator on H by defining the action of A on the usual basis elements:
n
Aei = ZAjZ-ej, Aij € C,
j=1

(NOTE THE ORDER!) This can be extended by linearity to the whole space:

=1 7j=1
= Z (Z A]Z)\Z> €,
j=1 i=1
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In ‘bra’-'ket’ notation,
|ZL’> = Z)‘Z|61>7
i=1
=1

= Z)\i <A|€z>> )
i=1

= >\ (Z Ajz‘|€j>> ,
i=1 j=1

= > (Z Aji)\i> ),
j=1 \i=1

= D _Ales) = Ale.
j=1 i=1

Note also,

Ales) = Y Ajiley),
j=1

(er|Ale;) = Ay

(NOTE THE ORDER!!). We call A;; the components of the operator A w.r.t. the usual basis.

Now let us work out what the action of the adjoint is on basis elements:
n
Ale;) = ZAM@] ZA (ej] == (e;|AT.
j=1
To work out the components of (¢;| AT, we pair it with |e):
(] AT = ZA (e;],

(il ATler) = (ZA €J\> lex),
= AI:z"
- (AT*>z'k'
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In conclusion, we have the following identifications
o A A, where A is a matrix with components
Aij = (eilAlej),
o AT AT where AT is the matrix

Al = AT = AT,

Definition 6.3 A matrix (or an operator) A is called Hermitian if

~

At = A,

Definition 6.4 A matrix (or an operator) U is called unitary if

Example: Consider the matrices
01 0 —i 1 0
Og = y Oy = . s 0, = .
10 i 0 0 —1
These matrices are Hermitian. For example,
T
; 0 +i 0 —i
o, = . = =0y
—-i 0 i 0

They are also unitary. Again,

; ) 0 +i 0 +i 10
0,0, =0, = = )
vy i 0 i 0 0 1

6.2 The spectral theorem

Theorem 6.1 Let A be a Hermitian operator on a Hilbert space H. Then the eigenvalues of A are

necessarily real.
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Proof: Let |) be an eigenvector of A with eigenvalue . By definition,
Alz) = Maz).

The adjoint operator acting on the (z| is obtained from the duality identification:
(z|AT = A" (x|

Pair up both expressions:

(w|Ale) = Mazlz),
(z|Af|z) = N (x|z).

The operator is Hermitian, hence A= AT, and thus
Mz|x) = N (z|x).
By definition, an eigenvector is non-zero, hence
A=\

and )\ € R.

Theorem 6.2 Let A be a Hermitian operator on a Hilbert space H. Then the eigenvectors of A

corresponding to distinct eigenvalues are necessarily orthogonal.

Proof: Consider two distinct eigenvector-eigenvalue pairs:

Alz) = Ma),
Aly) = puly).

Take the scalar product of the first equation with |y) and the scalar product of the second equation

with |z):

WlAlz) = Aylr),
(z[Aly) = plzly).

But
(ylAlz) = (z[Aly)* = p*(z[y)* = piylz)



50 Chapter 6. Operators

Hence,

WlAlz) = Aylz),
ylAlz) = plylz).

Subtracting gives
(A — p){ylz) =0,
and since X\ # i, (y|z) = 0.

Note: These theorems give information about the properties of eigenvalues and eigenvectors of
Hermitian operators. However, they do not guarantee that such eigenvectors form a basis for the

space. We therefore turn to a theorem that guarantees such an outcome:

Theorem 6.3 (The spectral theorm) Let A be a Hermitian operator on a finite-dimensional

Hilbert space H. Then the eigenvectors of A form an orthogonal basis for H.

The result extends to infinite-dimensional spaces if the Green's function of A is bounded and

continuous.

Conseqeunces of the spectral theorem; the problem of measurement

The spectral theorem is stated without proof but is of fundamental importance to quantum me-
chanics. Although it is stated only for finite-dimensional Hilbert spaces, it extends to other cases,
provided A satisfies certain technical conditions (the examples considered in this module fall into

this ‘well-behaved’ category, namely operators whose Green's function is bounded and continuous).

1. By postulate (4), if we can compute the eigenvalues of A, then we can predict all possible

observed (measured) states of a system with respect to the property A

2. Given an operator A on a Hilbert space H, we formulate the so-called completeness relation.
Let {|2;)} be the complete orthonormal basis of A from the spectral theorem, A|z); = a;]z);.

It is called complete because any vector |z) € H can be written as a superposition of basis

|z) = ZM:@,

Here the coordinate ); is given by pairing the coordinate function (‘bra’) (z;| with |z):

elements:
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Thus,

) = Z Aili),

= Z(%!IH%%
= Z |3) (@i z).

We now define an operator Z on H :

T:H — H,
lz) — Z|z) ::Z|xi>(xi|x>.

In other words,

I:Z]wiﬂxi].

But
lz) = ZI%)(%I!E),
= Ilz),
hence
=1,

and we have the following completeness relation:

I= o) (.

)

3. Consider again the observable A with orthonormal basis {|z;)}. Suppose that the system is

prepared in a state |y). By completeness,

) =) (wily)|a:).

i

By postulate 4, the only outcome of a measurement of property A is an eigenvalue of A

Thus, measurement forces the system into an eigenstate,

| y) —”measurement ‘ Iz> .
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This is called the collapse of the wavefunction. By postulate 4 again, the probability
amplitude that the measurement forces the system into the eigenstate |z;) (with eigenvalue
a;) is equal to,

(zily),
and the probability that the measurement forces the system into the eigenstate |z;) is equal

to

Prob(y — ;) = | {zily)|*.

If the spectrum is non-degenerate (each eigenspace is one-dimensional), then this is the

probability that measurement of the observable A yields the value a;:
Prob(a = a;) = |(z:|y)[*.

If the spectrum is degenerate, and the eigenvectors |z,1),- - |z4,) are linearly independent

and share the common eigenvalue a;, then
Prob(a = a;) = [(za1[y)[* + -+ + [{zagly)|”

(Never add amplitudes for distinguishable final states!).

. In this interpretation, we may also view |(x;|y)|*> as the probability that the system is in a

state |x;) given it is also in a state |y). This point of view, which has just been given for
eigenstates, holds generally: if |i) and |f) are two normed states, we interpret (f|i) as the

probability amplitude that the system when in the state |i) is also in the state |f).

. Thus, the reason for the requirement of unit-norm states is clear: The quantity |(z|z)|* is

the probability that the system is in a state |z) given that it is in a state |z), which must

necessarily be unity.

. The statement (z|y) = 0 is also the statement of mutual exclusivity: that it is impossible for

the system to be in two mutually exclusive states at once. For example, suppose a particle
is measured to have energy F;. Then it is in a state |E;). It is impossible for the particle

simulatneously to occupy a state with another, diferent energy, £;. Thus, (E;|E;) = 0.

. It is still not clear what measurement is. Landau and Lifshitz define it as an interaction be-

tween a quantum-mechanical system and a detector that obeys classical physics (Copenhagen
interpretation). For example, a current of electrons in a circuit can be measured by an amme-
ter — a very classical device. Thus, the theory of quantum-mechanical measurement relies for

its formulation on the classical limit. This is rather unsatisfactory, but is a bearable oddity.
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8. Rather more serious is the silence of quantum mechanics on the actual dynamics of measure-
ment: does the wavefunction collapse instantaneously? If so, how can causality be respected?
How can the continuous nature of time changes be respected? Is time continuous at all? Ob-
viously, this leads to much discussion. The standard description of measurement is given by
the Copenhagen interpretation. Other, self-consistent but bizarre descriptions are possible,
such as the many-worlds interpretation. Such abstruse discussions are beyond the scope

of this course.

Example: Consider three elements enclosed in a sealed box: a sealed container of noxious gas, a
radioactive source, and a cat that is alive just before the box is sealed. The radioactive source
decays and emits decay products, with probability 1/2. The sealed container is connected to a
device such that the seal is broken when struck with the decay products, thus killing the cat. The
cat’s wavefunction is given by

1

cat) = —5|alive) + \/Li|dead),

where the prefactors are chosen such that

(cat|cat) = <\/L§<alive| - \%(dead\) (\/Lﬁ|alive> + \/%ldead)) ,
= 1 ((alivelalive) + (alive|dead) + (dead|alive) + (dead|dead)),
=3(1+0+041) =1,

since the amplitudes (dead|dead) and (alive|alive) must be equal to one (the probability that the
cat is alive given that it is alive must be 1!). We wait some time and measure the system (shake
the box!). This forces the system into an eigenstate. The amplitude for the cat to be alive given it
is initially in the mixed state is

(alive|cat) = \/Li’

with probability 1/2. Similarly, the probability that measurement yields a dead cat is 1/2. How-
ever, until the measurement is made, there cat is regarded as neither alive nor dead — its state is

indeterminate.
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Commutation relations: Time evolution

and the Schrodinger equation

Reading material for this chapter: Mandl, Chapter 3; Landau-Lifshitz, Chapter 2

7.1 Commutation relations

Let A and B be linear operators on a Hilbert space 7, and let |z) € H. Consider the compositions

~ ~

AoBlz) = A (Bm) .= ABlz),

and
BoAlz) =B (A\@) .= BA|z),

There is no reason that these should yield the same answer. We define the commutator of A and

B on the vector |z) as follows:

This relation exists entirely independently of the vector |z}, thus, we consider
[A, B} = AB — BA,
where the multiplication is regarded as the multiplication of operators. For example, let H = C?,

. 01 A 0 —i
A=o,= , B=o,= ' )
10 i 0

54

and let
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Then
0 1 0 —i i 0 )
00y = . = | =0,
1 0 1 0 0 -1
and
0 —i 0 1 -1 0 )
0,0, = . = _ = —io,,
i 0 1 0 0 1
hence
0,0y — Oy0, = 210,
or

04, 0,] = 2i0,.

We have another important theorem, almost as important as the spectral theorem:

Theorem 7.1 Let A and B be two commuting Hermitian operators on a separable Hilbert
space H, i.e. [A,B] = 0. Then there exists an orthonormal basis for H whose elements are

simultaneous eigenvectors of A and B.

No proof is given here. Put another way, the theorem says that the commutation relation
[A,B} —0,
implies a basis {|x;)} for H:
) = > Adla),

such that
A|f70i> = aj|z;),
and such that

Blz;) = b|x;).

Example: Consider again the matrices

01 0 —i 1 0
Or = , oy =1 . ) o, = .
10 i 0 0 —1

Define the matrix

o? ::U§+U§+J§:3H.
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We have
[04,0%] =3[0,,1] =3 (0,1 —1o,) =3 (0, — 0,) = 0.

Thus, o, and o2 are simultaneously diagonalisable. The eigenvalues of o, are &1, with corresponding

(orthonormal) eigenvectors

1 1 1 1
|$—>—E 1) |$+>—E 1]

ozl-) = (=1)|z-),  ole-) = (+3)]z-),

such that

and such that
oolri) = (+1)|z5),  oPlwy) = (+3) |z).

It is not possible to find a simultaneous eigenbasis for {02, ,,0,} because o, and o, do not

commute: [0, 0,] = 2ic,. Note also:

L1\
(z-| = E<—1> :E(L—U,

L\
(4] = E(l) IE(LU,

hence

wle) = =0, %(_ﬂ) -,

€
V2
1 il 1]
(@_|zy) = _E(L—l)_ E<+1 ) =— =0
€
V2

(Tilzy) =

which should give the reader some more familiarity with the ‘bras’ and ‘kets’.

7.2 Time evolution and the Schrodinger equation

Consider a physical system that is invariant under time translation. Postulate 1 says that there is
a Hilbert space H that describes the system, and that vectors in the space describe states of the

system. Consider one such state, |¢(0)), where the 0 denotes the state at time ¢ = 0. The system
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is invariant under time translation. Therefore, by Postulate 2, the state of the system a short time

later is given by

[6(AL) = U (At)]6(0)),

where U(At) is a unitary operator. We assume that the increment At is small. Thus, the unitary

operator U(At) can be written as
» iH At
U(AL) =1—° —

where H is a hermitian operator, H' = H, since then
VINAY iHAt
. . i i
UADTU(AL) = (]1 -— ) (11 - ) :

B H+iﬁ]At [ HA
B h h ’

— ]I+iHhAt - iHhAt +0 (A,
= I[+0 (A,

which is unitary as At — 0. The operator His independent of time because the system is assumed

to be invariant under time translation. However, this assumption is not necessary.

Now consider the system at a much later time t,, = nAt:

6(6,)) = H(H—iHhAt> 5(0)),

e ImAg(0),
= e /Mg 0)).

Letting At — 0 and n — oo keeping t := n/At fixed, we obtain

[6(1)) = e /M (0))



58 Chapter 7. Commutation relations; Time evolution and the Schrédinger equation

Next, we differentiate the state |¢()) to see how it evolves in time:

o _ efiI:I(tJrét)/h _ efiH/h
g 10(0) = lm < 5 ) 9(0)).

6t—0

[oo  (—iH@rs)\" 1 oo (—idem \" 1
_ hm anO( h ) n! Zn:()( h ) n! |¢(O)>
5t—0 ot ’
[yoe (zim\" ko oo (i) i
B ) e Mt 2221 G M FOPNY
5t—0 ot ’
I E N ) - A N (R
= i Zy( A ) 5t ]'W))%
> 1 (=A\
n=0

Multiplying both sides by i% gives the celebrated Schrodinger equation:

0 .
ih=16(1)) = H|g(t)).

The operator H is called the Hamiltonian operator and has dimensions of energy. It is identified
with the (non-relativistic) energy of the system. If the system in question is a single particle

experiencing a potential U(x), then

where p is the momentum. However, the left-hand side is an operator, therefore, the momentum

squared p?, and the potential energy U/ (x), must be promoted to operator status.
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7.3 The Heisenberg picture

In the so-called Schrodinger picture of quantum mechanics, states of the system evolve in time:

16(0)) — e/ (0)),

while observables stay constant, A —; A. On the other hand, in the so-called Heisenberg picture

of quantum mechanics, the states of the system are regarded as constant:

|6(0)) =+ ¢(0)),

while observables change over time:
A —)t At = 0TAU, U = e_th/h.
However, both pictures are equivalent, because the Heisenberg expectation value

(#(0)|As](0))

is equal to the Schrodinger expectation value:

(3(0)[As|(0)) = (6(0)|UTAT|¢(0)),
= (o(t)|Alo(t)).

Just as Schrodinger states satisfy a time-evolution equation, so too do Heisenberg observables:

m%At ~ [A.4].

Proof: We work with expectation values:

ih(¢(0)|Ayp(0)n = ia(e(t)|Alb(D))s,
0

iz (G(0)AdGO)r = ihs (S(0)|Al6(1)s.
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oo = [in (S oto) Aot + oi0ia (w2100 )] |
[

—(6MIHAI®) + (o) AH6(1)] .

= (o] (A — HA) o(t)s.
— {0(0)] (AT — FHA) D(®)]6(0)) 1,
= (p(0)|U)TAHU(£)[6(0)) 1 — ((0)|U () HAU (£)|6(0)) 11,
= ($(O)|U()TAU (1) H|$(0)) s — (d(0)| HU (1) AU (£)|$(0))
= ($(0)|ALH|$(0)) it — ((0)| HA|$(0)) 1,
for all initial states |¢(0)). Hence, 5
ih Ay = [At, H} .

Unless otherwise stated, we shall use the Schrodinger picture in this module.



Chapter 8
Expectation values and uncertainty

Reading material for this chapter: Mandl, Chapters 1 and 3

8.1 Introduction

According to postulate 4,

A physical observable is represented by a Hermitian operator on H; the only allowed

results of measurement of the physical observable are the eigenvalues of the operator.

Quantum mechanics is probabilistic: the probability that a system prepared in a state

|z) € H is measured to be in an eigenstate |z,) of the observable A is given by
2
[{zalz)]"
where (z,| € H* is dual to |z,) € H and (x,|z) is the natural pairing.

In this section carry out some calculations based on this postulate. As always, let H be the Hilbert

space of some physical system, and let A and B be observables.

8.2 Expectation values

Let the operator A be equipped with the complete (possibly degenerate) orthonormal basis {|z;)},

with (possibly) degenerate eigenvalues a;. Then, for any state |¢),

[6) = |w)(x519).

J

61
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The amplitude that a measurement forces the system into the eigenstate |x;) is

with probability
[(a|o) [

Thus, we may view the observable A as a random variable that takes certain values a; with probability
P, := |(xi|¢)|>. We know how to find the average value of such random variables — it is called the
expectation value:
average value of a = Z Pa; = <A)¢,,
i

where the probabilities sum to unity: Y . P, = 1. This latter condition is guaranteed provided

(p|@p) =1, since

(Ble) = > (Sl (zile),

<A>¢ = Z PZai?

= Y (gl (wild)ai,

7

- Z<¢|$i><ai$i|¢>, a; € R,

(2

= (ol ((dd) 1),

%

= Y laad (A19)).
= (9| (Z\xi><mi|) (A19)).

= (¢|Alg).
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Thus, the expectation value of the observable A in a state |¢) is given by

(A) = (g|A]¢).

In a similar manner, we define the uncertainty in observations of the observable A as the standard

deviation of the observations away from the expected values:

uncertainty in A = \/< (A . <A))2 > = AA

Note: The expectation value and the uncertainty always depend on the state |¢) in which they are

calculated. Thus, we speak of ‘the expectation value w.r.t. a particular state’.

8.3 Uncertainty principle
We prove the following theorem:

Theorem 8.1 Let A and B be Hermitian operators on a Hilbert space H, that satisfy the following

commutation relation:
[A,]g} = o, aeC.

It follows that
AAAB > |al/2.

Proof: Form the operators

Thus,
AA? = (g|a?|¢) = |lagl3,  AB*=(g|3¢) = ||Bo]2,
and
AA’AB? = ||ag|?| g,
N 2
> |(sladle)] .
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where the inequality is due to Cauchy—Schwartz. As in that proof, consider the following trick:

WlaBle) = |(olaslo)|e”,
ladlo) = |(sladlo)| e,

= (¢|Balo).

Subtract these results:

?

(8laBls) — (9l3als) = 2isind|(sladlo)

in other words,
(61 [a, 8] I9)| = 2lsinol | (sladls)]
But |sinf| < 1, hence ,

(01 [4.8] 19)| < 4l [t9laBlo)

Going back to the Cauchy-Schwartz result, we have
.2
AAABY > (@ladle)|

> 1 [@l]a. 8] 16)

2

Specialising to the commutation relation assumed in the theorem, we have

AAAB > |a|/2.



Chapter 9

Representation of Hilbert spaces

Reading material for this chapter: Mandl, Chapter 12; LandaulLifshitz, Chapters 2-3.

9.1 Introduction

A Hilbert space is an abstract object. For example, the n-dimensional Hilbert space H,, is an abstract
object defined by the axioms in Ch. 2, and endowed with the natural scalar product obtained by

studying the dual space. The set
C" = {(217"' 7Zn) |Zla"' yZn € (C}

can be thought of as a realisation or a representation of the abstract vector space, and we might
write H,, ~ C™. However, there are many possible representations of the n-dimensional Hilbert

space. For example, we could take
Hy ~S (M-, M,),

where My, --- M, are some n linearly independent matrices all of the same size. However, a
bijective map between C" and S (M, - -, M,,) exists, which guarantees that these representations
are equivalent. A very earthy way of thinking about this is to regard the Hilbert space as being like
a cookery book, with many receipes (abstract lists) for delicious pies. Then, the representations of
the Hilbert space are like your mother’s cooking, where those receipes are embodied in real, solid
food.
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9.2 The position representation

The position of a particle is a physical quantity, therefore, by Postulate 3, there must be a Hermitian
operator associated with it. Call it r, the position operator. If the particle is at location 7, it can

be regarded as having the state |ry). Then,

t|7rg) = T0[T0),

and the collection of kets {|7)},crs is therefore a basis of eigenvectors'. We normalise the basis
such that
(r'lry =6(r —7r').

1= /d3r|r><r\.

Thus, an arbitrary state |¢) has the form

We assume completeness:

6) = / &rlr) (r]).

But, by postulate 4, the quantity
(r|o)

is the amplitude that the state |¢) is measured to have a position 7. In a probabilistic setting, the

probability to measure a point is zero, thus we assign the quantity

(o) [*d’r

the probability that the state |¢) is measured within an small volume d3r of space. We call

¢(r) = (r(9)

the wave function.

Let us justify the choice of normalisation (r'|r) = §(r —r’). By the completeness relation, we have

) = / &rir) (v,
o) = [ @rinrlo),
o) = / & (') p(r).

IThis is a uncountable set; however, we do not worry ourselves with the details here, and assume that all relevant
results of spectral theory apply.
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But ¢(r) is an arbitrary function; the only way for this integral equation to hold for all functions is

if (r'|r) = d(r — r’), since then

In addition,

and, by a Taylor expansion,

By completeness,

(I f@)6) = / & (el F(©)r') ('),
= F(r)irld) = F(r)é(r).

Thus, in position representation, the operator f(r) acting on a state |¢) corresponds to multiplying

the wavefunction ¢(r) by f(7).

9.3 The scalar product

Take the completeness relation:

1= [ @rin)irl,

and operate on the identity from both sides with (¢| and |¢):

(Bl) = / Eriglr) (v,

Thus, the position represenation of the natural pairing is the ordinary scalar product on function

spaces:
(Bl) = / &re (r)(r),

and the norm has the representation

©0lo) = [ @ror(ryotr) = [ drloirP
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But d3r|¢(r)|? is a probability, hence

[ o =1

consistent with the requirement that physical states have unit norm:

(ol¢) = 1.

Thus, allowed wavefunctions live in the space

LA(R?) = {¢lll¢]lz < oo}.

9.4 Momentum representation

As in the position case, the momentum of a particle is a physical quantity, therefore, by Postulate
3, there must be a Hermitian operator associated with it. Call it p, the momentum operator. If

the particle has momentum py, it can be regarded as having the state |pg). Then,

I5|p0> = P0|p0>,

and the collection of kets {|p) },crs is therefore a basis of eigenvalues. We normalise the basis such

that
(p'lp) = d(p—p).

We assume completeness:

ﬂ:ﬁmmm'

Thus, an arbitrary state |¢) has the form

mz/ﬁwmw.

But, by postulate 4, the quantity

(plo)

is the amplitude that the state |¢) is measured to have a momentum p. As before, we are forced

to assign the quantity
[(plo)[*d’p
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the probability that the state |¢) is measured within an small volume d3p of momentum space. We

call

~

pr = <p‘¢>

the momentum-space wavefunction. However, by Fourier-transform theory, we know that a spatial

signal ¢(r) is made up of a sum of plane waves in momentum space:

By -
o(r) = / ﬁem/%p, k = p/h.

In other words,

o(r) = (r]9),

d3p ipr/h T
N / 2eny "o

dBp
= [ e el

Since |¢) is arbitrary, we take it to be |¢) = |p). Thus,

(rle) = (rlp)) =

Thus, we have the following condition:

As before, we have

(plf(D)|6) = f(p)odp-
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However, we are more interested in understanding the action of the momentum operator in position

space. Therefore, we compute

(rplé) = / &p (r|DIp) (pl),
- / &pp(rip) (pl6).

5 eip-r/h

5 eip-r/h R
= /d pp<—)3¢p7
= —1hV/d3 117"'/h¢
= = Op,

= —ihVe(r

Thus, in position representation, the operator p acting on a state |¢) corresponds to acting on the

wavefunction ¢(r) by —iAV. The same is true for powers of p.

Finally, therefore, the operator .
i— e,
2mp +U(r)

in position space, corresponds to

- h?
H=——V*+U(r),

2m

and Schrodinger's equation

1h—|¢< )) = H|o(t)),

is represented by the following operator equation in the wavefunction ¢(r,t):

¢ 2
ih= = (——v2 +U(r )) o,

9.5 Heisenberg uncertainty

We can readily compute the commutation relation betweem p and t in the position representation.
For, let ¢(r) be an arbitrary function. Then,

9 (1,).

87’i
: L 0¢
= —lhéijgb(’l’) — ltha—ri.

pi (1,0) =
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Similarly,
¢
87”1' ’

tj (pig) = —ihr;

Subtracting gives

pi (1;0) —1; (D) = [Dis 1] o(r),

= —ihd;jo(r).
Since this is true for all functions ¢(r), we have
[Ds, T;] = —ihd;;.
Applying the uncertainty theorem from Ch. 8, we have
Ap,Ax > h/2,

and similarly for the other directions.

9.6 Conservation law of probability

Let us take the probability density

differentiate it, and apply the Schrodinger equation:

oP 06  0¢*

F AT T
We have, 96 .
o = wl
and o6 .
o Eﬁqﬁ*’

since H is assumed to be both real-valued and Hermitian. Thus

W = (oo o).

1 h? h?
= o (o UM+ 0V - Ur)6).

in 2m
h2
= L (Vi — 6V).

2mih
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Now we apply a neat trick: Green's theorem:
¢*V2p — pV2¢* =V - (¢'Vp — ¢V o").

Calling ,
J = — * - *
5 (6°V6 = 6V6").
we have the following conservation law:

oP
E—FV-J—O.

The vector field J is called the probability current. Integrating the conservation law over a domain

/d%a—P — —/d3rV-J,
Q ot Q
0

— | &Brilor, ) = —/ ds - J,
5 | ariot.o| B

Q) gives

or

0
—Prob (System in region ) at time t) = —/ ds - J.
ot 59

Taking © = R? and assuming that the wavefunction vanishes as |r| — oo, we have the following

law of conservation of probability:
0 L3 L.
aProb (System somewhere in R? at time ¢) = 0. ()

We normalise the wavefunction:
[ o =
RS

Eq. (*) guarantees that it stays normalised for all time. Note:

The conservation law of probability is derived from Schrodinger's equation, which in turn is
derived from the unitarity assumption (Postulate 3). Thus, unitarity is needed to ensure conser-

vation of probabilities.




Chapter 10
Plane waves, or the free particle

Reading material for this chapter: None recommended

In this section we study the dynamics of a free particle, experiencing no forces, moving in three-
dimensional space. We first of all recall how this problem is studied in classical mechanics. The

energy of such a system is conserved and given by

P _ g
2m
But p = mr, hence
imr? =E
Differentiating with respect to time gives
r-r=20

Now the only way for 7 L 7 = 0 for all possible vectors 7 is if ¥ = 0, hence
r(t) = ro + vot,

and the particle moves in a straight line. This is the simplest possible mechanical system.

Using quantum mechanics and the position representation, we know how to solve this problem: The

momentum p is promoted to operator status:
p — p = —ihV,

and E is identified with the Hamiltonian:
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and the Schrodinger equation to solve is

)
ih@_\lf - Py
ot 2m
h2
= —— V0.
2m

To solve this equation, we assume that it is prepared in the initial state

\IJ('r'7t = O) = 1/)0("4)7

and introduce the Fourier transform:

Ue(t) = /d3re_ik"’\11(r,t),

U(r,t) = / (;1;_];3 eik-r@k(t)

Next, we operate on both sides of the Schrodinger equation with [ d3re=*7:

2
/d3reik"“ [iha—qj] = /d3reik"" [—B—V2\I’} ,
ot 2m

ihg/d?)re_ik'r\lf(r t) = /d?’re_ik"" —h—2V2\I/
ot ’ 2 '

m
Hence,
: a\ijk h? 3, —ikry72
-k 0 ik-r A\
ih T = d°re VU,
h? 3 —ik . —ik
= —%{/dr[v-(e V\If)—i-le k-V\IJ]},
h? : ih? :
- " J —ikr 7 3. —ikry, ]
o dS (0,¥)e 5 d°re ™"k -V,

where 0,V is the outward-pointing normal derivative of W at |r| = oo; this assumed to be zero.
Thus

. o
R i L ]
ot 2m
_ / &Prk - [V (e7*7W) + ike* U]
2m )

ih? 3 ik ih? :
- . —ikry) 3,.:1.2 71k-7‘\1,
5 d’rk -V (e ) 5 /d rik“e ,
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and the first term vanishes by Gauss's theorem, hence

U 712 . R2k2 .
ma k_ / Bri2e Fry — ¥,
2m

ot 2m

Thus, we obtain a dispersion relation

and we solve the following equation in momentum space:

in = B, V.

ot
But we know the solution to this immediately:

A A

\I/k(t) = \I/k(0>e_iEkt/h’ = Cke_iEkt/ﬁ

We plug this back into the Fourier-transform solution:
Bk -
U(r,t) = [ ——e*"U(t
(Tv ) /(271_)36 k( )7

3
_ /(;l l;geihrcvke—iEkt/h.
s

The weights C, can be obtained from the initial condition:

3k
U(r,t=0) = /(%)36’“"“0:6,

= %("“)7

hence
Cr = /d?’re_i"'k%(r).

Let's experiment with some specific initial data.

For simplicity, we focus on the one-dimensional case. The particle is prepared in the following state:

1

_ —(z—=0)?/(402) _
Yo(z) = Ne ) N = (2mo2)V/4
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where o > 0 is some parameter. Hence,

Cy =

/dxe_ikxwo(as),

N / dxefik:pef(a:fxo)z/(402) ’

To integrate ths, we complete the square in the following manner. First, call y = © — xy. Then,

Cr =

Call a :=1/40?. Then

Ck — e—iero /

dye—ik(y+wo)e—y2/ 402

Y

)
s s 02 /42
e 1km0/ dye 1kye y? /4o ]

—00

—iky  —ay?
dye™"e "

oo
—ikx —ay?—ik
= Ne 0/ dye™ " Y,

o0

— Ne—ikmo /Oo dye—a(y2+(ik/a)y)’

o0

— Ne—ikxo /Oo dye—a[(y2+(ik/2a))2+k2/40,2]’

—  Ne ikxo /Oo dye—a(y2+(ik/2a))2e_k2/4a,

o0

_ Ne—ikroe—k2/4a /OO dye—a(y2+(ik/2a))2’

—00

[eS)

_ —ikzo . —k?/4a —ay?

= Ne ek / dye ",
—00

[eS)
_ —ikzo . —k?/4a —ay?
= Ne ek / dye ",

—00
o0

N : 2 2
_ 6—1kx0e—k /4a dze™? :
Va o

_ N\/ze—ikxoe—k2/4a
a

Cp,=NV Anro2eikrog =k o®

Restoring a = 1/40?, this is



At later times,

dk
\IJ([lf,t) _ /zﬂ_ 1sz e—lEkt/ﬁ

dk . : : 2
ikx —ikxo —iFERt/h _—k*/4a
= Nv47r02/—e ¢ kw0 o —iBkt/ho—k"/ ,
_ 2 1 (z—z —k202 —ik%h2t/2m
= NvVdno / 7T 0e e / ,
k; 2
- N\/47r02/ 5-© et

where

b=2x— x, c =0’ —iht/2m.

Completing the square again,

/ dk elkb —ck? — /OO dk e—c(k27ikb/c)’

_ /OO dk efc[(kfib/2c)2+b2/4c2]

o0

_ /OO dk efc(kaikb/c)zesz/%’

o0

efb2/4c /OO dk efc(szikb/c)a

efb2/4c /OO dk efckzj
1 [e9)
— eb2/46% /;OO dkeikQ,

o0 /de T
c

1 2
U(x,t) = N2—v dmo2e? /4‘3\/E
T

C

Hence,

Restoring the meaning of the coefficients, we have

\If<x,t>=zv%mexp[_<w—xo>2/4] ——

o2 —iht/2m — iht/2m’
or
o? (r —x)?/4
U(z,t) = Ny =8 oxp |2 20 /2
(1) o2 —iht/2m exp{ o? —iht/2m
Finally,

1 (v — 20)? /40
00 [ PR — e — A e
(z,%) 1—iht/2mo? { 1 — iht/2mo?
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0.8

04

Figure 10.1: (a) Time evolution of the probability density; (b) The same, for t = 0,1,2,5,10. Here
o=0.5and h/2m? = 1.

A plot of the probability density associated with this result is shown in Fig. 10.1. Notes:

e The PDF spreads out over time — the particle’s position becomes less and less certain.

e The mean value of the particle’s position stays the same, since the PDF remains centred at

zero. In other words,

d

Exav - 07
or d

— (%) =0.

e This is called Ehrenfest’s theorem — the expected values of quantum observables obey the

classical-mechanical equations. In general,

d . 1 .
£<X> - E<p>7
d .

E<p> = _<6xu>a

for a particle experiencing a potential U(z) (proof as homework). This is one way of stating
the correspondnce principle — that the laws of classical mechanics can be recovered in a

certain limit.

e For a system with a discrete spectrum, the correspondence principle states that quantum

mechanics reproduces the results of classical mechanics in the limit of large quantum numbers.
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10.1 Plane waves

It can be verified that the Fourier-transformed function

—

) ) h2k2
—ik-r—iEgt/h
Uk =e L

2m

Y

satisfies the Schrodinger equation for a free particle. Relabelling, using p = hk, we have

¢p("°) = Py,
_ efip-r/hfiEpt/h’ E _p

This is called the plane-wave solution. Note:

e The plane-wave solution is not normalisable (||1,(7)||3 = 00). However, the plane waves do

solve the Schrodinger equation, so they must be physical states.

e Thus, we must extend the Hilbert space to include this case. Such an extension is called the
rigged Hilbert space. We simply note that the extension is required, and do not discuss this

functional-analysis topic any further.

e A simple calculation shows that the plane wave is a state of maximum positional uncertainty,
Ax = oco. However, the momentum is known exactly: Ap = 0. Such a state does satisfy the

Heisenberg uncertainty principle when the calculation is done in a limiting fashion.

e A similar calculation shows that the Gaussian state is a state of minimal uncertainty, where
AzAp is exactly h/2.



Chapter 11

One-dimensional bound states: Potential

wells

Reading material for this chapter: Mandl, Chapter 2

11.1 Particle in a box

The simplest one-dimensional potential well is the so-called particle-in-a-box. Here, the particle may
only move backwards and forwards along a straight line segment 0 < x < L with impenetrable
barriers at either end. The walls of the one-dimensional box may be visualised as regions of space
with an infinitely large potential energy. Conversely, the interior of the box has a constant, zero
potential. Thus, no forces act upon the particle inside the box and it can move freely in that region.
However, infinitely large forces repel the particle if it touches the walls of the box, preventing it from

escaping. The potential in this model is given as

0, 0O<z<lL,
U(x) =

oo, otherwise,

(See Fig. 11.1). We now solve the Schrodinger equation for such a system. To keep with tradition,

we henceforth use the symbol W(z) for the wavefunction.

Separation of variables

For a time-independent system, the Schrodinger equation reads

1h2\11( t)——h—Qa—zllf( t) +U(x)V(x,t)
ot Y= 2m Ox2 ot TIEE L)

80
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Ulx) = Ulx)=0 Ulx) = o

(barrier) (well) (barrier)

o L X

Figure 11.1: Potential well for the particle-in-a-box calculation (infinitely deep well).

Because the right-hand side has no manifest time dependence, we can perform a separation of

variables:

U(z,t) = T(t)(2).

Substitute this trial solution into the Schrodinger equation and divide the result by 7. The result
is
L2 2
G T'() _ —ompp (@) + U@y (z)
T ()

The LHS is a function of ¢ alone, while the RHS is a function of x alone. The only way for this to
be true is if LHS = RHS = Const. := E, where £ is a constant. Thus,

dr

= = —iE/h = T(t) = T(0)e /",

Immediately we see that E has the interpretation of energy. Focus on the space part:

P& (z) +U@)Y(z) = Ey(x).

2m Ox?

We have ﬁw = FE1), which is an eigenvalue problem.

An eigenvalue problem

Inside the box, no forces act upon the particle, and U(z) = 0. Thus, in the region 0 < x < L, we

are to solve .
————=(x) = E.

2m Ox?
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We take £ > 0 (shortly we shall see why).
k? .= 2mE/R?,

the solution is
Y(z) = Asin(kx) + B cos(kx).

The boundary conditions require that the probability current vanish at x = 0 and x = L, since
the probability to find the particle outside of the box is zero. This requirement, together with the
continuity of ¢» at x = 0 and = = L, yields ¢(0) = (L) = 0, which forces B = 0. We are left with

Y(x) = Asin(kx).

However, we still must satisfy

sin(kL) = 0.
The only way for this to be true is if kL = nm, where n = 1,2,--- is a positive integer. Thus, the
wavenumber is quantised:
12 _ n’*r®  2mkE,
L2 R e
Clearly, this quantises the energy, too:
_ nPr?h?
"2mL?

We are left with the following eigenfunctions:

Up(z) = A, sin <?) ,

with corresponding eigenvalue E,, = n?>72h%/2mL?. The constants A, are fixed by normalisation:

2

L
/ (@) Pz =1 = A, =4/ 2.
0 L

In conclusion:

o Allowed states:
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Figure 11.2: Potential well for the particle-in-a-box calculation (finite well depth).

e Full, time-dependent wavefunction:

Wi, 1) = e, ().

Note: Had we taken E < 0, we would have a wavefunction ¢ = Ae ** 4 Betlklz with k =
2m|E|/h%. However, such a choice cannot satisfy the boundary conditions. Similarly, if k£ = 0, then

only the trivial solution is possible, 1V = 0, which is not normalisable.

11.2 Wells of finite depth

Consider the potential well
0, —L/2<z<L/2,
Ur) =
[', otherwise,

where T is some finite energy (See Fig. 11.2). As before, we solve the eigenvalue problem

B (z) + U(x)Y(x) = Ep.

2m Ox?
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We break up the solution into three regions:

wr(z), if x < —L/2 (the region outside the box)
Y(x) =  ppy(x), if —L/2 <ax < L/2 (the region inside the box)
Yrrr(x) if @ > L/2 (the region outside the box).

Let's focus on region IlI. As before, we solve

h2 2
O ) = By,

Qm@
We take E' > 0. Hence, the general solution is

() = Asin(kz) + B cos(kx), k= +v2mE/h.

Next, we focus on Region |. Here, U(z) =T, and Schrodinger's equation reads

h2 82
o 9t (z) +T(x) = B9,
or hQ 82
3 92 (z) = (E-T).

We are going to focus on the bound state, where

O0< E<T.

Thus, we have the equation

82

da?

Y(x) = K%, k=+/2m(( — E) /h? € R.

The solution is thus
Yr(z) = Ce™™ + O,

However, it can not be the case that lim, , ., ¥;(x) = co; we therefore take C =0 and
Yr(z) = Ce™.

A similar result holds in Region Il
w[[[(l') = Deimc.
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In summary,
Ce"™, if o < —L/2
Y(z) = § Asin(kx) + Beos(kz), if —L/2<x<L/2
De™"* if o > L/2,

and it remains to fix the constants of integration A, B,C, D. We stipulate that the probability
current be everywhere continuous. Thus, ¢ and 0,1 must be everywhere continuous; in particular,

they must be continuous at x = £L/2. Thus,

vi(=L/2) = Yu(-L/2),
Otp1(=L/2) = Oupr(—L/2),

Vir(L/2) = ¥ri(L/2),
0:r1(L/2) Outhrr(L/2).

It is tempting solve the resulting four equations by brute force. However, it is simpler to observe
that the potential U(x) is symmetric under x — —x, and thus, the wavefunction must be either

even or odd. Let's consider both cases now.

Even case: The even wavefunction satisfies ¢(x) = ¢)(—x), and thus C = D and A = 0. In

other words,

Ce"™, if v < —L/2
Y(x) = § Beos(kx), if —L/2<z<L/2
Ce™r® if v > L/2,

Matching at x = —L/2 gives

Ce™"/? = Becos(kL/2),
kCe "F? = Bksin(kL/2).

Dividing the second equation by the first gives
k= ktan(kL/2),

’ 21—yt (25 o

the roots of which give the allowed values of E.
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Odd case: The even wavefunction satisfies /() = —¢(—x), and thus D = —C' and B = 0. In
other words,
Cer®, if v < —L/2

Y(z) = § Asin(kz), if —L/2<x<L/2
—Ce "7 if v > L/2,

Matching at * = —L/2 gives

Ce ™2 = _Asin(kL/2),
kCe "2 = Akcos(kL/2).

Dividing the first equation by the second gives
1 1
E = _E tan(k:L/Z),

or
k= —kcot(kL/2).

the roots of which give the allowed values of F.

Let us focus in more detail on the even case. Call
e i= V2mE[R (Lf2), 7= /2mDJR2 (L/2).
Then the solvability condition reads
VA2 — € = etan(e).

Thus, consider the curves

Yleven(€) = etan(e),

Y2.even (6) = VvV 72 - 627

where 72 is fixed. The intersection points of these curves give the allowed e-values, hence the allowed

values of energy. The corresponding curves for the odd case are

Y1odd(€) = —ecot(e),

yz,odd(€) = \/72—627

These curves are shown in Fig. 11.3. For v = 10, there are only seven allowed values of energy.
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20

. ylts]:a tan(g)

. ylts]:—s cot(€)

- ==y @)= 100-e7)"? --- yj(s):(]()()—sz]m

(a) Even case (b) Odd case

Figure 11.3: Allowed values of energy for a symmetric square well.

Thus, the spectrum is discrete and finite. As v increases, more and more allowed values of energy

become available. However, the spectrum always consists of a discrete number of points.

11.2.1 Asymptotic cases for Fig. 11.3

The case 7y — 0 In this case, we can show that there is always at least one bound state. Focus
on the even case and Figure 11.3(a). We take v — 0: the circle in the figure has an ever-decreasing
radius, while the curve y;(¢) behaves like a straight line, y; ~ €. Such a curve will always intersect
in the positive quadrant with a circle centred at the origin, leading to precisely one bound state.
On the other hand, taking Fig. 11.3(b), the curve y;(€) behaves like y; ~ —1 + (1/2)e® + HOT.
A quarter-circle of ever-decreasing radius located in the positive quadrant does not intersect this

curve, and there is no odd bound state in this limit.

The case v — oo Consider the even case first. We are to solve y; = etane = yo = 0co. In other

words, we must solve tan e = co. This has solution

e=m(3+n), ne{0,1,2,---}.
For the odd case, we must solve y; = —ecote = y, = oco. In other words, we must solve
cot € = —o0, with solution € = nw, with n € N.

The even case now reduces to

2¢ = (1 +2n) =7 x [all odd positive integers|,
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while the odd case reduces to
2¢ = 2nm = 7 X [all even positive integers| ,
Combining both cases, we have
2¢ = mn = 7 X [all positive integers|,

or

which is precisely the formula for the energy level of a square well of infinite height.



Chapter 12

One-dimensional scattering: Potential

barriers

Reading material for this chapter: Mandl, Chapter 2

Consider the situation shown schematically in the figure.

Vix) 4

v

L

0 -
X
Figure 12.1: Schematic diagram for one-dimensional scattering

Mathematically, this corresponds to a potential-energy landscape

I, 0<z<lL,
Ur) =

0, otherwise,

and we have the following regions:

e Region |, z < 0.
e Region ll, 0 <z < L.
e Region lll, z > L.

89
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We assume that particles are incident on the barrier from x = —o0, and have energy ' < I". We
determine if any particles are to be found in region Ill. We must allow for such a scenario a priori.

Thus, we have the wavefunctions of Fig. 12.2.

Figure 12.2: Boundary conditions for the scattering problem

It remains to compute these wavefunctions, and to see if the wavefunction in region Ill z > L is
nonzero. We first of all note that there are no left-travelling waves in this region, since no waves

are reflected at x = +00. We now focus on solving the Schrodinger equation.

Region | Here U/ = 0, and the wavefunction is a plane wave:
1/JI :Aieikx—l—Are_im,

where k = v2mE/h.

Region Il Here U/ =T'. The eigenvalue problem reads

h? 02
o a2 (z) + T(x) = Ey(x).
For E < T, the solution reads

Yrr(x) = Bie™ + Be ",

where
k=+/2m(l — E)/h.
Region Il  Here U/ = 0 and the wavefunction is again a plane wave. However, there is no possibility

of reflection, so any component of the wavefunction reaching this region has to be a right-travelling

one:

w[[](l') = C’eik‘”.
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Instead of computing the coefficients A;, A,, B;, B,., C, we focus instead on probability currents. In

region |, the incident probability current reads

h ikx\ * ikx ikx ikz\*
Jio= g | (A) 0, (Ae) = (Aic) 0, (Asc™)']

h
hk
m

Similarly, the reflected current in region | is

hk
JT = _’Ar|27
m

and the transmitted current in region Ill is

hk
Jt - —’0‘2
m

Conservation of probability requires that

Ji = Jr + J.

We define the following reflection coefficient

J,
R=—
J;’
and transmission coefficient I
T =L
J;’

conservation of probability yields R + T = 1. We compute these coefficients now.

First, we match ¢ and its derivative at x = L:

¢I[(L) = 7bIII(L)a
Outprr(L) = Ourrr(L),
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. Potential barriers

In other words,

B'GHL—FB e—,‘iL — CelkL
i r )

kBje"l — kBe "t = {kCeFL.

But this is a matrix problem:

The matrix has determinant —2x and hence,

B; _ —_1 —re "l —eRL CoitD 1
B, 2K — kel erl ik )’
B; C 4y [ ke ek, 1
= —e .
B, 2K kel —erl ik

or

In other words,

CelbL
B, = ; e L (s + ik)
C ikL
B, = 2e—e+“L (k — ik)
K

Next, we match v and its derivative at x = 0:

¥1(0) = r1(0),
3x¢1(0> = a:c@/)n(o)a

In other words,

A+ A, = B+ B,
lk14Z - lkAT = K,BZ' - K',BT.

Multiply the first equation by ik and add the two resulting equations. Obtain
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But we know what B; and B, are:

2kiA; = CeikLl]fQﬂe_“L (k + ik) + C’eiklej

KL s
- e (k —ik)

Hence,

A

o 1 —kL c7.\2 1 kL 71\ 2
i~e = e (k +ik) TP (k —1ik)7,

il gpgke R = K2 (e_"‘L — e“L) + 2ikk (e“L + e_“L) + k2 (e“L — e_“L) ,

= 2sinh(kL) (k* — %) + 4ikr cosh(kL).
Hence,

(4kk)® = 4sinh*(kL) (k* — /{2)2 + (4kk)? cosh?(kL),

Q>

— 4sinh?(sL) (k* — k%)° + (4kr)? [1 + sinh? (v L)] ,
= 4sinh?(xL) (k% + &%) + (4kr).

Inverting,

2 (4kr)*
4sinh®(kL) (k2 4 £2)* + (4kr)*’
(2kk)*
sinh?(kL) (k2 4 K2)° + (2kk)*’
= T

Thus,

B (2kk)?
 sinh?(kL) (k2 + K2)° + (2kk)*

The reflection coefficient can be calculated in a similar way, or using R =1 —T". In any case,

sinh?(kL) (k2 + k2)°
sinh?(kL) (k2 4+ k2)° + (2kk)”

The non-dimensional form for T, using v = Lv/2mI'/h and € = Lv/2mE /h reads

Ahy? =€’

sinh? (s/fyz — €2> v 4 4|2 — 62‘62‘

T(e;ry) =
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0.02f

0.015

0.01

Tie.y=10)

0.005

0 0.2 0.4 0.6 0.8 |
ely

Figure 12.3: Transmission coefficient for particle energies less than the barrier height. The result is
non-zero: a portion of the particles pass through the barrier.

A plot of T'(¢;y = 10) is shown in Fig. 12.3. The result is NOT identically zero: particles pass
through the barrier.

These results call for some discussion. Consider a stream of classical particles incident on the barrier
from £ = —oo. In region |, we have
2
P 1

5 = §mvgo =FE; > 0.

We are interested in the case ' = E; < I'. Suppose that the particle enters region Il, with velocity
vp. Then

1

i+ T=F = lmji=E-T <0,

which is impossible. Therefore, we conclude that all the particles remain in region |, and are thus

reflected off the potential barrier. In other words, no particles are transmitted into region Ill, and
Teassical (B < T') = 0.

For EE = E; > T, no such restriction exists, and all the particles pass into region Il
Tetassical (£ >T') = 1.

Thus, the fact that Tqm (E < T') # 0 is a remarkable, anti-classical result. Particles, ghostlike, pass

through a barrier. This is called quantum tunnelling.



Chapter 13
The harmonic oscillator

Reading material for this chapter: Mandl, Chapter 2

We study the Schrodinger equation for the celebrated potential

U(z) = Lkoa?,
in one dimension. The Hamiltonian is
U= "ama T2l

which is manifestly time independent. Thus, we can separate out the space and time dependence,

and solve the eigenvalue problem

( L + %kzox2> U(z) = Ey(z).

 2m 92

13.1 Asymptotic solution

Before attempting a solution, we study the asymptotic behaviour, || — oo. Then, the ODE to

solve looks like

h? 2 2 2
%w// = %ko.ﬁlf ¢ = %mw w
In other words,
2, 2
n __ m-w 2
= xY.

This implies a standard unit of length in the problem,
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and the asymptotic problem can be conveniently re-written as

.1'2

77D/l(\_/_

a*

This form suggests that we re-write the trial solution as

() = h(z)e >,

since then, ,

x 22 /202 2z h(x)\ _.2/942

(a) = Sty (o) - 2w a) - M) e,
and we have captured the leading-order term in the approximation.
13.2 The solution
We substitute
() = hiz)e />
into the full eigenvalue problem
x? 2mE
)+ ) = R, B =

We obtain the expression

x? 2 22
— I—h(m) + h"(z) — —fh'(x) _ h(zf’)] o~ #?/20% | iy

at a a
Tidying up, we have the following differential equation:

W) — i—fh/@) + (k2 - i) h(z) = 0.

a?

We introduce the non-dimensional variable s = z/a. In terms of this variable, the differential

equation to solve reads

&cho dh )
E—Qs%+2nh(s)20, 2n = k“a” — 1

(This ODE is considered on p. 820 of Arfken and Weber). We propose a power-series solution for
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this equation:
[e.e]
h(s) = Zapa:p.
p=0

Substituting into the ODE, we obtain

Zp (p—1)apa?™2 — Z 2pa,x? + 2n Z a,z? =0,
p=0 p=0 p=0

or
Zp (p—1) a2 — Z 2pa,x? + 2n Z apx? = 0.
p=2 p=1 p=0

We call ¢ = p — 2 in the first sum, hence p = ¢ + 2.

Z(q +2)(q + 1)agsox? — Z (2n — 2p) a,a? = 0.
q=0 p=0

However, ¢ is a dummy variable, so we let ¢ — p, and we end up with

(p+2)(p+ Dappox? — Z 2(n —p)ayz” =0,
p=0

hE

i~
I
o

or
S 1+ 2)(p + Dapss +2(n — play)a? = 0.
p=0
The power series is identically zero, so each term must be zero. In other words,

(p+2)(p+1)ap+2+2(n_p>a17:07 p:0717"'7

hence

This splits into odd and even cases.

Even case: We take a to be a constant of integration and a; = 0. Thena; = a3 =a5 =---

and
p—n
2
Ap4-2 ap(p+1)(p+2)a ( )
hence
2(—n)s?  22(—n)(2 — 4
heven(3>:a0 1+ ( n>8 + ( n)< n)s
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Similarly for the odd case, where we take a; to be a constant of integration and ay = 0. Thus,

aO:a2:a4:"':0,and
p+1—n
—9q LTI
Gp+2 ap P12 +3) ()
hence
2(1 — 221_ 3_ 3
hosa(s) = ar |14 2= ZUZ WG o)

3! 5!

We must examine the asymptotic behaviour of these solutions. For large indices, the ratio of

successive terms in the even solution is

)
Qp P

Ap42 2
—_ ~

suggesting that feven(s) ~ €2 as |s| — co. Similarly, the odd solution behaves as se2*” as |s| — oc.
THIS IS A DISASTER, since the solution must vanish as |x| — oo. However, help is at hand: if we
insist that n be an integer, then the recursions (*) and (**) terminate, and h(s) is a polynomial.

These are called the Hermite polynomials, the first few of which are given in standard form here:

=

s) = 1,

S

1(s) = 2s,

(s)

(s)

(s5) = 48> —2,

(s5) = 8s®—12s,

(5) = 165" —48s* + 12,

(s) = 325" —160s® + 120s,

(s) = 64s° —480s* + 720s* — 120,

(s) = 128s" — 13445° + 3360s® — 1680s,

(s) = 2565 — 35845° + 13440s" — 13440s* + 1680,
(s) = 512s” —9216s" + 483845° — 80640s” + 30240s,
(s)

= 10245 — 23040s° 4+ 161280s° — 403200s* + 302400s% — 30240,

S
S
S
S

S

and are plotted in Fig. 13.1. These polynomials can be generated from the following property:

dr d\"
H,(s) = (—1)”65261—6_52 = /2 (s - —) e/
STL
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Hermite (physicists) Polynomials

.20

a0 -

40 -

= i i e b= = |

oo nn

O = =
1

]
i
o
-
]
[X]

Figure 13.1: The first six Hermite polynomials

Happily, these functions are orthogonal with respect to a weight:

/ H,(s)Hp(s)e " ds = 0, n#m,

/ H,(s)H,(s)e ¥ ds = n!2"/x.

Putting these results together, the normalised wavefunctions of the Schrodinger equation are

1 2 2
_ —z°%/2a _
Un(z) = T H,(z/a)e : a h/mw
where n = 0,1,2,--- are necessarily integers.

But recall
2n+1 = a’k?
h 2mFE
2 1 = —
ne mw k2
hence
E,=hw(n+3), n=012---,

and the energy is quantised.

The first few normalised wavefunctions are shown in Figure 13.2.
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w0
, -M__.
s
)
W, ()

5 ()
W09

W, ()

Figure 13.2: Normalised states of the harmonic oscillator.

From now on the useful shorthand

1

n!?nﬂ-l/élal/Q

will be used, such that
Un(z) = Ny Hy(z/a)e™ /2.

13.3 Creation and annihilation

We define the operators

and its adjoint

(NOTE THE SIGNS!) such that
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In the position representation, p = —ihd,, and

. 1 ha
ap = rT——0z |,
T V2a mw

(:)3 + i@) ,
mw

We act on the eigenstate 1, (x) with the annihilation operator. The following recursion relation
is useful (Arfken and Weber, p. 817)

A~

1
a_
V2a

0sH,(s) = 2nH, _1(s).

Thus,
Ltla) = = (a a0,) ),
o 1 1 —xz2/2a?
= E(L’¢n(£) + ECﬁNnax [Hn(x/a)e 2 i| ’
1 1 21

NG wn(r) + LCL2Nn1‘In($/a) (—x/a?) e /%" 4
a

—a2Nne’x2/2“ —0.H,(s),
V2 V2a o)

V2a

1
= N N,e =" onm, (s),
1 2nN 2 2 N,
= = nNn— Hn— —@t2a® LB 1
V2N, ! 1(s)e 7 Ny V2

= \/ﬁ'lvbn—l(-r)
Similarly, using
Hy1(s) =2sH,(s) —2nH,_1(s)
we obtain
é+¢n(x) =Vvn+ 11/)71-1—1(1‘)
We can also show that
Thus,
N = é+é_

is the number operator, and tells us how many quanta of energy are in the system. (Note the order:
we MUST act with the annihilation operator BEFORE acting with the creation operator) We have

the following interpretations:

e The operator a, ‘creates’ a quantum of energy;
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e The operator a_ ‘destroys’ a quantum of energy;

e The operator N tells us how many quanta of energy are in the system.



Chapter 14

The Schrodinger equation of the hydrogen

atom

Reading material for this chapter: Mandl, Chapter 2

We study the Schrodinger equation for a system of two particles that attract each other under the

potential

in three dimensions. We assume that one particle (the positively charged ‘proton’, charge +e¢) is
much more massive than the other particle (the negatively charged ‘electron’, charge —¢), and treat
the proton as a fixed force centre, with origin O. This assumption can be made rigorous using
the definition of reduced mass, although we do not pursue this here. The positive constant kg
is introduced to take care of any prefactors arising from particular choices of physical units (e.g.

ko = 1/4mey in Sl). The Hamiltonian for the electron reads

where » = (x,y, z) is the electron’s position and r = |r|. This is manifestly time independent, and

we therefore separate out the space and time dependence, and solve the eigenvalue problem

(—h—;VQ - kO—GQ) U(r) = EY(r).

This is accomplished using the separation-of-variables technique.

103
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14.1 Separation of variables

First, we perform some scaling arguments. We multiply the Schrodinger equation by 2m/k? to

obtain N
SV = TS L) = (), k= 2mB /R
r
We identify a lengthscale
h2
0= mkge?’

and focus on solving

V- =Ry ()

aogr
We are searching for bound states (£ < 0), and it is therefore useful to write the RHS as —£?, an

inherently negative quantity.

Because the potential is spherically symmetric, we solve the problem in spherical polar coordinates.

In this system, the Laplacian has the form

V3 = Lo (T2aw) + S (sin 96_¢> + Lo

r29r\" or ) r2sinf 06 r2sin? 0 9p?’

where 0 is the polar angle and ¢ is the azimuthal angle (Figure 14.1)!.

INote the convention: @ is for the polar angle, and ¢ is for the azimuthal angle. Some authors use the opposite
convention. Pay no attention to them!
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Figure 14.1: Spherical polar coordinates

Substituting this form into the Schrodinger equation (*), we obtain

1 2( %) Lo <sm98—w) bt T 2 gy,

2ar\” or +r25in0% 00 r2sin293_<,02 agr

We attempt a separation-of-variables solution:
U(r,0,¢) = R(r)0(0)2(p).

We substitute this trial solution into the PDE and divide the answer by R(r)©(0)®(y). Obtain

S A Y

lig TQ@ +i+l;g Sinea—@ -~ -
Rr?0r or apr  ©rZsinf 00 00 ®r2sin?h 0p?

Multiply up by r2:
10 (,0R\ 2 ,, 11 0. 00\ 1 1 %
SO () L ey~ L9 (0D o T2
Ror (r 8r>+ag "t esmaoe (Sm 89)+®sin260<,02

In other words,

10 (,0R 2r  ,, [1 1 9 (. 00 1 1 9%
( )—1— — k*r ——{ (sm9 )+<I>Sin208902 .

ao Osinf 96 o0
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Now the LHS is a function of r alone and the RHS is a function of angles. The only way for this to

10 (,0R 2r 5 9
—— () + = - -7
R@r(r 8r>+a0 hr ’

118( 8@)1182613

Osinf 00 Sme% asin293_g02

hold is if both sides are constant:

where L? is a constant whose sign is yet to be determined.

Let's take the second of these equations and multiply it by sin? 6. The result is

1 1 0%®
o) sin 0% (sin 9%—?) + L?sin%6 + 5(3_902 =0.
Re-arranging,
1. 0 (. 00 9 . 9 1 0%®
681n9% (stE) + L S1n 9 = _58_902
This forces LHS = RHS = Const., which we call —m?:
1
o sin 9% <Sin 6%—?) + L%sin?0 = m?,
1 0*® o
O op? e
Let's take the second of these equations:
0*® 9
0—902 +m @ = O,
with solution
o = ¥,

We require a continuous, single-valued wavefunction:
() = (o + 27),

hence

m € 7.

We return to

1 sin 93 (sin 9%—?) + L*sin? 6 = m?,

or
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We are going to introduce a new variable

T = cosf.
Hence,
d_drd o d
a0 dode Ve

and the ODE becomes

d d
sin 6 (— sin Qd—) {sin@ (— sin Qd—) @] + (L2 sin® § — mz) © = 0,

T T

Sir120di <sin29(jl—@)+(L28m 0 —m? @ = 0,

X X

d de
dx (Sm 9%) ( sin? 6’> =0

a2+ (r-25)e ~ o

finally,

2 2
(1—3;2)% 22§+(L2— = )@—0. (14.1)

14.2 Polynomial solutions

As in the harmonic oscillator case, we implement a power series solution for Eq. (14.1) and impose
normalisatbility. The result is a set of polynomials called the associated Legendre polynomials.

The quantity L must be quantised to get a normalisable solution:

L = ((+1),
¢ = 07172a"'7
mo= 0+ 1, [—1.0

Thus, the Legendre polynomials depend on two integer indices, ¢ and m. The first few such

polynomials are shown below: (Arfken and Weber, p. 733):
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Py?(z) = #P5(x),
Pyi(z) = —iP(2),
P)(z) = (32" —1),
Pl(z) = 3z(1—2%)"2,
Py(z) = 3(1-a?%),

1 +m

and they are orthogonal (A&W, p. 776):

! 2 (L+m)!
/_le ()P (z)dx %_i_l(g_m)!épg, 0<m</

(same m-value in each polynomial to be integrated!). Combining the polar and the azimuthal

dependencies, we have the following solutions for the angular part of the wavefunction:
O(0)®(p) = P (cosf)e™?,
where

¢ = 0,1,2,-,
m o= —b,—L+1,- 0—1,0

For convenience, these angular functions are combined together as spherical harmonics (A&W,
p. 788):

Y(0.¢) = <—1>m\/ e PP (cos) ™,
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which satisfy the orthogonality relation

s 2
/ / Yvﬁm(ea ()0) YZn/*(07 @) dQ = 5@@’ 5mm/7
0=0 J =0

where
dQ = sin#df dyp

is the element of solid angle. This is the thing to remember!

Finally, we revisit the radial equation:

1 2
0 (28R)+_7n_k2r2 _ L2:€(€+1),

Ror \ o) " a
0 ([ ,0R 2r 55 B
8r<r 8r)+{ao—kr —€(€+1):|R(T) = 0.

We try one more trick:

Then
@ (dRY _ d(du
dr dr  dr drr )’
d [ ,[(u wu
)
= dir(u'r—u),
= ru'r+u — u’,
= ru”.
Thus P
U 2r U
— = kP41 - =
s Llo r (0 + )17“ 0,
or

2
du:[kQ—ai+£(€+1)]u

dr? or r2
We are interested in bounds states (F < 0, k? > 0). Thus, define a new dimensionless measure of

distance,

s =kr.

The ODE then reads

2 2 1 1
du_[l +€(€—i— )]u

ds? aok s 52
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The form of this equation matches exactly with that considered by Arfken and Weber (p. 834). The

power-series method yields a solution
u(r) = s e s L2 (25),

where
20+1
En—l—1<28)
is an associated Laguerre polynomial. In order for these polynomials to exist — and hence, in

order for a normalisable solution to exist — we have the following conditions on ak:

n=—,

ak

where n must be a positive integer (normalisability), AND

{ < n.
But
k= R* \/2m|E]
mkoe? h
Hence,
2
_2mE h? _ 22
h2 \ mkye? n ’
1
= ﬁa n = 17 27 )
and
5 _ 1 [ mkye? 2 p2
o p2 h2 om’
~ mkget 1
a 2h% n?’
= b,
In other words, ) 4
1 mkge
n:_ﬁ 2h2 ) n:172a )

and in S| units,

1 1 met
En:__——7 :1’2’...7
n? (4mep)? 2h? "
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which agrees exactly with the Bohr picture.
Note: the associated Laguerre polynomials can be generated according to the relation

efx P d" .,
L@ = =g )

and are orthogonal with respect to a weighting function:

(n+p)!
n!

/000 e 2P LP(x) L (x) do = Onim (%)

(The same p-value in each polynomial to be integrated!).

There remain some issues to tidy up. Consider again the argument of the radial function:

s = kr, k= +/2m|E|/h?.

Now
1 mk2et
Bl = 70—
2m|E| 1 m?kge
h? on?2 2mt
2m|E| 1 mkee?
K2 on R2V
11
n n Qg
Hence,
u(r)
R = —
m = 4

/41
. 1 r fr/na0£2€+1 2r
- e n—Il—1 )
T \Nnag nagp
Y4
_ 1 ( T ) efr/naOEQZJrl < 2r >
- n—Il—1 .
nag \ nNag nag

However, this result is only correct up to normalisation. Thus, we introduce

14
Rnﬁ = Nné ( or ) e—T/naoﬁiﬁil ( 2 ) :
n

Qo nao

In view of the orthogonality relation (*) (the orthogonality condition on (L2, LP ),

vt ()




112 Chapter 14. The Schrodinger equation of the hydrogen atom

The final solution for the hydrogen atom is

(n—1—=DV 2\ (or\* o 2
— T/ na Ym
Unem (1,0, 0) \/ 2n(n +1)! \ nag nag ¢ Laciea nag) * (0, ),

r — _imkée"‘
" n? 2h?

14.3 Notes on the solution

e The energy levels are quantised according to the positive integer n = 1,2,---. The label n is

called the principal quantum number.

e The quantity L? = hf({+1) has the interpretation of angular momentum. For each n-value,

there are / =0,1,2,--- ,n — 1 allowed values of an angular momentum.

e The quantity m has the interpretation of the angular momentum in the z-direction. For

each (-value, there are m = —/,--- | { allowed values of the projection.

e Hence, for n = 1 there is precisely one possible state with quantum numbers (n,¢,m) =
(1,0,0) .

e For n = 2 there are four possible states, with quantum numbers

(n,¢,m)=(1,0,0), (1,1,-1), (1,1,0), (1,1,—1).
e For n = 3 there are nine possible states, with quantum numbers

(n,¢,m) = (3,0,0), (3,1,—-1), (3,1,0), (3,1, —1),
(3,2,-2), (3,3,—1), (3,2,0), (3,2,1) (3,2, 2).

e The degeneracy of an energy level F), refers to the fact that the level accommodates several
distinct eigenstates (different values of angular momentum). Each /-value corresponds to
20 + 1 distinct states, and there are £ = 0,1,--- ,n — 1 possible /-values for a given energy
level. Thus, the degree of degeneracy is

n—1

degeneracy of £, = Z(% +1) =n?
=0
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e In spectroscopy, the states are classified according to the angular-momentum eigenvalue /:

— ¢ = 0 — s-states;
— ¢ =1 — p-states;

— ¢ = 2 — d-states;
and thereafter alphabetically?

e First few radial wavefunctions (normalised):

2 —r/a
RIO(T) = 3_/26 /0,

Qg

2 T
- = T —r/2a9
Boo(r) = (2a0)3/2 <1 2a0)€ ’
2 r
R - = —r/2ao'
21(7) ) "

See Fig. 14.2.

— R 1U[r]

-==R 2U[r]

R,®

0.5

of

-

-0.5

Figure 14.2: First few radial wavefunctions, hydrogen atom.

14.4 Spherical harmonics — visualisations

In Figs. 14.3-14.6 we have plotted the real part of the spherical harmonics corresponding to ¢ =
0,1,3,3. The Matlab code to do this is given in Appendix A.

2Mnemonic: “Silly Physicists Deny Feeling Gravity" .
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0

Figure 14.3: The ¢ = 0 spherical harmonic.
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Figure 14.4: Real part of the £ = 1 spherical harmonics.
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Figure 14.5: Real part of the ¢ = 2 spherical harmonics.
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Figure 14.6: Real part of the ¢ = 3 spherical harmonics.



Chapter 15
General treatment of central potentials

Reading material for this chapter: None recommended

15.1 Introduction

We study the Schrodinger equation for a particle that experiences a force from the general central

potential

in three dimensions. We are going to recycle much from our experience with the hydrogen atom.
The Hamiltonian reads 2
H=——V>+U(r
5, Vo T U(r)
This is manifestly time independent, and we therefore separate out the space and time dependence,

and solve the eigenvalue problem

2m

<—h—2V2 + Z/{(r)> U(r) = EY(r).

This is solved using spherical harmonics.

15.2 The solution

In our treatment of the hydrogen atom, the nature of the potential did not enter into the angular

solution. Thus, we propose a solution

U(r) = R(r)Yem(0, ¢),

116
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for the eigenvalue problem. Acting on this solution with the Laplacian gives

W R(T)ng

gy Ym0 (TQaR) _ U+
r

Hence, the Schrodinger equation reads

“om o \"ar) e

7 {ng ; (T”R) -1 ”Rmm} FUMREom = ER(r)Yim- ()

Radial part

We can freely divide out by Yy, in Eq. (*) to give

K {iﬁ (7«283) s DR(T)} L UMR() = ER(r).

2m |2 or or 72

Now we perform the magic substitution R(r) = u(r)/r:

12(28}%) _10%u

car\ar ) T rae

and the Schrodinger equation reduces to

2 "
_” lu_ _ Wt%} cumt = B
T T

2m | r T T

Multiplying up by r gives

2
1
A PRED

5 u} +U(r)u = Eu.

,
Now here is the wonderful trick: We introduce an effective potential

R +1)

2m  r?

L{eg(r) :u<7“)+

Then, the Schrodinger equation reduces to a quasi-one-dimensional form:

- "+ U (r) E
——u e (1)U = Bu.
2m ft

In conclusion, we have reduced the problem of obtaining the full wavefunction ¢(r,0,¢), to a

comparatively simple, quasi-one-dimensional problem, using the following sequence of steps:
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EFF

Figure 15.1: Effective potential for hydrogen, ¢ > 0.

Effective potential: Ueg(r) = U(r) + (R*/2m)e(L + 1) /r?%;

Quasi-one-dimensional model: (—h?/2m)u” + Ueg(r)u = Fu;

Solve the latter for the eigenvalues of energy.

Note finally the effective potential for hydrogen (¢ # 0) (Fig. 15.1). For ¢ > 0, the potential is
positive as r — 0 — there is an effective repulsive force as the nucleus is the electron approaches

the nucleus. This is sometimes referred to as the centrifugal barrier.



Chapter 16
Angular momentum

Reading material for this chapter: Mandl, Chapter 2

16.1 Overview

In previous chapters, we isolated the angular part of the Laplacian, A:

AL 0 (590, L &
2 |smgag \""" o9 sin? 0 dp? |

Call the part inside the square brackets Ag:

S S L S S
T Gneae \""780 ) T sinZ00.2

In previous chapters, we solved
AQY<97 90> = _LQY(ev 90)7

and found that the answer was spherical harmonics:

Y(07 @) - nm(ea QD),

L = (({+1),
¢ = 0,1,2,---,
mo= b1, —1.0

We interpreted these solutions as eigenfunctions of angular momentum, with eigenvalues ¢. The
secondary eigenvalues m related to the component of angular momentum measured along the z-
axis. We are going to study this interpretation further, and construct an abstract theory of angular

momentum, independent of the position representation. However, in this chapter, we continue to

119
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work in the position representation to gain and justify our identification of the angular part of the

Laplacian with angular momentum.

16.2 The definition

Let © and p be the usual position and momentum operators with canonical commutation relation

The angular-momentum operator is defined as

L=txp
Going over to the position representation, this is
L= —ihr x V.
We use spherical polar coordinates:
T = T, )
V = i@,ntg@g%— ('58

he " hg | hy ¥

S
X
s
Il
3

~

where (7,80, @) are an orthonormal triad and
(hT7 h97 h(p) — (1, r,r sin 0)

are the scale factors of the spherical polar coordinate system. Hence,

~ | 0
L=—ihr|—0y— — :
ihr heag thD]
Recall,
x = (rsinfcosp,rsinfsing,rcosf),
o — Loz
he 06
. 1 Ox
(p =

hy O’
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It follows that

0 = —siné,
0,

N}

N
Y
Il

and hence, the projection of angular momentum on to the z-axis is

L, = 2.1,
. 2.0
= —ihr (— » &p),
— —ihd,.

~92 A
Now let's compute the action of L on a function Y (0, ¢). We need to be careful here because 60

and ¢ depend on space:
L'y 0 ; 0
@
— = Op——0, |- | —OhY — —0,Y
—her <h99 he ) (hga hy ™" )7
6 6 @ 6 6
= -0 0 ——0 0Y | =0, —0pY — 0, | —0,Y
hG a(h(?e) he 0<hso ) he S0<h(99)+hw ¢<h@¢>,
6

1

0 .
_ - N—— 9Vv(s- _ Y(0.0,5
h989< hg) han (p-00p) = 3 0 (“0 099) hoh, " ( a"‘P)’

hi@a (ahj) hQa v (0-9,0).

A lot of the cross terms can be made to go away. For example,

~
A A~

6°=1 —= 6-9,6 =0, PP =1 = @-0pp=0.

The other two cross terms require direct computation:

@ = (—sinp,cosp,0),

6 = (cos @ cos p, cosh sin p, — sin 0),
0,0 = (—cosp,—sing,0),
0,0 (—sin @ cos ¢, — sin f sin ¢, — cos ),

hence
é-(‘?@@:—cos& G- 0y0 =
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Hence, )
LY 1 Y 1 Y 1
—_ — 0, | =2— | — 5-0,0)0yY.
122 hy 9<h9> h, “”(hy,) h9h¢<¢ 4 ) 0
We substitute:
hg =, h, = rsin6, é-@wt,é:—cos@,
hence
Ly 1 1 cosd
cos
—— = —0pY + —0,,Y + —
—h2r2 2% +r251n20 e +7"2 sing 0"
1 1 1
- = i Y)+ —0.,.Y
72 sin@ae (sin 605 >+sin298w ’
1
,

Thus, starting out with the standard definition of angular momentum, we have shown,

L = —ihrxV,
L' = iAo, (=L2+12+12)
2L = —ihd,, (=L.).

We now return to Cartesian coordinates and derive commutation relations between the Cartesian

components of the angular-momentum operator L.

16.3 Commutation relations

Define

=

= —ihr x V.
In other words,
= —ih(y0, — 20,),

—ih (20, — x0,),
= —ih(z0, —y0,).

< 8

| e R
I

N
|
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We compute

L.L,Y
(_i;’_;)2 = (y0, — 20,)(20,Y — x0,Y),
Similarly, R
L,L,Y
(y h)2 = :L‘Yy + xZY:zy - xy}/;z - ZQYwa + QU?/Y;:z
—i
Subtracting gives A R
L.L,Y —L,L,Y
y(—ih)Qy =yY, —2Y, = — (20, — y0,) Y.
In other words,
L. L]
EER R R
LoL| = )(=in) (20, - y0.) V.
= inL.Y.

Performing cyclic permutations on the coordinates gives the following general commutation relation:
3
[Li, Lj} = lhz GijkLk~ (*)
k=1
Going back to the spherical-polar coordinate representation for an instant, it is readily shown that

[Aﬁv 830] Y = 07

and thus,
RA S

However, there is nothing special about the z-direction — we could just as easily have set up a

coordinate system where the polar angle is measured from the x- or y-axis. Thus,
[L ,Lx] _ [L ,Ly] - [L ,LZ} —0.

=2 ~ . . . . .
Thus, {L , L.} are compatible operators, and there is a simultaneous basis of eigenvectors for them
— the spherical harmonics. However, in view of the commutation relation (*), it is not possible to

. . . . =2~ = =2~ 0 . .
obtain a simultaneous eigenbasis for {L ,L,, L.}, say. Hence, {L ,L.} is a maximally commuting
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set of operators, or a complete set of commuting observables (CSCO).



Chapter 17
Angular momentum: abstract setting

Reading material for this chapter: Mandl, Chapter 5

17.1 Abstract setting

In this chapter we define angular momentum in an abstract setting. The spherical harmonics just

discussed are then just one representation of this abstract formalism. First, a definition:

Definition 17.1 An Lie algebra g is a complex vector space endowed with a a binary operation

called the Lie bracket:

gxg — 9
(a,b) — la,b],
such that the following axioms hold.:
e Bilinearity:
[Aa + pb, ] = Aa, b] + ulb, ¢, [e, Aa + ub] = A, a] + e, b],

e [a,a] =0

e The Jacobi identity:
[a, [b, c]] + [c, [a, b]] + [b,[c,a]] =0

for all a,b,b € g and A\, € C. Note that the properties (1)—(3) imply that the Lie bracket is

antisymmetric,
la,b] = —[b, al,

125
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for all @ and b in g.

Example

Let H be a complex vector space. Denote by L£(7H) the set of all linear operators from H to itself.
The set L(H) is itself a complex vector space. Introduce a binary operation on £(H) using operator

composition. This enables us to define the commutator on L(H):

[ L(H) x L(H) — L(H),
(S,T) + [S,T]:=S8T —TS. (17.1)

We have the following theorem:

Theorem 17.1 The operator commutator defined in Equation (17.1) is bilinear, satisfies [S, S] = 0
for all S € L(H) and satisfies the Jacobi identity.

The proof of the first two properties is straightforward. The proof of the third property is by direct

computation:

— A(BC — CB) — (BC — CB)A,
ABC — ACB — BCA+ CBA.

where the brackets (-) are not important here because operator composition is associative. Similarly,
[B,[C,A]] = BCA— BAC — CAB + ACB,

and
[C,[A,B]] =CAB — CBA— ABC + BAC.

Add up:
[A,[B,Cl) + [B,[C, Al + [C, [A, B]] = 0.
Thus, L£(H) is a Lie group with the operator commutator as the Lie bracket.

As a realisation of this concept, consider the set C"*™. This can be identified as the set £L(C"),
i.e. the set of all linear operators on complex-valued column vectors. This is a Lie algebra, with Lie

bracket given by the matrix commutator,

[A, B] = AB — BA.
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Again, it is immediately obvious that the matrix commutator is bilinear, satisfies [A4, A] = 0, and

satisfies the Jacobi identity. Thus, C"*" is a Lie algebra.

17.2 The Lie Algebra of Angular Momentum

Let H denote the state space of angular momentum. The angular momentum operator is
J=Jx+ Jy+J.2,

where @ is the unit vector in the x direction etc. and J, is the component of angular momentum
in the z-direction etc. The set of all finite operator compositions of J,, .J, and J, together with all
linear combinations of J,, J, and J, and all linear combinations of finite compositions is a complex
vector space, denoted in the present context by £(?). The set £(#) by construction is closed
under addition of operators, scalar multiplication, and composition of operators. Using the operator

composition as a bracket, £(H) is made into a Lie algebra.

We now consider the vector subspace of £L(H) formed as follows:
S (J:ra Jy7 Jz)

and we impose the canonical commutation relation

3
k=1

The vector subspace S (J,, Jy, J,) is closed under linear combinations and scalar multiplication. It

is also closed under the canonical commutation relation (17.2). We have:

o S(Jy, Jy,J,) is a complex vector space.

e The bracket in Equation (17.2) takes elements in S (J;,.J,,J.) and sends them to other
elements in S (J,, J,, J.).

e The bracket in Equation (17.2) is bilinear, satisfies [a,a] = 0 for all a € S (J,, J,, J.) and
satisfies the Jacobi identity — these properties are inherited from the bracket operating on
the full set L(H).

Thus, S (J, Jy, J.) is a Lie algebra in its own right — it is the Lie algebra of angular momentum.

In practice, not only are .J,, .J, and J, of interest, but also J* = J? + J7 + J2. Therefore, it is of
interest not only to study S (J,, Jy, J.) but also L(#), got by forming the closure of S (J, Jy, J>)
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under combinations of operator composition, addition and scalar multiplication. This is called the

enveloping algebra.

We now prove the following results about the Lie algebra of angular momentum:
Theorem 17.2 The following results hold for the algebra just defined:

1. The operator J?> commutes with all elements of the algebra.

2. The pair {J,, J?} is a maximally-commuting set, with eigenvalues (hm, h*)), such that

3. The J.-eigenspaces are non-degenerate.
4. For a given \-value, there is a maximum and a minimum m-value.
5. There is only a finite number eigenvalues of .J, and J?, in the relation

Eigenvalues of J* = h*j(j+ 1), jzo,%,l,%f",

Eigenvalues of J, = hm, m=—j,---,J

Proof:
1. We use the following commutation relation for products:
[A, BC| = [A, B]C + B[A, (.
Hence,

[‘]Z?JZ] = [‘]Z7J§]+[JZ>J5]7
- [Jzan]Jx+Jx[JzaJx]+[J27Jy]Jy+Jy[Jz>Jy]a
= iR,y + iRy, — iRy, — iR, s,

= 0.

2. The set {J? J.} is a commuting set. Forming another set such as {J? J,, J,} leads to
a non-commuting triple, since [J,, J,] # 0. Since {J,, J,, J.} are assumed to be linearly
independent, the maximum possible set of commuting observables is given by {J?% J.}. It
follows that there is a basis of simultaneous eigenvectors for this set, or a complete set of

commuting observables (CSCO).
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3. To show that the J.-eigenspaces are non-degenerate, two approaches can be taken. The
first is to note that if the eigenspaces were degenerate, then there would be a third quantum
number characterizing the angular momentum. But this is not possible, since .J? and J, are a
complete set of commuting observables associated with precisely two quantum numbers — the
eigenvalues of J2 and J, respectively. A second but related approach is to assume that a third
quantum number exists (say ), labelling the supposed degeneracy of the .J, eigenstates, such
that the eigenstates are |\, m, ). It is possible to go over to the position representation of
angular momentum, which is valid for A = j(j+1), with j € {0,1,2,---}andm = —j,--- ,j
whereupon we have

(0, 0|\ m, ) = Yjm(0, @).

This is an identity, yet the supposed quantum number 1 does not appear on the right-hand
side. Thus, we are forced to conclude that the quantum number p does not exist, and hence
that the J.-eigenspaces are non-degenerate.

4. We show that |m| < \. Let J? have eigenvalues A*)\ and let J, have eigenvalues him.

Let |¢) be an arbitrary norm-one state and let |x) = J.|¢). We have,

017210) = (¢lJaTel8),
= (8lJ:1x),
= (o|Ji]x),
= (xIx),
> 0.

Similarly for the other components; it follows that A > 0.

As yet we do not know what the precise values of (A, m) are. However, we may write down

the simultaneous eigenbasis {|X, m)}\ ,», which spans the vector space of states, such that

JINm) = RA\m),
J A, m) = hm|\ m).

Hence

A, m| 2|\, m) = R\,
A\, m|J2N,m) = R*m?

In addition,
O mlJ2 4+ T2, m) = O\ mlJ2 = J2|A,m) > 0,
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hence
A—m? >0,
Thus, the m-eigenvalue is bounded in the sense that m? < ), as required.
5. Quantisation of \: we introduce the ladder operators

Ji=J, +1iJ,,
such that
[J., Js] = £hJs, [J2,J:] =0

(this is easily shown by direct computation, applying the canonical commutation relation).

Hence,

LI m) = (Jod, £ hJs)|A m),
= Ji(J. £ h)|A, m),
= R(m=£1)JL|\ m).

Thus, if |A\,m) is a unit-norm eigenvector with .J,-eigenvalue m, then Ji |\, m) is an eigen-

vector with J,-eigenvalue m + 1:
JLA,m) = ce(A\,m)|\,m+1).

From result 2, we know that [m| < A. Now for m to possess a maximum value — which we

call j — this procedure for stepping between consecutive subspaces must fail eventually:
J+‘>‘7]> = 07

which also implies that
J_Ji|A 7) = 0. (17.3)

But
Jody =J*—J* —hJ,.

Hence, Equation (17.3) reduces to
X — k252 — k%5 =0,

or
A=j0+1),
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which is the form of the J2-eigenvalues. By a similar argument, the minimum eigenvalue of
J,is —7, and
J_|A\,—j)=0.

We operate repeatedly on the minimum state |\, —j) with J_. This produces states propor-

tional to
’)\7 _j>7 ’)‘7 _j + 1>7 7’>\7j - 1>7 ‘)\7J>

This sequence has 27 + 1 elements — hence, ;7 must be an integer or a half-integer.

We show that this list is exhaustive and includes all possible J,-eigenvalues. We use a proof

by contradiction: assume that there is a J,-eigenvalue 3, with
Bg{-j,—j+1-- 717}
We act repeatedly on |7, 3) to obtain a further .J,-eigenvalue «, such that
—j<a<-—j5+1,
where the inequalities are strict. We now consider J_|j, a). Two possibilities arise:

(a) J_|j,) # 0. In this case, J_|j,«) is an eigenvector of J, with eigenvalue o — 1.
However, this contradicts the fact that —j is the minimum eigenvalue of J,. This case

cannot therefore occur.
(b) J_|j,a) =0. Then, J,J_|j,a) =0 also, or
(J? = JZ + RhJ.) |j,a) = 0.
But |j, @) # 0, hence
j+1) —ala—-1)=0,
with solution &« = —j. This contradicts the strictness of the inequalities —j < a <

—7 + 1. This case cannot therefore occur.

Indeed, the two cases are ruled out, which implies a contradiction. This means that 5 ¢
{—=j,—j+1,---,j— 1,7} does not exist, which further implies that the set i{—j, —j +

1,---,7—1,7} is the complete set of .J,-eigenvalues.

Finally, for completeness, we derive the form of the constants of proportionality c.(j, m) (we replace

the label A with the label j from now on).
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We have

J+|jam> = C+(j7m)|j7m+1>a

GomlJh = cr(G,m) (G,m+ 1],

(Gym|J- = cp(G,m) G,m+1] ... J =JL
Hence,

(G, m|J_Jy|h,m) = |e (4, m)|* (G, m + 14, m + 1) = |ei(j,m)|>.

But JpJ, = J? — J? — hJ,, hence

<j>m|‘]—‘]+|h'am> = <jam|‘]2_‘]22_h<]z|jam>a
= R*(j +1) - h*m — hm,
= R[5 +1) —m(m+1)],

- |C+(j7 m)|2

Taking c to be real, we have

cs(j,m) =i +1) —m(m £ 1).

17.3 Representations
The following are matrix representations for the abstract algebra just defined:

e j = 1/2 representation: Consider again the Pauli matrices

0 1 0 —i 1 0
Oy = , Oy = ] , o, = .
10 i 0 0 —1

Form the angular-momentum operators

h h h
Jx:§gx; Jy:§O'y, JZ:§O'Z
We know that
1 1
0'2 I:O'z‘i‘O'g‘i‘O'z:g]L g% = )
0 0
hence
J2 _ J2 J2 J2 _ 3h2 _ th 1 1
=J; + y+z__* §(§+)7
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and

Hence, the Pauli matrices satisfy the commutation relation for the algebra of angular momen-

tum for j = 1/2. The set {J,, J*} is maximally commuting.

e j =1 representation:

" 010 " 0 — O 10 0
Jp=—7=11 0 1], J, = — 0o —if, J.=h|0 0 0
NG, NG 1 i
010 0 2 O 00 —1
Form the Casimir operator
J = I+ I+ U
100 1 0 —1 1 01
= o0 0|+’ 0 2 0 [+3rP]0 2 0f,
0 01 -1 0 1 1 01

= 2RI

Identify j(j + 1) = 2, hence j = 1. The matrices {J,, J,, J,} satisfy the CCR, and the set

{J?,J.} is maximally commuting.

A simultaneous basis for {J?, J,} is the usual one:

1 0 0
=10, O=]1], |=-H=| 0 [,
0 -1

with
J|1) = n(+1)[1),  L[0) =h(0)[0),  J.[—1) = h(-1)[0).



Chapter 18
Intrinsic angular momentum

Reading material for this chapter: Mandl, Chapters 2, 4, and 5

18.1 Overview

In the last chapter, we saw how to construct a matrix representation for angular-momentum quantum

numbers j = 1/2 and j = 1:

e j = 1/2 representation:

~ mfo01 -~k
Jx_§<1 0)’ =3

with

and

e j = 1 representation:

RN (o i 10 0
J,=—1|10 1|, 7J,=—2 0o —i|, J.=rloo o],
010 0 i 0 00 —1
with
7= on
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Figure 18.1: The Stern—Gerlach experiment
and

LI =h(+DIL),  T.00) = h(0)[0),  T.|=1) = h(=1)0).

It is tempting to ask, ‘why bother’. Previously, we have found that the electron bound to the
hydrogen atom possesses angular momentum A+/¢(¢ + 1) because it ‘orbits’ a force centre — just as

the earth orbiting the sun has angular momentum. In this chapter, we are going to find out that the

electron also has intrinsic angular momentum that it possesses whether it is free or bound. As a

loose analogy, compare this intrinsic angular momentum to the angular momentum of the earth due

to its spinning on its axis'. Continuing with this analogy, we call intrinsic angular momentum spin.

18.2 Stern—Gerlach experiment

Consider the experimental setup shown in Fig. 18.1.

e A beam of (electrically neutral) atomic particles is passed through an inhomogeneous magnetic

field B(x). The particles have a magnetic dipole moment p, and the force experienced by

the particles in the field is therefore

or
dB
F=pu—
ILLZ dZ 9

assuming the inhomogeneous direction coincides with the z-axis. The particles emerge from

the device and are incident on an observation screen. Classically, one would expect to see a

LA very loose analogy, since the electron has no spatial extent, and thus, the formula J = mrv ought to yield

Zero.
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continuous pattern, spread along the z-axis, and symmetric about z = 0. If the particles have

zero magnetic moment, one would expect to see a diffuse spot at the centre of the screen.

Instead, one finds patterns of 1,2, 3, - - discrete spots about the undeflected direction z = 0.
The original beam splits into several beams. The number of spots depends on the intrinsic

angular momentum of the atoms in the beam.

Classically, it can be shown that the magnetic dipole moment of a particle with angular

momentum is

p=d (%)

where J is the angular momentum and @ is the charge of the particle (but see the last point for
the quantum-mechanical correction to this formula). If the angular momentum is quantised,
with principal quantum number 7, then there are only 25 + 1 possible values for the projection
of the angular momentum on to the z-axis, and hence, only 25 + 1 possible values for the

magnetic force. Thus, the beam splits into 25 + 1 sub-beams, each observed on the screen.

This experiment can be repeated with electrons. The experiment is adjusted to take account
of the Lorentz force — the fact that charged particles experience a force perpendicular to
the motion, to prevent the electrons from being deflected. One finds only two spots on the
observation screen — suggesting that the electrons have an intrinsic angular momentum with

principal quantum number 2j +1 =2 — j=1/2.
For electrons, the intrinsic magnetic moment associated with the spin S is given by

= S
2me

where ¢ is Dirac's g-factor, and g &~ 2. This is a consequence of solving the relativistic wave

equation for the electron, a problem you might encounter in later modules.

18.3 Identical particles

Consider two particles with identical mass, charge, spin, etc. Classically, we can identify the particles

by their position, and they can therefore be distinguished one from another. However, the uncertainty

principle means that we cannot do this under quantum mechanics. Thus, the particles are identical.

This has implications for the form of the wavefunction of the two-particle system.

Let ¥ (1, A; 2, B) be the wavefunction of the two-particle system. This means that particle 1 occupies

state A and particle 2 occupies state B. Consider the operation

W(1,4;2,B) — EV(1,A;2,B) = U(2,A; 1, B),
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which means that particle 2 is now in state A, and particle 1 is in state B. Mathematically, we have
E*U(1,A;2,B) = ¥(1,4;2,B). (18.1)

Now, the fact that the particles are identical means that the wavefunction should be an eigenfunction

of the exchange operator, such that

EV(1,A;2,B) = V¥(2,4;1,B),
= A\U(1,4;2,B);

Equation (??) demonstrates that A = 1, hence
A= =+1.
Thus, the state vector of a pair of identical particles is either symmetric under exchange:
U(2,A;1,B) =+V(1,4;2,B)
OR antisymmetric under exchange:
U(2,A;1,B)=-V(1,A4;2,B)
This provides a useful classification of types of particles:

e Particles whose wavefunctions are symmetric under exchange are called Bosons;

e Particles whose wavefunctions are antisymmetric under exchange are called Fermions.
It also happens that

e Bosons have integer spin;

e Fermions have half-integer spin.

This is called the spin-statistics theorem, and is a consequence of quantum field theory.

Examples:

e Bosons: pions (spin zero), photons (spin 1).

e Fermions: protons, neutrons, electrons (all spin 1/2).
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18.4 Pauli’s exclusion principle

Consider two identical, non-interacting Fermions. By the second postulate, the state of the com-

posite system is formed by tensor products, such as
U(1,4;2, B) = (A, 1)y(B; 2).

which means that particle 1 is in single-particle state A, and particle 2 is in single-particle state B.

However, the correct wavefunction is antysymmetric:
U(1,A;2,B) = (A, 1)(B;2) — (B, 1)¥(A,2),

which is a state wherein particle 1 is in state A and particle 2 is in state B, OR, particle 2 is in
state A and particle in is in state B (we cannot tell these situations apart). Now let's compute the

wavefunction corresponding to both particles occupying the single-particle state A, it is
U(1,4;2,A) = (A, 1)Y(A,2) — (A, 1)(A, 2) = 0,

and the probability that both fermions occupy the same single-particle state A is identically

zero. This is Pauli's exclusion principle.

Example: Write down the ground-state wavefunction for a composite system comprising two

non-interacting, spin-1/2 Fermions.

The answer involves two parts: A spatial wavefunction, for the spatial degrees of freedom, and a
spin state. Because the spin- and spatial-degrees of freedom do not interact, the total wavefunction

is a product:
\II(L 2) - ¢(r17 TQ)S(]-J 2)7

where (71, 75) is the spatial wavefunction and S(1,2) is a spin state.
The total wavefunction W(1,2) is antisymmetric under exchange. This means:
e The spatial wavefunction is symmetric and the spin state is antisymmetric, OR

e The spatial wavefunction is antisymmetric and the spin state is symmetric.

We consider case 1 first. Let's look at the spin states. Particle 1 can be in a state |+, 1) and
particle 2 can be in a state |—, 1), or vice versa, but it is not possible for both states to be in the
same spin state. Thus

1,2) = [+ D|=2) = |= D+ 2),
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or

Hence,

\11(172) = %wsymmetric(rla'rﬁ) [( ; > ® ( _01 > — ( _01 ) X ( (1) ) ] .

Now let us examine case 2. We can form three symmetric spin states from the single-particle spin

states:

Both particles spin up = |1,+)[2,+),
Both particles spin down = |1,-)|2,—),
Spin up, down, symmetric combo. = |[1,+)|2,—) + |1, —)|2,),

() o) () =(50),
(0) 205 05) 2 ),

respectively. Thus, the other possible form for the composite wavefunction is

\11(172) = ¢ant|symmetr|c(rlar2) ( ; ) X < (:; ) ] s
2
0
or ¢ant|symmetrlc(r17r2) O ( 1 ) X ( 1 ) ] )
2

1
or ﬁwantlsymmetrlc Ty, T2

Now we focus on the spatial part of the wavefunction; in particular, we examine the ground state.

We cannot make progress without specifying the details of the potential field. We focus for simplicity
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on the one-dimensional case, and we assume

~

H = H + H,,

A h2

H1 = —%831 +Z/{(l’1>,
N h2

H2 = —%832 +Z/{(SL’2>

The eigenvalue problem ]:I@/)(xl, x9) = E(xy, z5) therefore separates, and the ground-state of the

system is a product of two single-particle ground states:

1/Jg5($1> $2) = @bOgS(xl)q/JOgS(wQ)a

up to exchange symmetry, with eigenvalue
By = 2Ejgs.

However, no antisymmetric ground-state wavefunction exists, since by definition of the ground state,
both particles occupy the minimum energy level. Thus, the spatial wavefunction in the ground state

is necessarily symmetric, and the total wavefunction is

Wys(1,2) = %%gs(fﬁl)%gb‘(m) [( é ) ® ( _01 ) - ( —01 ) ; ( (1) ) ] |

Thus, the ground state consists of a spin-up, spin-down pair of fermions. Such a pair is called a

singlet state.

18.5 The periodic table

We discuss many-electrons atoms now, and outline how the periodic table follows from consideration

of the hydrogen atom, and Pauli’'s exclusion principle.

e Consider first the dynamics of a single electron in the system. In a crude approximation,
one ignores the repulsive interactions between the electron and its neighbours, and treats the
electron as though it experiences a Coulomb force arising from the positive nucleus, of strength

Ze (Z is the number of protons in the nucleus).

e At the next level of approximation, one takes account of the repulsive force between the
electrons by supposing that the single electron of interest does not experience the ‘bare’

Coulombic force, but rather one diminished or ‘screened’ by the fact that a cloud of negative



18.5.

The periodic table 141

electrons surrounds the positive core. This approximation can be described by a central

potential.
Thus, we are reduced again to the problem of motion in a central potential, using a screened
potential.
We compute the energy levels of this potential using the theory derived in Ch. 15. The

potential is not the simple Coulombic one, and the energy levels are non-dengenerate with

respect to the angular-momentum quantum number, E,, — E,,.

It is possible, in this description, to write down the energy levels from the lowest to the highest.
These are:
1s, 2s, 2p, 3s, 3p, [4s, 3d], 4p, [bs, 4d], 5p,---

(the bracketed terms have very similar energies). For a given n, the energy E,, increases as ¢
increases: the large values of angular momentum create a ‘centrifugal barrier’ which prevents
the electron from entering into the core region. When small-¢ electrons enter this region, they
sample the unscreened nuclear charge, which leads to a higher energy binding the electron to

the nucleus.
We fill each single-particle state or orbital starting with the ground state.

From the previous section, we can fit two electrons into the ground state — one is spin up,

and the other is spin down.
The next state is also an s state, with £ = 0, so it too can hold two electrons.

The next state is a p state, with £ = 1. This is 2¢ + 1 = 3-fold degenerate, and can hold six

(= 3 x 2) electrons.

The most stable and non-reacting elements have closed shells, where each energy level is

filled with electrons. The energy gap between filled shells and the next available ‘slot’ is large.
For example, Z = 2 has 2(1s) electrons, and forms a closed shell. This is Helium.

The next such atom has Z = 10, with the first shell closed 2(1s), as well as the second (2(2s)
and 6(2p)) states. This is Neon.
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Addition of angular momenta

Reading material for this chapter: Mandl, Chapter 5

In this chapter we find the resultant angular momentum of a composite system where each compo-

nent of the system has its own angular momentum.

Let 31, jg be two independent angular momenta that satisfy the canonical commutation relation
(CCR):
o Iy = i +CPs,  [Tns, 2] = 0, &c,

where n = 1, 2 labels the subsystems. Because the subsystems are independent, we have

[31507:]\2,11] = O, &ec..

This is true for the spins of two particles. It is also true for a spin and an orbital angular momentum,

since these operators act on different degrees of freedom.

We define a total angular momentum

J:

j1®]IQ+H1®327

which acts on tensor products of the composite system.

Example: Consider again a composite system formed from two uncharged spin-1/2 Fermions. Re-
call the singlet state, which has one spin-up component and one spin-down component, in an

antisymmetric form:
|Sing|et> = |+7 1>|_7 2) - |_7 1>|+a 2>7

or, in matrix representation,

\1,2>:<$)1®(_01)2‘<-01>1®<;>2'
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This is an eigenstate of angular momentum: The angular momentum along the z-direction is given
by the operator
Jz :J12®H+H®J227

such that

iy = (eersien) | () o 4) -(5) #(5) ]
-0 f(0) +(5),(5) ()
ton[(0)2(%),(5), 20,
<)) (0) o),
eS8 o))

®

() () (),

Thus, the composite state has zero total angular momentum along the z-direction. Note also, that
using formal tensor-product notation is very cumbersome, so instead, we will be more informal, and
use notation such as

~

j\ = j\l—FJg,

for the tensor-product operator.

Having defined the addition of angular-momentum operators, J = jl + :]\2, note that {jz,jy,jz}
satisfy the CCR:

~

[J.,J,] = ihJ. + CPs.

Note also the existence of a square operator:
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that satisfies
[12,7.] =0, &c.

We also have

32,33 = 0%, 73],
As a consequence of these commutation relations, the results of Ch. 17 apply: {32,32} are simul-
taneously diagonalisable, J2 has eigenvalues J(J + 1), where J is integral or half-integral, and jz

has eigenvalues M, where
M=—-J—-J+1,---,J—1,J.

We have not yet been able to determine what are the allowed values of J. We do this now. The

result is called the angular momentum addition theorem.

Theorem 19.1 Let J;, J be two independent angular momenta that satisfy the CCR, and let j;

and jo be the eigenvalues of jf and :I\; respectively. Form the sum
J=J,+17,
Then the eigenvalues of T take only discrete values h*J(J + 1),

J=j1—Jo|, [J1 = Jol + 1, ... 1 + Jo.

Proof: Observe that the composite system possesses two complete sets of commutating observables:

1. The set {/J\%,j%,/jlz,/jgz} is a maximally commuting set with a simultaneous basis of eigen-

vectors given by tensor products
{|j1,m1>|j2,m2>}(j1,j2,m1,m2)7
where my; = —jq,- -+, j1 &c. We will also denote this basis by

|71, M) g2, ma) = |71, ma; Jo, ma).

2. The set {J.,J2,J2,J2} is also a maximally commuting set, with a simultaneous basis of

eigenvectors
{’jlu j27 J7 M>}(j11j2,J7M)'

Note that the two maximally commuting sets are incompatible. Basis (1) implies the completeness



145

relation

ZZ g1 M5 J2, ma2) (i, ma; 2, ma| =1,

mi1 M2

while basis (2) implies the relation

ZZULjQ:Ju M><j17j27‘]7M| =1
J M

Thus,
|J1: g2, J, M) = Z Z<j17m1§j27m2|j1>j27 J, M) |j1, ma; Ja, ma).

mi1 mo
We call
C(j17j27m17m2; J, M) = <j17m1;j2,m2|j1>j27 J, M>

the Clebsh—Gordon coefficient.

Now C(j1, j2, m1, ma; J, M) = 0 unless M = my + my. For, by definition, jz = f]\lz +32z, hence
<jz —ju _/J\2z> 715 J2, J, M) = 0.

We pair this with the (j1, mq; jo, mal:

0 = (j1,m1;j2, Mo (jz ~ T —j2z) \J1, J2, J, M),
= h(M —my —ma){j1, m1; j2, ma|j1, J2, J, M),
= FL(M—ml _mQ)C(j17.j2am17m2;‘]7 M)’

which forces C' = 0 unless M = my + msy. Thus, the maximum possible value of M is j; + jo,

which coincides with the maximum possible value of J,
max(J) = ji + jo.

Note that there are (2j; + 1) possible m;-values, and (2j + 1) possible my-values. Thus, the
dimension of the vector space is (2j; 4+ 1)(2j2 + 1), and there are (2j; + 1)(2j2 + 1) possible kets:

‘jh maq; j27 m2>
(these are the type-1 kets from the first CSCO). However,
’jla j2a Jv M>(j1,j27J7M)

is an equally good basis, so there must be (2j; 4+ 1)(2j2 + 1) kets of this form, too (type 2). For
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each J value there are 2J + 1 type-2 kets. Thus, there are

Z 2J 4+ 1

J allowed

type-2 kets, or
J1+7j2

22J+1

L]min
type-2 kets. But the number of type-1 and type-2 kets is the same:
Ji+i2
> 2741 = (251 +1)(2j2+ 1).
Jmin
The only solution to this equation is
Jmin = ’]1 - 32‘

This concludes the proof.

Note: There is a general method for computing the Clesbsh—Gordon coefficients, but it is very
unwieldy. For small-angular-momentum quantum numbers, the addition can be done in an intuitive
fashion. We have already seen how to combine orbitals to obtain the angular momentum states of

a pair of spin-1/2 fermions. We now look at a similar example.
Example: An electron bound to a nucleus is in an p state. Compute its total angular momentum.

Solution: The p state corresponds to ¢ = 1. Thus, we must add the orbital angular momentum L

with the spin angular momentum S and obtain a total angular momentum J.
Two possibilities for J: J =3/2 OR J =1/2.

Consider case 1 first, J = 3/2. Then, the top state had M = m; + my = 3/2, which implies
s, = 1/2 and £, = 1. The only way for this to happen is for the electron to be spin up along the
z-axis, and for the projection of orbital angular momentum along the z-axis to be positive. Thus,

this state has the ket

|J =3/2,M =3/2) = |+)Y1.1(6, ¢).

To obtain lower states, act on this with the ladder operator

Jo =@+, ®L_,
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where
S_|+)=[-), S-|-)=0,

and where

LYy, = V2Yiy,

LYy = V2V,

LYy, = 0.
Thus,

13/2, M =1/2) oc J_[[-+)Y14],
= |—>Y1,1+\/§|+>Y1,0-

Normalise:

3/2, M = 1/2) = 5 [I-)ia + V2HYio]

Act again on this state with the lowering operator:

13/2, M = —1/2) o |=)L_Yi1+V2|—)Yio+ V2|+)L_ Y1y,
= \/5’_>}/1,0+\/§|_>le,0+2’+>yvl,fla
= 2V2|—)Yig+2/+)Y1 1.

Normalise:

8/2,M = —1/2) = & [V2-)Yio + [H)Yi |

To find the bottom state we can act with the lowering operator again, or note simply that in this

state, ms = —1/2, and my, = —1, hence,

3/2, M = =3/2) = [=)Y11.
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To find the J = 1/2 eigenstates, we start with the top state, with M = 1/2. In this state, ms; = 1/2
and my =0 OR my; = —1/2 and my = 1. Thus,

(1/2, M = 1/2| =)a|+)Y10 + B|=)Y11,
and this state has no overlap with the other state built out of these product vectors:

(3/2,1/2|3/2,1/2) =0,

or
\/§<+|Y1,0 + (= Y11 [a|+) Y10+ B|—)Yi1] =0,
hence
6 = —Oé\/§,
and

1/2,1/2) = &= [|+)Y10 — V2|=)Y14

which is normalised.

Finally, the bottom state can be found using the lowering operator:

11/2,-1/2) o< |=)Yi0+ [+)L-Y1o — V2|—-)L Y14,
= |—)Yio+ \/§|+>Y1,—1 — \/5\/§|—>Y1,0,
= —|—)Yio+ \/§|+>Y1,71,

such that
1/2,-1/2) = & [\/§|+>Y1,_1 — =)Vl

which is normalised and orthogonal to |3/2, —1/2):

(3/2,—1/2|1/2,—-1/2) = 0.

In this course, you will only encounter simple problems like this one, where the angular momentum

states can be worked out intuitively.



Chapter 20

Time-independent perturbation theory:

non-degenerate case

Reading material for this chapter: Mandl, Chapter 7

20.1 The idea

In this section we focus again on solving the Schrodinger equation for time-independent systems.

Recall that such systems reduce to an eigenvalue problem for the energy:
H|p) = E¢). (20.1)

There are not many such problems that are exactly solvable. In fact, in this course we have
considered most of them. Thus, it is helpful to consider approximate methods for general problems
of the type (20.1)

The first such method we consider is time-independent perturbation theory, in the non-degenerate

setting. Suppose that the problem
Hylp) = E©|9)

is exactly solvable, with a discrete spectrum
E=FE" E", ...

that is non-degenerate:
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in other words,
i J :

¢ J

For definiteness, assume that the eigenvectors are the kets {|¢,)}>2 ;. We now focus on solving the
perturbed problem

where \ is a small dimensionless parameter. If the perturbation is ‘nice’, and we assume it is,

then the Hilbert space for the unperturbed and perturbed problems is the same:

A

H(Hy) = H(H).

Thus, by the completeness property of the basis {|¢,,)}>;, we may expand the solution |1,,) of the

perturbed problem in terms of a known set of states. This is the subject of this chapter.

20.2 The method

We are to solve

given that \ is a small parameter. We pose the series solution

E, = Z)\penp,
p=0

|¢n> = ZApyqbnp)-
p=0

We assume wlog that the states |¢,1), |@n2), - - are orthogonal to the n'" eigenstate of the unper-

turbed problem:

Next, we substitute our trial solution into the eigenvalue problem:

(Ho+ AV)|) = (Ho+AV) Z NP |Pnp),

p=0

_ (i;) (ng).
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In other words,

(Ho+AV) ) W|ohyy) = (Z )\penp> (Z Ap\¢np>> .

p=0

This is a power-series identity in \; the identity must hold term-by-term.

We examine the zeroth-order term:

f{0|¢n0> = €n0|¢n0>-

Thus, |¢n0) = |Pn) and o = ET(lO), and the zeroth-order problem is exactly the same as the

unperturbed problem.

Next, we examine the first-order term:

/\]:-’0|¢n1> + AV no) = Xeno|dn1) + Aent|dno)-

Dividing out by A and using the information about the zeroth-order terms, this becomes

Hyl¢n1) + VIdn) = EP|¢ur) + €nt|dn)-

Re-arrange:
(I:IO - E7(10)> |¢n1> = (_V + 6nl) |¢n>

We take the scalar product of this identity with |¢,,):

(@l (Ho = B) [6) = (&l (<V + ean) |6n).

Consider the LHS. The operator Hy is Hermitian, so we can choose for it to operate on the bra

instead of the ket. But the bra is an eigenstate of Ho,, so the identity becomes

(Bl (B = ED) [¢n) = 0= ($n] (=V + €m1) )

In other words,

€n1 = <¢n|V’¢n>7

and
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To compute the corrected state vector, we consider the identity
(ﬁo - E?SO)> |¢n1> = <_V + enl) |¢n>
again. Take its scalar product with (¢,|, with p # n. Thus,

(ol (o = ED) 161} = (] (=V + ean) |6n)

We expand the correction |¢,1) in terms of the basis elements |¢,,):

|¢n1> = Z Anp|¢p>-
n#p

Combining the last two equations, we have

(ol (10— EL) (Z Angly) ) = (&l (=V +em) [6n),

n#q
(B = ED) Y Aug(dplda) = —(6,|VIdn),
n#q
Anp (B = EP) = —(0|V6n),
(@p|V|Pn)
App = —m7 p#n.
Thus,
6m) = D Aupldy),
n#p
Op|V |
> o i
Wn> = ‘¢n> + )“¢nl> + O()‘Q)’
and

Vion
o) =6, +3 Y S0 ol '¢ 1) + 00
n#p

We pass on to second-order perturbation theory, and derive the corrected energy only. At second

order, the power series in \ yields

A2 Hol¢nz) + A2V |0n1) = A2ena|bno) 4 Aent|dn1) + A2eng|dn).
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We divide out by A\? and use the information supplied by the zeroth-order theory. The result is

HO|¢n2> + V|¢n1> - €n2|¢n> + €n1|¢n1> + E |¢n2>

Re-arrange:

(I:Io - ETSO)) |¢n2> = en2’¢n> + (enl - V) ‘¢n1>

Take the scalar product with |¢,,). The result is

0= en2+ (fnf (€1 = V) |om1). (%)

Now use the information from the first-order theory. For example,

<¢n|€n1|¢n1> - en1<¢n|¢n1>
Vion
— it (Z e Z)|¢p>),

n#p
= 0.

Hence, Eq. (*) becomes

€n2 = <¢n|V|¢nl>

We use the first-order theory again:

e = (pulV (Z Mw) ,

n#p E

Op| V|0
= z#: E<(0)‘ ‘EI(})) <¢n|v|¢p>>

pv n2
_ 5~ L@V

0 0) °

Thus, to second order in perturbation theory,

Gp|V[6n) |
E, = B + Néu|V|¢n) +A2Z—| (’gl | 2()') + O\
ntp P — Ep

Note: We require the corrections to the energy to be small, since A is a small parameter. Typically,

the first-order correction to the energy is small. For the first-order correction to the wavefunction
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to be small, we require that
IMplV]dn)| < |ED — ED) forall n # p.

If this is not the case, then the perturbation theory breaks down.

20.3 Example of nondegenerate perturbation theory
The Hamiltonian for a harmonic oscillator at frequency w is the following:

Hy = —2—82 —mw2x2

Consider instead a particle that experiences an anharmonic potential, such that its Hamiltonian is

shifted to a new form:
H= f[o + q:c4.

Identify a dimensionless parameter A for the problem and compute the anharmonic correction to the

ground-state energy assuming this parameter is small.

Solution: We have the eigenvalue problem
———— + smw’ 2 + gzt = Evp.
x
Multiply up by 2m/h?:

%y miw? 2mgq
~ 9. + 72 z? + 2 ahp = (2mE/h2)¢

Each term now has dimensions of [Length] ™2 [¢)]. Focus on the second term. We have,

1 m2w? 9
Tengthl? = [ = } [Length]=.
We identify a length scale a:
1 mi?
P T
or
h
a=1/—.
mw
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or
0% x? 2mqa 9
02 gw + a—¢ (2mE/h*)
Hence, we identify
2mqa®  2mq R 2qh
A= 2 R miw® mlwd

In other words,

m2w3
=A
=2 (%),

and the perturbed problem to solve is

We therefore identify

It is easy to check that this has dimensions of energy:

2,.,3 MQT—3L4
{m i 4} = = ML*T~? = [Energy] .

on | T ML
Thus, perturbation theory is valid provided the parameter \ is small:

2qh

m2w3

A= < 1.

The lowest-order correction to the ground-state energy of the oscillator is given by

= Lhw + AAE,
where
= (Yo|Vtho),
and where [t)g) is the ground state of the associated harmonic oscillator. In the position repre-
sentation,
o(z) = Le"‘z/Z“Q, a = i
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Hence,

2,3 1 00
ME = Y / x4e’x2/“2dx,

3
mew’ 1 2
= —adt ste™%ds

2h VT )

2,,3 oo
= 22qh3 mQ;,; a (%/ 846_82(18),
m2w T J oo

= gqa'l,
where [ is just a pure number which we determine now. Consider

J(7) = /_OO e ds = /7 /7.

o0

Hence,
dJ >
— =Ty = —/ s2¢ 77 ds.
dry —0
Similarly,
d>J _ e
d_’72 = %ﬁ”y 5/2:/_00546 7 ds.

Setting v = 1 here gives
3 _ 4 —~s?
Z\/E—/ ste 7% ds,

hence, the integral I has the value 3/4, and

Ey = 1hw + 2qa* + O(N?).

Note: We have been very careful here in specifying a dimensionless parameter A and in constraining

it to be small before doing any calculations. Technically, this is essential. However, in practical

applications, we simply go to the last step; then, we would solve this problem simply by writing

down the relation
Eo = hw + (tolqz*[tho) + - - .

This is what we will do from now on.
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The second order

For mischief!, we go to second order in the perturbation theory, wherein the next correction to the

ground-state energy is the following:
_ o (el |90) ]
=4 Z —hwp
p=1
We consider the following integral:
[p = / ¢px4¢0 d.fE, p % 07
= NpNO/ ['{p(:C/CL)e’xQ/“Qx4 dz,
= NpNO/ Hy(s)e ™ s* ds.
But consider

Hy(s) = 16s* —48s% + 12,
Hy(s) = 45> -2,

H()(S) = 1
Thus,
st = %GH4(5) + %HQ(S) + %Ho(s)
Thus,

I, = NNOa/ H,( Hy(s) + 3H,(s) + 2Ho(s)] ds,

= N,Nod’ 164'24\/’5,)4+32'2W‘5,,2+0)

LGoing to high order in perturbation theory is sometimes fruitless as well as mischievous. The reason is because
it is not known a priori what is the radius of convergence of the power-series expansions. A strange heuristic is
the following: given a complex-valued function f(z) analytic on a disc D of radius R, it is sometimes possible to
approximate f(z) by a truncated Taylor series even outside of the disc D. The approximation becomes poorer as
more terms are added to the (divergent) series. Therefore, outside the radius of convergence of the perturbation
theory, a low-order expansion can give some information about the energy spectrum, while a higher-order expansion
gives less information.
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Now,

and the only terms that survive in the sum are at p = 4 and p = 2, for which we have

1 1 1 11
5 4 5 4
NiNoa® (£412°V7) = a < > (W a1/2) (s=412%/7)

4!,
= ?a s
and
1 1 1 1 1
5 (39192 — 5 39192
N2 Noa (42'2 ﬁ) a (Wﬂuz; a1/2> <7r1/4 al/Q) (22'2 ﬁ)?
2!,
= 3 ﬁa
Combine:
1 1 1 4! 1 9 x 2!
_12 _1‘2 - = .8 - MR -
S ARt T2 (24“ T\ 22 )
_ 21 a®
= S
Hence,



Chapter 21

Time-independent perturbation theory:

degenerate case

Reading material for this chapter: Mandl, Chapter 7

21.1 Overview

In this chapter we continue with the time-independent perturbation theory, this time for cases where
the eigenvalues of energy are degenerate. The problem to solve is therefore modified from that in

Ch. 20: We start with the exactly-solvable problem

Holg) = E©|¢)

with a discrete spectrum
E=E" EY ...

The n'" energy level is assumed to be s-fold degenerate, with eigenvectors
|un1>7 Tty |uns>7

such that
<una’un,8> :6aﬁ, a,ﬁ: 1,...,8.

It is required to compute the changes to the nt" energy level due to the presence of a perturbation,
Hy — H := Hy + \V,

where A is a small dimensionless parameter.

159
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It is not obvious a priori that the degeneracy will remain in place once the perturbation is added to

the problem. Thus, we assume that the energy level EY splits into s new levels:
Eu=E9+ EW £ 2EQ 4.0 =1 s
Associated with each new energy level, there is an eigenvector:
[ni) = |6ni) + M) + X067 + -+

where the states on the right-hand side are to be determined.

21.2 The solution

We focus on finding two quantities:

e The first-order correction to the energy, F,; = EQ + )\Ef;);

e The zeroth-order perturbed state: |,,;) = |dni) + O(N).

As before, we focus first of all on the zeroth-order expansion in the problem
(Ao +2) [[ns) + M6l | = (B0 +AED) 160} + Aol
or

Ho|pni) = EQ|ppi).

Now we go over to the first-order term:
Hold)) +VIdw) = BEO16)) + B 16u).

Re-arranging gives
(fo - E®) 162) = (BY = V) 16w,

This is similar to the result in the non-degenerate case. However, one key difference is that now we
do NOT know what the state |¢,;) is. We now determine it, and hence determine the first-order
corrections to the energy. Certainly, the state |¢,;) is a mixture of the eigenstates of the unperturbed

problem:

‘¢nz> = Z Cia‘una>'
a=1
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Thus, it suffices to determine the C;,'s. We go back to the first-order equation:
(o - B 163) = (ES = V) 6.
or .
([:IO — E(O) ‘¢(1)> (E(l) ) (Z C’m|um>> .
a=1
We take the scalar product of both sides with the bra (u,s|. Certainly (u,z| (FIO - Eﬁ0)> =0,

hence

0 = (ungl < ) (ZCW‘“"“ ) ’
_ (Z cm<unﬁ|> (B~ V) ),

- ZS:CW [Er(i)(saﬁ - <Un/3|v|una>] )

- S

Thus, we have a set of s homogeneous equations:

Zcm[ bag = Vaa| = 0,

D Coa [EWbap —Via] = 0.

a=1

However, this is identical to s copies of the problem
EVI,-Vv|| ... | =0

which is an eigenvalue problem in the eigenvalue E',. In conclusion,

e The perturbed level-n energies are computed as

Em:E + AAE,;, 1=1,---,s
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where AF,,; are the s eigenvalues of the problem

[AE, s —V]C; =0.

e The perturbed level-n states are computed as

where the states |¢,;) are determined from eigenvectors of the problem:

|¢m> = Z Cia‘una>-
a=1

Before looking at an example, consider again the result just derived, namely that the perturbations

to the energy levels are eigenvalues of the problem
|V - AEm]H = 0, Vaﬁ = (una|V|unﬁ>. (*)

Suppose we can find a clever basis {|unq)}%,_; for the Hamiltonian H, that is simultaneously a set

of eigenvectors for V. Then the eigenvalue problem (*) is diagonal, with eigenvalues
AFE,; = (Uil V|un), i=1,---s.
This is guaranteed if (ﬁo, V') are compatible:
[HO, v} —0.

For large problems (s > 1), it is a good idea to find such a clever basis before solving the determinant
problem. It will be a good idea to keep this approach in mind when we consider spin-orbit coupling
in Ch. 22.

Example: Consider a basic system

to which is added a perturbation

A . W W
H0—>H0+/\ 0 0 .
VWw 0
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Show (i) that the basic system is degenerate; (ii) that the perturbation brakes the degeneracy. Hence,

compute the lowest-order correction to the energy, and write down the perturbed eigenstates.

The basic system is degenerate:

Hence, the states

both have the same energy.

From the theory, the corrections AF to this energy are determined by the eigenvalue problem

|AET— V| =0,
where
Vi = <U1|V|U1> = Vo»
Vig = <U1|V|U2> = V07
Vor = <U2‘V‘U1> =W,
‘/22 = <U2|V|U2> = 0.
Thus, we solve
Vo — AE |
0 0 —0 (*>
Vo —AFE
Hence,
1++5
AE = Vypy, pr=—g

The perturbation therefore breaks the degeneracy and introduces new energy levels:

Eo1 = Ey + AVopy,
Egp = Ey + AVpp_.

The corresponding new energy states are given by the eigenvectors of the problem (*). Up to

normalisation, these are

Ci = (17_90—)7 Cy = (90—71)'
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Thus, the perturbed upper state Fj; has eigenvector
[o1) = [u1) — ¢-|ua),

up to normalisation, whle the perturbed lower state Fy, has eigenvector
|tho2) = —|u1) + |uz),

up to normalisation.

Of course, this is a very silly example, because the perturbed system can be solved exactly. It is

readily seen that the exact solution to the perturbed problem is

Eo1 = Ey + AV,
Eoo = Ey + AV,

W01> = < ! ) 5
—p_
_ [ ¥-
|¢o2>—< ) >

(up to normalisation). But these are precisely the lowest-order solutions of the perturbed problem.

with eigenvalues

and

Thus, we conclude that we have been very lucky, and that the lowest-order degenerate perturbation

theory agrees with the exact solution. It is very rare for this to happen.



Chapter 22
The fine structure of hydrogen

Reading material for this chapter: Mandl, Chapter 7; Young and Freedman, Chapters 28-29

22.1 Classical magnetic moments

Consider a particle of charge Q and mass m doing circular motion of radius r (Fig. 22.1). To an

observer in the lab frame, the particle carries a current, since

Charge in motion
Current =1 = &

Time
The appropriate value of time here is the period of the circular motion:

Pt
w o v/r v

Thus,
_ Qv

o’

I

We define the magnetic moment as
{1t = magnetic moment := Current x Area,

hence

uz[Az(ﬁ)mﬁz%.

2rr

Note, however, that the particle’s angular momentum is

L = muor.

165
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T O, positive

Figure 22.1: Classical magnetic-moment vector of a current loop

Thus, the magnetic moment and the angular momentum are proportional:

Q
=
H 2m

Because angular momentum is a vector, we promote the magnetic moment to vector status:

==L
p=y5 L

which is perpendicular to the plane of the motion.

Next, we place the current loop in a uniform magnetic field B. In this exercise, we consider instead
a square current loop, although the principles are the same. The system is shown schematically
in Fig. 22.2. We focus on the highlighted point, and carry out a cross-section in the z — x plane
(Fig. 22.3). Here, the current loop consists of a charged particle (charge dQ)) moving at velocity v
in the —y-direction. The particle experiences the Lorentz force dF' = dQuv x B, which is in the
positive x-direction:

dF =dQuB, in the positive x direction.

Thus, a torque is exerted on the loop, that causes it to rotate. The torque is
dr = dFr,

where dF is the projection of the force on to a direction perpendicular to the loop axis. In other
words,

dr =dFrcosa,
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R

©)

Figure 22.3: Current loop in a magnetic field
Figure 22.2: Current loop in a magnetic field (zoom in on a point of interest)

or
dr = dF'rsin ¢.

Restoring d@, this is
. dQu .
dr = dQuBrsin ¢ = TBbSln o.
Recall the definition of current:

dQ

[=-%
dt’

hence ,
dQ = Idt = ;d:v.

Hence, the increment of torque along the top part of the current loop is

d
dr = %Bbsiruﬁ = %IBsincﬁdx.

Integrating along the top segment of the loop gives dv — a. However, there is an identical
contribution to the total torque on the loop coming from the opposite wide. Thus, the total torque

on the loop is

I Babsin ¢.
But A = ab, hence
7 = IABsin ¢,
or
T = pBsin ¢.

Next, we compute the work done by the magnetic force in rotating the loop through an angular
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Figure 22.4: As a consequence of Ampere's Law (Maxwell's equations), a current loop generates a
magnetic field.

increment d¢. This is
AW = F - dx = 2Frdd.

The factor of 2 comes from the fact that work is done by the force along both lengths of the loop.

Moreover, r = b/2. Hence,
dW = 7d¢ = puB sin ¢do.

Integrating gives
¢2

W () = W(d1) = —uBcos¢| =—p-B

Y

P2
¢

$1

which implies the existence of a magnetic potential energy

U=—un-B.

22.2 Biot—Savart Law

We state without proof the following result: A current loop creates a magnetic field whose sense is

given by the right-hand rule; the magnitude of the field at the centre of the loop is

o Mol
2r

where 11 is the magnetic constant. This is a simple application of the Biot—Savart Law, which in

turn is a simple consequence of Maxwell's equations in the static case (See Fig. 22.4).

Consider now a small, charged, ‘spinning particle’ with finite magnetic moment g that sits at the
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_— B'
E Riding with -.—
Inthe 1ab frame, the electron the electraon o
zees an electric field fram
the nucleus, but if you ride
with the electron, you see
a magnetic field caused by
the relative motion of the

nucleus,

Figure 22.5: The electron bound to a hydrogen atom, viewed in two different frames of reference.
Left: lab frame; right: electron’s rest frame.

centre of a current loop. The particle sees a magnetic field

where Z is a unit vector perpendicular to the plane of the loop. The particle therefore experiences

a potential
Z/ISO =-—B- M.

We apply these ideas to the electron in a hydrogen atom.

22.3 Spin-orbit coupling in the hydrogen atom

In the lab frame, the electron ‘sees’ an electric field from the nucleus. However, if we go over to the
electron’s rest frame, it sees a current loop formed by the now-orbiting positive nucleus (Fig. 22.5).

Thus, in the frame of reference of the electron, there is a magnetic field

ol e e e
= — = — = — W = —0
or T 2or omr
hence
Mo €V
B="0"
4t 72
The sense of this field is given by
— M e
A3 ’
B— Mo €
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where L is the angular momentum of the electron as measured in the lab frame. Staying in the

electron’s rest frame, we remind ourselves that it has a finite magnetic moment:

= — S ~ 2
l‘l' 2 bl g )

e

and thus, there is a spin—orbit interaction potential:

2
poe” 1
Uso = —p- B = —L-S.
50 H +47rm§ r3
But
Ho€o = 0727
and this expression can be tidied up:
2
1
Uso = —p- B = +-— L-S,

4megr? mec?r

or or

Unfortunately, this is wrong by a factor of two. If we carry out the calculation in a relativistically

correct fashion, we obtain the result

Lolay

2mec r dr

Uso S.

Note that this result, derived in the electron’s frame of reference, is exactly the same in the laboratory
frame. We return to this frame and compute the effects of this spin-orbit coupling on the energy

levels of hydrogen.
We consider the following perturbed Hamiltonian for the hydrogen atom:

2 2
H:(—h—VQ— ‘ )+ L 1ddy g

2m dmegr B 2mec2 r dr

J/

=H,
(we suppress the hats on the angular momentum operators). The eigenvalues Eflg) of Hy are
2(2¢ + 1)-fold degenerate with respect to the orbital angular momentum (quantum number /).
Treating the spin-orbit interaction as small, we must use degenerate perturbation theory. Note that

the unperturbed eigenfunctions

R (r)Yem, (0, 0)|£), (%)
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do not diagonalise the perturbation Ugo because this contains a mixture of angular momentum

projections along various axes. However, if we re-write the perturbation as

1 lad

Uso = -
50 dmec? r dr

(J2 — L~ 5%,
where J = L + S is the addition of the spin and orbital angular momenta, then the functions
In, 0, s, J, M)

do diagonalise the perturbation. Here |n, ¢, s, J, M) is an eigenstate of the CSCO {L?, S? J? J.}

got by a linear combination of the functions (*), and by the angular-momentum addition theorem.

Thus, the ‘clever eigenstates’ |u,;) in the theoretical presentation of degenerate perturbation theory
that diagonalise both Hy and V are in fact the states In, ¢, s,J, M). The theoretical formula for

the corrections to the energy levels was

AEY = Xt |V | tins)-

Letting |uni) — |n, ¢, s, J, M), this is

AE(n,t,J) = (n,l,s,J, M|Uso|n,t,s,J, M),

or
1 1dU
AB(T) = sl d MI (I = 12 = 8%) s, MY(0)
= ez WU+ = e+ 1) =] <?W>nz
where

()

denotes the expectation value of r~'U’(r) with respect to the function R,,Y; ., (0,¢). This value
is independent of m, because the operator r~1U’(r) is independent of (. Carrying out this integral

(homework), we have

<l@> _ 1
rodr/ne agndl(l+1)(0+3)

hence 1 k% i+ —le+1)-3
AE(ntj) — e jlu+1) -« +1)—z7
dm2c dmegaPn® L+ 1)(0+ 3)

or
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|E.| ,J(G+1)—0(+1)-2

AE g - )
(nt3) n T D+ 1)
2

o = < ,
4reghc
2
e

E, = -1 )

2 Amegn?

Note that there is no correction to the energy of s-states (¢ = 0), since then j = s = 1/2, and the
numerator is identically zero. In reality, there is a second O(a2) effect, due to relativistic effects,
wherein the dependence of the electron mass on its velocity is considered. This consideration leads
to a shift in the s-states.

That the energy levels are shifted is called splitting. The splitting is very difficult to see without

precise equipment. Thus, the spin-orbit features of the hydrogen atom are called fine structure

(Fig. 22.6). The small perturbation parameter « is called the fine-structure constant.
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]
3P3/2, 3D3)»
n= 3 3D5,."'2
351/2, 3P1/2
n=2 2P3/
251,@ QPUE
>
B
@ 1
c
L
I n=1
15132
Bohr Dirac
levels fine structure

(increased)

Figure 22.6: Hydrogenic fine structure. Schematic shows effects of spin-orbit coupling and
relativistic-mass effect. Diagram uses spectroscopic notation — the letter is for the total or-
bital angular momentum and the letter with the subscript is for the total (spin+orbital) angular
momentum.



Chapter 23
Variational methods

Reading material for this chapter: Mandl, Chapter 8

23.1 Estimating the ground state of an arbitrary system

In this chapter we develop a neat trick to estimate the ground state of a fairly general system. It is

based on simple integrations and avoids the messy sums involved in perturbation theory.

23.2 The idea

Consider a system described by a Hamiltonian H, which possesses the complete set of orthonormal
eigenstates |u;), |uz), -+, which are unknown. We write down the corresponding energy levels in

an ordered sequence:
Ey<Ey<--

Any state [1)) of the system can be expanded in terms of a sum of these eigenvectors:

[e.9]

[v) = Z Cn|tn).

n=1

Hence,

WIHWY 2% |eal?En

W) Xalilel

Now the sequence of energy levels is ordered, hence

W)y Xolilelr T Xl el

174

WIW) _ Sl | S leolPBr _
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hence

B, < W)

T (@)

for any state |¢)) in the Hilbert space of solutions.

Thus, to estimate the ground state energy of the system, we write down a wavefunction ¢ (ay, - - - , ay),
which possesses the qualitative features of the correct but unknown ground-state energy, and which

contains several free parameters o, - -+, a,. Then,

(e, o) [ Hp(an, -+ )
(Wlag, - ag)llon, -+ as))

El S E(Ckl,"' ,Ods) =

for all values of the parameters «,--- ,a,. By minimising over the parameters aq,--- , ag, the

upper bound for the ground-state energy can be sharpened:

Ey < min E(ag, - ,aqq).

a1, Qs

This procedure is called the variational technique.

23.3 The Yukawa potential

Estimate the ground-state energy of a particle experiencing the attractive central potential

where ¢g? and M are positive numbers.

Let's write down the eigenvalue problem for the potential:

h2 92 e
—%V% - e Mroy = Ep.

Multiply up by 2m/h*:

—VR - 2’;;92 = OmE/RY = k.

Identify
a = h*/mg>.

Thus, the eigenvalue problem is

2
—V*) — Je*Mw = —k*).
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Formally, if M = 0, we recover the hydrogen atom. This suggests that the trial function should

look like the hydrogenic ground state, which is

—r/a

1
Jra €

However, we still need to take care of the exponential term. This term damps the potential to zero
very rapidly, suggesting wavefunctions that are localised very close to the force centre. Thus, we

propose a trial wavefunction that decays to zero more rapidly than the hydrogenic one:

0312

ﬁa3/26

We now compute the expectation values, in detail.

—ar/a

U(r) =

First, the kinetic energy. We have

VQefon“/a _ 19 ( aear/a)’

r20r or
0? 2

- 2 —ar/a < _—ar/a
(97“26 + r (‘37’6 ’

a2 2a —ar/a
= |—w——)e :
a?  ra

/d37ﬂe—2o¢r/a _ / TQdT/dQe_Qar/a,
0 Q
/ 20{1"/ad7,,7
3 0o
/ u?e da,
0

3
21

In addition,

I
S
3

|
W
3

I
e~

?

B’I@E’Ig

(3
)

Oé?’
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as well as

/ d3’f’1€_2ar/a
T

Hence,

/dBrear/av2€ar/a _

Thus, the expected value of the kinetic ene

a3/2 s (_ 72 V2> a3/2

dd® —
" Vrad/? 2m Vrad/

Next, we compute

= / Td?"/dQe_zo“"/“,
0 Q
7r/ re=2er/ady.,
0
2 o
(i / u?e do,
200 0
a

)
2e) 1

a2

= TM—F.
Oé2

Il
W

Il
W
3

= 4r

Y

2
/d37’ efar/a (04_2 _ 2_0[) efow"/at7
a ra

2
a_z/d3re—2ar/a_ Q_Q/d3r 16—20&"/(17
a a T

rgy in this state is

h o?

2 2m wa’

e—r/a __ = /d37" e—ar/av2e—ar/a _

B o® ma  R*a?

omrma’d « 2ma?’

= /d3€—M€_2aT/a
r 7
00 efr(MJrQa/a)
= / T2dT/dQ—,
0 Q r

= 4r¢ /00 dr re r(M+2a/a)
0

4 /Ood u
= — uue ",
(M +2a/a)? J,
4
(M +2a/a)?
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and the expected value of the potential energy is therefore

3/2 —Mr 3/2
d37“ «a / e—r/a _926 o / e—r/a _
Va2 r Vrad/?
_ P o’ P e—2r/ae_MT L Am
ma r ma® (M + 2a/a)?
Putting it all together, we have
202 4os 2
Bla) = o —
2ma?  a® (M +2a/a)?
_ RPa? 4o? g
© 2ma?  ad 42 (1_’_%)2’
R a g
 2ma?  a (1+ %)2’
h*a? o h? Ma\ >
= - (14+= 2_p?
2ma?  ama ( + 2a> ’ g /ma;

h2a? Ra (1 Mac)2

2ma?  ma? 2a

Before continuing, it is salutary to check that by setting M = 0 and o = 1, we recover the functional
form for the state of hydrogen:
h? h? h?
Ela=1,M =0) = — = —

2ma?  ma? 2ma?’

This is indeed the case, since the ground state of hydrogen is

h2
IRy = 13.6eV = — —, ag := Bohr radius.

Meag

Thus, our estimate for the ground state of the Yukawa potential is

E(a)

h2a? ha < Ma>_2
= 1+ .

2ma?  ma? 200

Next, we minimise F(«) as a function of o. This is just ordinary calculus, but it is tricky. Therefore,

we minimise the function graphically: We introduce an auxiliary function

2a0

. — A2 _
D(Oé7/11>_a (1+§)27

p=Ma/2,

plot the function D(«) for different values of the parameter 1, and obtain the minimum that way.

Fig. 23.1 shows the curve D(a;pu = 0) and D(a;pu = 0.4). Both curves possess minima. The



23.3. The Yukawa potential 179
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Figure 23.2: Minimisation procedure for computing the ground-state energy of the Yukawa potential
(continued).

minimum at g = 0 is at exactly oy, = 1 — precisely the value for a hydrogenic system. The
minimum value of « clearly decreases as p is increased. The minimum disappears completely at
i = 0.5. Thus, only for cases below this value can the hydrogenic model be used to construct
bound states. Finally, the parametric dependence of i, and Dy, on p is shown in Fig. 23.2. In

conclusion, our estimate for the ground-state energy of the Yukawa system is

h2
Ey ~
0™ 9ma?

D(amin; H’)a

where = Ma/2, and where the non-dimensional function D(cuyn; o) is obtained graphically.
Note that D(aumin; pt) < 0 for u < 1/2: the model ground state is indeed a bound state, provided

M is not too large.
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23.4 Ground state of helium

Helium contains two electrons orbiting a nucleus of two protons and two neutrons. Thus, the nucleus
has charge +2e. We know from the discussion in Ch. 18 that the electrons in a multi-electron atom
occupy single-particle-like states. Thus, we fill the single-particle states of the helium atom with
electrons. The ground state has no orbital angular momentum, and the only electron quantum
number that can vary is therefore the spin. Energy minimisation dictates that both electrons occupy
the ground state, thus they must have opposite spin. Thus, the spin component of the wavefunction

is antisymmetric, and the spatial part is symmetric. The spatial part can therefore be written as

(71, 72) = Pgs(11)1gs(12).

We have absolutely no idea what 1),4(-) is. In a naive picture, we might assume that the electron
ignores its neighbour altogether, and experiences the bare nuclear charge. Then, the ground-state

wavefunction would he hydrogenic:

VAL 4regh?
— —Z|r|/ao — 0
s(r) = e , ay =
Ves(7) 7mg/Q 0 me?

Y Z:2’

where Z = 2 is the number of positive charges in the nucleus. In this picture, the total ground-state

wavefunction would be

¢(fr1’fr2) — Le—erﬂ/aoLe—ZVgl/ao _ Z_e—Z(|r1|+|r2|)/a0‘

Vrag'? Vray'? maj

However, a more sophisticated picture involves taking account of the effect of one electron on the
other. Thus, we imagine that electron B ‘gets in the way’' of electron A, and effectively reduces
the amount of positive charge electron A experiences from interacting with the nucleus. Therefore,
instead of a nuclear charge of Ze, electron A experiences a ‘screened’ nuclear charge ae, where « is
some unknown number between 0 and 2. Thus, our more sophisticated estimate for the ground-state
wavefunction is simply

od

Y(ry,ro;a) = 7r_a:§€

—a(ri+r1)/ao.
)

note that this state is normalised. We compute the expectation value of the Hamiltonian

i h? V2 h? V2 Ze? Ze? e
= V- —

- - +
2m om 2 dwegr;  Amegrs Ameg|ry — 1o

in the state ¥ (71, r2; ) (note the inclusion of the electron-electron interaction term). We have,
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e Kinetic energy term:
h? h? h%a?
__v? o _v2 =
Wl ( om ' 2m 2) ) ma
e Potential term (interactions with nucleus):

Ze? Ze? 272
<wr(— <2 )rw>:— .

47T€0T1 471'607’2 47T€06L0

e Electron-electron interaction term:

o2 o2 73 2 ) 1
_ B &P ~2Z(|r1 | +ral) a0
<w’47r€o!’f'1 ~ ] V) Ireq (Wa3> // r1d’ry — 7'2]6

The integral is tricky but it can be done analytically. We are left with

62

{¥] [¥) = %aRy,

47T€0|'I"1 — T2|

where
2

= 13.6eV.

1Ry =
Y 2ma3

Putting it all together, we have
E(a) = (¥(ry, ro; a)[H[$(r1, 7o5.0)) = [0 — (2Z — 2)] Ry.

Computing dE/da = 0 gives

_ 5
OC—Z—E— off -

The corresponding energy is

The true (measured) ground-state energy is
E, = —5.81Ry.

Our estimate is true to within 2% — a remarkable agreement! This reinforces the claim made in

Ch. 18 that the electrons in an atom live in states that resemble single-particle states.
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Numerical methods

In this section we develop a numerical method to solve the one-dimensional eigenvalue problem

12 2y -
o a2 +U(x)p = By

using the Chebyshev collocation method. Before doing this, we outline the method for a simpler

problem, for which analytical solutions are known.

The following books might help in understanding this last chapter:

e Chebyshev and Fourier spectral methods, J. P. Boyd, Dover Publications (2000). Boyd himself

has put a copy of this on his website and is therefore available for free in pdf form.

e Spectral methods in Matlab, L. N. Trefethen, SIAM Publications (2001).

You will see that this section of the course is more contemporary than others!

24.1 A simpler problem

Consider the equation®

d*f
d_y2:_>\f, y€[-L/2,L/2],

which is to be solved with vanishing boundary conditions

f(=L/2) = f(L/2) = 0.

!Matlab code: simple.m

182
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This is an eigenvalue problem in the eigenvalue A\. However, we already know the solution: it is

f(y):fn(y)zsnl(\//\_ny), /\nzﬁn , n:1727...

or
472

f(y):fn(y):COS(\/)\_ny), )‘nzﬁ<n+%>2a n:()717

where the apparently free parameter \ is now forced to take discrete values, A = \,,.

We are now going to ‘shoot a pigeon with a cannon’, and solve this problem numerically. We are

going to expand the solution in terms of a set of basis functions,

) =Y aTulw), =Ty,
n=0

where {T,,(z)}5°, are a complete set of basis functions on the interval [—1, 1] called the Chebyshev
polynomials:

T, (x) = cos(n arccos(z)).

Although this does not really look like a polynomial in z, it is!. The first few are shown here:

To(z) = 1,

Ti(x) = =,

Ty(z) = 22° —1,

T3(x) = 42° — 3z,
Ty(z) = 8x*—82%+ 1.

For more information on the properties of these functions, you may, in this instance, check out the

Wikipedia article. | can personally vouch for this article since | have contributed to it myself!

L si 2nm 2nm >
S e cos | —
,sin 7 ), 7 T .

are a good set of basis functions for periodic functions on an interval [—L/2, L /2], so too are

Just as

the Chebyshev polynomials for arbitrary functions on the same interval. Thus, we in expanding
the solution in terms of these exotic functions, instead of familiar sines and cosines, we are taking
into account the fact that the solution is not necessarily periodic. Of course, we must truncate the

expansion in a numerical framework, so we work with the approximate solution
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There are N+1 undetermined coefficients and two boundary conditions. That leaves N —1 conditions
to obtain. We therefore evaluate the ODE at N — 1 interior points to give N + 1 constraints on

the coefficients:

fn(=L/2) = 0,

d2

dyfév T —Afn(y1),
d2

| = e,

fn(+L/2) = 0,

or

N 9\ 2 . . N

Zan (f) T (ry-1) = _A;;“"T"(“"l)’
N

ZanTn(—i—l) = 0.

The interior points are NOT arbitrary: we evaluate at the N — 1 points

T1, T+ ,TN_1 = COS <%) , COS <2%> -+ ,COS ((N — 1)%) :

these are the collocation points.

But now we have a generalised eigenvalue problem:

La = AMa,
where
To(-1) o Tw(-1)
(2/L)*Ty(w1) -+ (2/L)*Tx(71)
L= : : ;
(2/L)*Ty(wn-1) -+ (2/L)*Tx(zN-1)

To(+1) e Tn(+1)
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0 0
T()(i[}l) cee TN(l’l)
M= — ) ) ’
To(l"N—l) TN(JSN—l)
0 0
and
a = (agp,--- ,an)T.

This is a standard problem, and can be solved using a numerical package, such as ‘eig’ in Matlab.

e Typing
d=eig(L,M);

in Matlab yields the first N + 1 eigenvalues.

e We must then check that the eigenvalues are real (a check for bugs in the code):
plot(imag(d),’o’)

e Having done that, we sort the eigenvalues in increasing order:
d=sort(d);

e Then, we plot the results.
plot(d,’0’)

e Typically, the solver yields an accurate answer only for the first few eigenvalues. Suppose
we want to find the first two eigenvalues accurately. We fix N and compute the first two
eigenvalues. We then increase N and compute the eigenvalues again. We continue increasing
N until the first two eigenvalues do not change upon varying N. The solver is then said to

have converged.

Happily, these solvers such as ‘eig’ tell us the eigenvectors as well as the eigenvalues. Typing
[V,D]=eig(L,M);

gives two (N +1) x (N +1) matrices. The matrix D is diagonal and corresponds to the eigenvalues,
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Figure 24.1: The spectrum of the problem f”(y) = —Af(y): comparison between numerical method
and theory. Here N =100 and L = 2.

for i=1:(N+1)
d(i)=D(i,1i);

end

while the matrix V' corresponds to the eigenvectors. Suppose we want to find the leading eigenvector.

We would pick out the leading eigenvalue:

[maxd, imax]=max(d) ;

(do NOT sort them!). The corresponding eigenvector is
a=V(:,imax),

i.e. the imax'™ column of the matrix V. Finally then, our guess for the leading vector is

n

In(y) = ZanTn(x)a T = %U

n=0

The results of implementing this algorithm, with N = 100, are shown in Fig. 24.1. The first ten
numerically-generated modes are shown in the figure (dots), along with the analytical modes: red
lines for A = (n + 1/2)%, and black lines for A = n? (Here L = 2m). The two calculations agree
exactly. | have also picked out the first two modes and computed the corresponding eigenfunctions
(Fig. 24.2)2. These eigenfunctions are 1 = cos(y/2) (lowest), and 1) = sin(y) (second lowest).
Again, the exact calculation and the numerical calculation agree very well. In the next section, we

answer the question, ‘how well?’

2Matlab code: make_eigenfunction_simple.m
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== Chebyshev
o fly)=cos(y/2)

0.5

0}

f(y)

0.4f
-0.5 -
0.2 = Chebyshev
o fly)=siniy)
0 -
—4 -2 0 2 4 =2 0 2
¥ y
() (b)

Figure 24.2: The first two eigenfunctions of the problem f”(y) = —Af(y). Here N = 100 and
L = 2.

24.2 Exponential convergence

In this section we examine some numerical issues surrounding the Chebyshev collocation method.
So far we have been quite casual in our use of nomenclature. For definiteness, we work on the

interval [—1,1]. We start with the operator problem
Lf=AMf,

and construct the approximate solution
N
fW) = fu(y) =) aTu(z),  xe[-1,1].
n=0

Until now, we have called this a truncation, although really it is an interpolation. Let's see why

the latter label is more appropriate.

First, recall the following result, due to Lagrange:

Theorem 24.1 Let f(x) be some function whose value is known at the discete points xy, z1, -+ , T .

Then there exist polynomials Cy(x), Cy(x),- - ,Cn(x) such that the function

N

Py(z) =Y f(z:)Ci(x)
agrees with f(x) at the points xo,z1, -+ ,ZN:

PN(JIz):f<IZ), ZZO,L,N



188 Chapter 24. Numerical methods

Proof: Take
G = I =+
j=0.4#i """ Y
Noting that
Ci(wr) = Ok,

the result follows. This result establishes the existence of interpolating polynomials, but does not
tell us which ones are best. It turns out that the Chebyshev polynomials are among the better

polynomials, and that the non-uniform Chebyshev grid is best. In what follows, we explain why.

For illustration purposes, consider the problem Lf = MM f where boundary conditions are not

important. We pose the interpolation approximation
N-1
fu(@) = 3boTo(z) + ) baTo(x) + 2ox T (2)
n=1

We impose the condition that fy(x) and f(x) agree exactly at the points zg,z1,--- ,xy. We do

not know the value of f(z), but we do know the differential equation it solves. Thus, we have
Civ(me) = M fy(m), k=01, N.

Then the following theorem holds:

Theorem 24.2 Let the interpolation grid be given by
xy = cos(km/N), k=0,1,---N.

Let fn(z) be the interpolating polynomial of degree N which interpolates to f(x) on this grid:
N-1
(@) = 3boTo(x) + Y baTo(w) + 3bTw ().

n=1

Finally, let {cv,}, be the coefficients of the exact expansion of f(x) in Chebyshev polynomials:

fa) = taoTo(z) + Y o To(x)
Then,
= 5 (B o) Tala) + 3 S Talan) + 5 o) Talew)|
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which leads to the following bound:

@)= fu(@)[ <2 ) faal.

n=N-+1

Unfortunately, the proof of this theorem is beyond the scope of this course. Happily, however, we

can prove the following corollary:

Theorem 24.3 If the problem Lf = MM f is analytic, then the convergence of the interpolation

approximation in Theorem 24.2 is exponential.

Proof: If there are no singularities in the problem Lf = AMf, then a power-series solution is
possible, with finite radius of convergence. Continuing the power series into the complex plane gives

a solution that has derivatives of all order. Thus, we may assume that
f@) ()] < M,

where the bound is independent of x € [—1,1].

Next, we note that a Chebyshev series is but a Fourier series in disguise! For, let § = arccos(x).
Then,

flx) = %Ozo + Z T () = %0‘0 + Z ay, cos(nb),
n=1

n=1

Differentiating both sides p times w.r.t. 6 gives

; o, nPR (ipeine) = Ccil%:'

But note:
G dedf i
a0~ dode O Vdw
d*f o AP f df
= sin 0@—0080%,

and so on, implying that |d? f/d60P| < ]\Z, where the bound is independent of 6 or x. Hence,

< M,,

(o]
Z a,nPR (ipema)
n=0

and this is a convergent series. It follows that the general term tends to zero:

lim |a,|n? = 0.
n—oo
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At worst,

la,| < Ae™ n — 0o,

for some positive parameters A and ~, and ¢ that are independent of n. Hence, there exists Ny € N
such that
la,| < Ae ™ for all n > Nj.

Returning to the bound in the Theorem 24.2, we have

@) = fro@)] < 20 Janl,

n=Np+1

n=No+1
oo

< 9 Ap—YMNo+1)° Z 6—77’6,
r=0
< Be o

The error is thus proportional to e N6 and we therefore say that the Chebyshev collocation method
converges exponentially. Typically, this result generalises to situations where the boundary con-

ditions are built in to the interpolation coefficients.

24.3 The Schrodinger equation

We return to the Schrodinger equation

h2 2y
_rew — Ey.
5 gz TU@Y = EY
As usual, we multiply up by 2m/h?:
d*p  2m )
—w + ﬁ“(l’)@b = (2mE/ﬁ )¢

We are going to assume that there is typical value of the potential energy, such that
U(z) = Upv(x),

such that v(x) is a dimensionless shape function. Thus,

deJ 2777]/{0
a2 T T

v(z) = (2mE/R?) 1.
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Now
1 Zleo

2w

defines a typical lengthscale a, and we are left with

2
i + %v(m)w = (2mE/R*) 4.

dx?

However, we are going to define a dimensionless distance variable,

y = x/a,

hence

Calling
A= % (2mE/R?),

we are left with the following eigenvalue problem:

d2
d—;é’ T WO W

which we call the non-dimensional Schrodinger equation (NDSE). We now solve this equation nu-

merically.

We would like to expand the solution in terms of Chebyshev polynomials. However, the interval of
these polynomials is [—1, 1], while the non-dimensional Schrédinger equation (*) is defined on the

whole line. Therefore, we introduce a coordinate transformation,

ax Y

= —, r = —
Y V1—a? va? + z?
where « is a positive real parameter that can be varied. Letting x € [—1, 1] gives a y-variable that
ranges over the whole real line; the points x = +1 correspond to y = £00. Thus, we propose an
approximate solution
N
n=0

The second derivative of the approximate solution is

Py dz\? &z
w2 | () B e

n=0

Y
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where
2

dr « d*x B —3ya?

By (o2 AP (a2 )

We now proceed to set up the collocation matrices.

The boundary conditions require that ¢ should vanish at |y| = oc:
Py = Fo0) = ¢z = £1) =0,

hence
N

> a, T (1) =0.

n=0
This gives two conditions on N + 1 unknowns. To obtain the N — 1 other conditions, we evaluate

the trial solution against the differential equation at NV — 1 interior points,

7r
mkzcos<kﬁ>, k=1,2,---,N —1,
where
ax;
Yk =
1—a?
This gives
N 2 N N
dx d*x
> a [(d—) T+ (55) Tl = o) X anTle) = 3 0Tl
n=0 Yy Tk Y Tk n=0 n=0
We therefore form the following matrices:
To(—1) Ty (-1)
(%) T‘S/(“”(%)xl T)(21) — v(y1) ()2, T}é<m>+($)wl T (1) — (1)
L = . .
(%)iN_l Ty (en—1) + (ﬁ)mz\zi1 To(zn—1) —v(yn—1) - (%)i]\]_l Ty (zn—1) + (Z%)mN?l Ty(@n—1) —v(yn—1)
To(+1) Ty (+1)
0 e 0
T()(J}l) R TN(I'l)
TO(:L‘N_l) TN(IL’N—I)
0 e 0

and

a = (CL(), e 7an)T7



24.4. Harmonic oscillator revisited 193

to give an eigenvalue problem
La = \Ma.

24.4 Harmonic oscillator revisited

In this section, we again use a cannon to shoot birds, and apply the Chebyshev collocation method

to the harmonic oscillator®. To do this, we must first of all write down the NDSE.

Eigenvalue problem:

multiply up by 2m/h?:

2 2
gz Tt = 2mE/I)Y
Identify a standard unit of length:
m2w?
il a=+/h/mw
Hence, the eigenvalue problem reads
oy 1, 9
—@ + gx Q/J = (QmE/h )L/J
Identify a non-dimensional variable of length:
=z/a:
1% 1, )
—?w + ?S lp = (ZmE/h )1D

Multiply up by a? and then by —1:

?;qu — 5% = =\, A\ =2mE(a*/R?).

The NDSE for the harmonic oscillator is therefore

3Matlab code: schrodinger1.m, with u=y*y in lines 155-161
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Chapter 24.

Numerical methods

As in the previous section, we propose the solution

Un(y) = Z anTn(z),

n=0
where
ax Y
y = —, R e—
V1—a? va? + z?
We introduce collocation points
s
T} = COS kﬁ , k=1,2,---,N —1,
or
ax;
Yk =
2
1—x
This gives
To(~1) , T (~1)
()2 e+ (£8) Toe) -4 (42)0 e+ (L5) T -
L =
(%)iNﬂ Ty (en—1) + (%)mN-l To(zn—1) —vX_1 (%)fmi1 Ty (en—1) + (%%)ﬂw— Ty(en-1) = Y31
To(+1) Tn(+1)
0 e 0
To(z1) Tn(z1)
M =— : : ,
To(mel) TN(OCNA)
0 e 0
and
T
a = (ag, - ,a,)" .
The eigenvalues are obtained by solving
La = )\Ma.

The spectrum is shown in Fig. 24.3 The first few numerically-generated modes are shown in the

figure (dots), along with the analytical modes: the parameter 2n in the Hermite differential equation

corresponds exactly to A — 1, hence A = A\, = 2n + 1, where n = 0,1,---. The two calculations

agree exactly for small n-values. The agreement is spoilt for higher n-values. However, increasing

N beyond N = 100 yields better agreement for this portion of the spectrum.

| have also picked out the first mode and computed the corresponding eigenfunction (Fig. 24.4).
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Figure 24.3: The spectrum of quantum harmonic oscillator: comparison between numerical method
and theory. Here N = 100.
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Figure 24.4: First eigenfunction of the quantum harmomic oscillator: comparison between numerical
method and theory. Here N = 100.

This eigenfunction is ) = e v, Again, excellent agreement is obtained.

24.5 Exotic potentials

Let's compute the spectrum of the anharmonic oscillator with corresponding eigenvalue problem
———— + (dmw’z® + qz*) ¢ = E.

We need to find the NDSE. However, let's take a shortcut. From Ch. 20, we know that a is the

lengthscale, where

a=+/h/mw,
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Figure 24.5: The spectrum of the anharmonic oscillator: convergence study. Here ¢ = 0.5.

and that the Schrodinger equation can be re-written as

oy a? (277;;2]@6) z_:¢ — 2mE/R)y.

Introducing a parameter ¢ := 2mqa®/h?, this is

4
o + ‘T—Qw + 6%1/1 = (2mE /).

o0x?  at

We identify the non-dimensional distance variable y = z/a, hence

— — (32 + 684) V= —A\.

As a final check on the correctness of the method, we compute the spectrum of this system with

e = 0.01. We expect the ground-state eigenvalue to be
Ags = 1+ Je = 1.0075.
The result with N = 500 or N = 600 is
Ags = 1.007373672,

and the small discrepancy can be explained by O(e?) terms.

However, we can go beyond perturbation theory int the numerical setting. Thus, we compute the

eigenvalues and eigenvectors for ¢ = 0.5. Fig. 24.5 shows that the energy levels of the anharmonic
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== (Ground state
-=--QHO

0.8
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Figure 24.6: The first two eigenfunctions anharmonic oscillator. Here ¢ = 0.5 and N = 400.

oscillator are shifted above the harmonic analogues, and grow superlinearly (A, ~ n%, with a > 1).
Convergence is achieved for low n-values for N = 400. Fig. 24.6 shows the first two eigenfunctions®.
They look very similar to the solution of the ordinary quantum harmonic oscillator! This also indicates
why variational methods work so well: typically, the shape of the wavefunctions is determined by
symmetry considerations (odd, even), and by the condition that they should vanish at |z| = oo;
these conditions place severe constraints on the shape, and thus systems that have the same kind

of Hamiltonian will also have the same kind of eigenfunctions.

“Matlab code: make_eigenfunction.m
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Perspectives

Recall from the introduction that Quantum Mechanics was introduced to eliminate a divergence or
an ‘infinity’ in the calculation for the spectral density of a blackbody. Recall also how relativistic
quantum mechanics was needed to develop a correct theory (with the correct prefactors) of spin-orbit

coupling in hydrogen.

If you take more advanced courses in quantum-field theory, you will find that this complete theory,
which involves the coupling of electronic charge to light, gives rise to other infinities. Feynman
managed to get rid of these infinities by introducing a renormalisation of the field theory, in which
the ‘bare’ electronic mass and charge are replaced with effective values, thus leading to convergent

probability amplitudes.

The Standard Model of particle physics contains only renormalisable operators. However, if you
combine general relativity and quantum field theory to obtain a quantum gravity, the result does
not appear to be renormalisable if the theory is constructed in a standard fashion. Thus, we are

apparently left with infinities.

Personally, | am not holding my breath, waiting for a solution to this problem (I strayed back into
classical mechanics, preferring its certainties). Indeed, | would much prefer to know if the many-
worlds solution to the problem of measurement is valid or not. Again, however, | am not holding

my breath. Answers on a postcard (or by other means) to Room 24, Science Building, UCD.

198



Appendix A

Matlab codes

A.1 Matlab code for generating spherical harmonics
function []=test_drawl(ell,m,flag)

dtheta=1;

dphi=1;
phi=0:dphi:360;
theta=0:dtheta:180;

[Phi Theta] = meshgrid(phi,theta);

Theta_rad=Thetax*(pi/180);
Phi_rad=Phix*(pi/180);

if (ell==0)
temp=1+0*Theta_rad;
else
N=legendre(ell,cos(Theta_rad));
temp=N(abs(m)+1,:,:);
temp=((-1) "abs (m) ) *reshape (temp, length(theta) ,length(phi));

end

if (m>=0)
Pellm=temp;

else
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vall=(-1) abs(m);

val2=factorial (ell-abs(m));
val3=factorial(ell+abs(m));
Pellm=vallx*(val2/val3)*temp;

end

valO=(-1) "m;
vall=(2%ell+1)/(4x*pi);
val2=factorial(ell-m);

val3=factorial(ell+m);

size(Pellm)

C=valOx*sqrt(vall*val2/val3)*Pellm.*exp(sqrt(-1)*m*Phi_rad) ;

[x y z] = sph2cart(Phi_rad, (pi/2)-Theta_rad,1);

surf(x,y,z,real(C),’edgecolor’, ’none’)

drawnow

colorbar

set(gca,’fontsize’,18,’fontname’,’times new roman’)
xlabel(’x’)

ylabel(’y’)

lighting phong

axis equal

camlight (’right’)

end



Appendix B

The Hamiltonian Formulation of Classical

Mechanics

B.1 Lagrangian mechanics

We start with the Lagrangian formulation of classical mechanics (CM), which we studied in ACM
20150: for generalized coordinates {¢;}~, and generalized velocities {¢;}% ,, the Lagrangian en-

codes all the information about the mechanical system:
L="T(q,q)—U(q), (B.1)

where T is the kinetic energy and U is the potential energy. The dynamics of the mechanical system

are obtained by imposing stationarity of the action
to
Slgdl = [ Llaw )i (B2)
t1
which leads to the following Euler—Lagrange equations:

4oL oL
dtd¢ — Ogq;’

i=1,---,N. (B.3)

Example: Consider particle motion in one space dimension. Then, ¢ is the position (¢ = x) and ¢
is the velocity. The Lagrangian is
L=1m¢ —U(q), (B.4)

and the Euler—Lagrange equations give

%(mri) = —U'(q) = mj=-U(q). (B.5)
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Thus, the Lagrangian formulation of mechanics implies the Newtonian formulation.

B.2 Hamiltonian mechanics

We define the generalized momenta conjugate the generalized coordinates ¢;:

oL
94;

pi = (B.6)

We are going to regard p;, ¢;, and ¢; as independent symbols and we are going to “get rid of”

the ¢;'s from the description of the dynamics. To do this, we introduce a new function:
H(pi, 4, i) - sz% — L(qi, di)- (B.7)

The function H is called the Legendre transformation of L w.r.t. the pair (¢;, p;). We have the

following theorem:

Theorem: H in Eq. (B.7) is independent of g;.

To prove this, it suffices to differentiate H in Eq. (B.7) w.r.t. ¢; and show that the result is zero:

OH o oL
oq;, ' 9q,
which is zero by definition. Hence,
H = H(Qi7pi) (B-S)

only. The quantity H so constructed is the Hamiltonian of the system.

Let us form the differential of H. We do so in two ways, based on Egs. (B.7) and (B.8) respectively.

Consider the first way:

oL, _ 9oL
g & 04

oL oL
= ¢dpi — 5-dg i — o ) dgis
wer 9g; ot (p a%) !

0L
1dp; — z—dg;,
¢:dp 04, q

d oL
2 dp: — d
q’L p’b (dt@ ) q’H

dp;
= qdp; — dg,
q;ap (dt) q
¢:dp; — pidg;.

dH = ¢dp; + p;dg; — dg;,

=
-
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Consider also the second way: - -
dH = —dp; + —dg;.
Opi bt Jy; g
However, these approaches are totally equivalent, so we have
OH OH
li = ; )i = ——=—, =1,---, . B.9
Gi =5 p 0, i (B.9)

These are Hamilton’s equations of motion.

Example: We return to one-dimensional particle dynamics, where L = (mq?®/2) —U(q). We identify

the momentum p conjugate to the generalized coordinate ¢:

oL . .1
pP=s =M1 = 4= P
q m
The Legendre transformation is
= mg* — 3m¢* +U(q),
= 3md* +U(q),
L,
= — U
5P +U),
= H(q,p).
Thus, H is the system’s energy!
Also,
OH , oH 1
. = <Q)7 - — b
dq dp m
Hence,
0OH 1
1= 5 = q¢= —D,
p
and .
=—— = p=-U
P=="3, p (9)

B.3 Noether's Theorem

A symmetry of the mechanical system is some transformation that acts on the system, and leaves

the mechanical properties of the system unchanged. Noether's theorem says that any such sym-
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metry gives rise to a conserved quantity. In this section, we give some demonstrations of this

theorem, although we do not prove it in a general setting.
Example: Consider N particles interacting, for which the Hamiltonian is

H = Z

+u Q17 7QN)'

Here ¢ does not appear explicitly in H:
H=H(q,pi) = H(t+ At) = H(t).

Thus, there is a conserved quantity associated with time translation t — ¢ + At. We know auto-
matically what this conserved quantity is: it is H itself. Now, we differentiate H w.r.t. time to

check if it is conserved:
dH B oH . OH . oOH

E_a_qi%+8_pipi+ﬁ’
and OH /0t = 0 because t does not appear explicitly in H. Thus,

dH OH . 0H .
T 8_%% + 8—pipi,
O0HOH O0HOH
dq; Op; - Ip; aqz"
= 0.

Thus, the Noether quantity associated with time translation is H itself. Energy conservation and
the invariance of the system under time translation are intimately linked. Note finally, this

result relies on 9, H = 0 and Hamilton's equations.

We now consider one final example to demonstrate Noether's theorem. We consider the Kepler

problem in the plane. We start with the associated Lagrangian problem in polar coordinates:

ds\?
L=T-U=1im (E) —U(r),

where the force is central, such that & = U(r) only. Also, we have ds? = dr? + r2dp?, such that

2
(%) :,’;,2_’_7,29b27

and
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The generalized coordinates are (r, @), and the conjugate momenta are thus

oL oL,

= — =mr, = — =mroy.
br="5; Pe= 9 4
We carry out the Legendre transformation:

H = prf_'—pcp@_[/a

= mr? + mr’¢ — tmi? — Lmr?o + U(r),
= imi? + o+ U(r),
Lo, 2
ot * 2mr2le +U(r).
Also,
oH 1 o 1
ap,  ml" op, mr2l®
e oH : oH
12
—=———=4U — =0.
or m r3 +Ur), Oy

We assemble these partial derivatives into Hamilton's equations. Start with the radial direction:

. O0H : 0OH
r = r = — Q= .
op,”’ b or
This gives
1 N
- .= ——2 —U'(r). B.10
F=pe D= —E = U(r) (B.10)
We also have the tangential direction:
OH ) oH

Qb = 3 Py = :
op, v Oy

This gives
1

Qb = Wptpa ptp = 0.

Hence,

p, = Const. 1= J

This result is substituted into Eq. (B.10) to give

. 1 J? .
pT:ET_?’_U/O‘)’ pr=mr
or J2
1
mit = —— —U'(r),

m 3
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or
mit = —Ulg (1), Uer (1) =

+U(r).

2mr?

Hamilton's formulation is so clever that we have almost missed the existence of a Noether conserved

quantity! Let us go back and find it. Consider again the Kepler problem

1
H=_—p+
2m

2mr2p?p +U(r).

Here, H is independent of v: H = H(r, p,, p,) only, such that
H(p+ Ap) = H(p).

Thus, the mechanical system is invariant under rotations ¢ — ¢ + Ap. Since H = H(r,p,,p,),

we have that

o0H

But, by Hamilton's equations,
o0H B

pw:—%_

Thus, the rotational symmetry 0H /0y = 0 implies the conservation of angular momentum, p, =

0.

Const.. This connection between rotational symmetry and conservation of angular momentum is
not so obvious in the other formulations of mechanics. That and the coordinate-free formulation in
Hamilton's equations (i.e. not necessarily Cartesian) makes this particular formulation of CM very

useful.



