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Definition: A k-variable boolean function is
k .
a map f from I, into I,.

Weight: w(f) = t{v € F, | f(v) = 1}.

Distance: d(f,g) =t{v € IF]; | f(v) # g(v)}.

Vector: If F, = {v,v;,...,v,, }

V() = (£, Fvy), - F vy )

k_ :
Polynomial represent.: Py(z) = Zfzol f(v;)x

Walsh coefficients: For every v € F_:
_ D<v, x>
cy = eryg(—l)f(x) U
with <, >: usual inner product.

Algebraic Normal Form (ANF)
F(Xo,X1,...,Xs_1) in

Fa[Xo, X1, .-, Xk1]/(Xo— X0, X1 — X1, .., X1 —Xj1)
such that: if u = (ug,u1,...,up_1) € Fg then
f(u) = F(ug,uy,. .., up_1).

Degree: deg(f) is the degree of the ANF.

Derivative: Ife ¢ Fg: De(x) = f(x)+ f(z+e)
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A special representation

We identify F. with Fp x F. |
and F.  with F oy = Fy(a)

n=2k-1_1 f: k-boolean function:

A special order:

FQk = {’Uo, V1,.--,Un,... ,1}2n_|_1} with:

=(0,1),v1 = (0,x), v = (O,on) ...... V1 = (O,a”_l),

vp=(1,1),vp41 = (1,),vp40 = (1,a2) T Y (1,a”_1),
= (0,0), von+1 = (1,0)

V()= (f(wo),..., fF(va-1), f(vn), ..., f(v2n-1), £(0,0), f(1,0))

Two (k — 1)-boolean functions:

weF 10 fp(u) = £(0,0), fo(u) = f(1,).
Polynomial represent.

Pi(z) = p(z)+2"q(z)+ fp(0) 22"+ fo(0) 2" 11
with

p(z) = X725 fp(a)alq(z) = Li=g fa(ad)a.
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BENT FUNCTIONS

F(k): set of k-variable boolean functions.
A(k): subset of affine functions, (deg< 1).

Definition 1
f e F(k) is a bent function if:

d(f, A(k)) = max,_., d(g, A(k))
From now on k= 2t, t > 2.

Proposition 2 (classical)
Let f € F(k), k= 2t, cy: Walsh coeff. of f.

1) f is a bent function if and only if:
Vo e Ry | ey |= 28

2) de € {—1,41} such that:
w(f) = 22t—1 4 €2t—1.



A useful lemma

Lemma 3
f: k-bent function,

GEF];@#O.

g: linear form of Fk

such that g(e) = 1.

N

There exists a k-bent function {1 in
{(f,f®l, f®g, fOgd1} such that
f1(0) = fi(e) = 0.

Strategy:
We can restrict the study to bent functions

f such that f(0) = f(e) = 0.

We choose e = (1,0,...,0) = (1,0).



Special bent functions

Definition 4
B,(k) is the set of k-bent functions f such

that: f(0,0) = f(1,0) =0.

If f € By(k), its (special) polynomial repre-
sentation is:
Pr(z) = p(z)+z"q(z) + fp(Q)z?" 4 f4(0)z2"T1

Pt(z) = p(z) + z"q(z)

n=2k1_1
p(x) = Si=g pix’ and q(z) = =g gz’
pi = fp(a’) = f(0,0), ¢; = fy(a’) = f(1,0%).

Remark:

p(x) and g(x) are in Fo[z] /(2™ — 1).

They are the polynomial representations of
the (k — 1)-boolean functions f, and fq.



ok

Special divisors of «x —1
Definition:1 .
If 4 = z;;o e;2 € N then wy(i) is the weight
of (€g, €151 €550--y6._1).

(binary weight of 7).
37 =14 22425 wy(37) = 3.

Remark: ¢ and (27)i calculated modulo 2™ —1
have the same binary weight.
Notations:
a. primitive root of Fom.
m;(z): minimal polynomial of «.
Mj(a:): product, without repetition, of the
m;(x) such that 1 < w»y(7) < j.

Example: m = 5.

231 — 1 = mo(z)my(z)mz(z)ms(z)m7(z)

m11(z)mis(x).

If’wz(i):liizl. Iwa(i):21i23,5.
If wr(i) =3:i=7,11. If wo(i) = 4 : i = 15.

Mi(xz) = mi(x), Ma(x) = mi(z)mz(z)ms(x).
M3(z) = mi(z)mz(z)ms(z)mz(z)mi1(x).



Notation: n = 2° © — 1

g(x): divisor of " — 1 in F,[x].

< g(x) >8%= {multiples modulo z™—1 of g(x) }.
(ideal generated by g(x) = polynomial repre-
sentation of a cyclic code).

A chain of ideals in Fo[x]/(x™ — 1) :

< (z—1)Mi2(z) >5 D < (z— 1)M;_1(z) >4
D < (z—1)M((z) >% OD< (z — 1)My1(z) >2

Do, D< (x—1)M;(x) >5 Do,

<(zx—1)Mz 3(x) >5 O < (z—1)Mx 2(x) >5= {0}

Remark:
M;(x) is the generator of R(m — i — 1,m)*
(punctured Reed-Muller code)




T he main result

Theorem 5
f € By(k), k = 2t, n = 2%t _q,
w(f) =27+ 2" with ec {—1,+1}.
Ps(z) = p(x) + z"q(x)
D)efine r(x) = p(z) ®q(x).
1
w(p(z)) = wlr(z)) = 2272
w(g(z)) = 2272 4 271,
or
w(p(z)) = 22172 4 271,
w(g(x)) = w(r(z)) = 2272,

2) a) There exists I, t —2 <1< 2t—4 s.t:
o p(x) and q(x) are in < (x — 1)M;(x) >5.

b) Let s be the largest integer s.t.
r(z) €< (r — 1)Ms(x) >5 and s < 2t — 3.

° Pf(x) c< (x —1)Ms(x) >%”.
o Pp (x) e< (2™ — 1)(x — 1) Ms(x) >%”.

(e = (1,0)).
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Two parameters

Definition 6

f € By(k) with Pr(x) = p(x) + 2"q(x) and
2t—1

w(f) =2 + th_l, eec{—-1,+1}.

ei js the largest integer j € [t — 2,2t — 4] s.t.
p(x) and q(x) belong to < (x—1)M;(x) >5.

es is the largest integer m € [i,2t — 3] s.t.
r(x) belongs to < (r — 1)Mmn(x) >5.

Properties

w(p(z)) = 221=2 (or 22t=2 4 2t—1),
p(z) = p(z)(z — 1) M;i(z).

w(g(z)) = 22t=2 4 211 (or 22t=2),
q(z) = v(z)(z — 1) Mi(=z).

w(r(z)) = 22t—2,
r(z) = p(z)(z — 1) Ms(x).

Py(x) = n(z)Ms(z).

Pp () = 0(z)(@" — 1)(z — 1) Ms(z).

10



New parameters for Bent Functions

Let £(k) be the set of linear k-boolean func-
tions.

Definition 7
If f € B(k) define:

Z(f) ={f, f®1, fog, f®gPd1|gec L(k),9((1,0)) =1}

Proposition 8 and definition.

a) If f € B(k) then there is 1 in Z(f) such
that f1 € By(k)

b) All the f1 in Z(f) which are in B,(k) have
the same parameters i and s.
1 and s are defined as the parameters of f.

Definition 9
B(k)[i,s] is the set of k-bent functions f with
parameters i and s.

Proposition 10
The non-empty sets B(k)|[i,s] form a partition
of the set of k-bent functions.
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Proposition 11
If f € B(k)[i,s] with k=2t and deg(f) = d,
then
i,s) =(k—d—1,k—d—1)
or
(i,5) = (k—d—2,s) withk—d—1 < s < k-—3.

Conclusion

Unfortunately ..........

Fortunately ..........
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EXAMPLES
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The partition of B(6): (G.Vega).

B(6) =B(6)[1,2]UuB(6)[1,3]UB(6)[2,2] UB(6)[2, 3]
Degree 3
| B(6)[1,2] |=213(3*)(7)(31)(37)
| B(6)[1,3] |=213(33)(7)(31)
| B(6)[2,2] |=213(33)(7)(31)
Degree 2
| B(6)[2,3] |=213(7)(31)

Remark: | B(6)[1,3] |=| B(6)[2,2] |

Duality

The dual of f is the k-boolean function f~*
: k At

whose support is {v € F, | cv = =2}

f*is a bent function and (f*)* = f.

Define § : B(6) — B(6) such that 6(f) = f*.
We obtain:

6(B(6)[1,2]) = B(6)[1,2]

6(B(6)[2,3]) = B(6)[2, 3]

6(B(6)[1,3]) = B(6)[2,2]
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Example 1:

Definition of f:
Let v be a primitive root of [Fgq with
P +v+1=0.

L =F% = {1,7°,418,~427, 436,445 454 1.

The support of fis LU~LU~2LUA~3L.
Thus f is a "Partial-Spread Bent Function”
(Dillon).

w(f) =28, e = —1.

(0,0) is the representation of 0 and (1,0) is
the representation of v° but 0 and ~° are not
in the support of f.

Then fe B (6).
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We find: Pr(z) = p(z) + 231q(z) with:

p(m) =£C28—|—5626—|—5825—|—£C24—|—5623—|—5621—|—£Cl6—|—5615
4xl3 4224+ 28425+ 23+ 2+ +1
= A(x)(x—1)M;(x) with
A(w): (:Ij-i—1)(:621+$17+$16+$15+£B12+ZC9+$7
+a°+ a2t P+ 2?44 1)

Q(CC) :$30+$28+$24+$21_|_$20_|_$18_|_$17_|_$16
+213 + 212 + 211 + 2= B(x)(x — 1)M;(x) with
B(x) =2 (x+ 1) (2®+ 2>+ 2*+2°+ 1)
(x13—|—x12—I—x9+az8—|—a:7—|—az6—l—x4—|—:c2—|—1)

7“(33) — 30 + 126 + 125 + 123 + 120 + 718 + 717 + 15
il 428+t 23+ 2242+ 1
= C(x)(x — 1)M2(x) with
Clx)=(x+D*z*+22+1)(a®+2*+2°+2+ 1)
P(x) = D(x)(x — 1)Ma2(x] with

D(z) =

(x+1)3( 2B+ 2042+ 20+ 2>+ 2+ 224+ 2+ 1)
(®F+ 28+ +2°+23 2+ D)3 +2+1)
(ac18—|—:1c15—|—:1c14—|—:1c12—|—:1c9—|—5137—|—w5—|—x3—|—1)

f belongs to B,(6)[1, 2],

the degree of f is 3,

w(p(z)) = w(r(z)) =242 =16

w(g(x)) =222 -2-1 =12
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Example 2:

k = 6 and f is the nondegenerate quadratic form
defined by

F(X07X17X27X37X47X5) — Z Z XZXJ

0<i<j<5

(0,0) and (1,0) are not in the support of f and thus
f belongs to B (6).

We find:

p(z) = A(x)(x — 1)Ma(x) with.A(x) =
2 (Pt + 22+ D) (Pt + 22+ 23+ 22+ 2+ 1)

g(x) = B(x)(x — 1)Mz(x) with
B(z) = (z—1) (B3 42 +2 1 4+ 210428420+ 25422+ 1)

r(z) = (x*+ x4+ 1)(x —1)M3(x) (in the Simplex Code).

Then f belongs to B,(6)[2, 3],

The degree of f is 2,

w(p(z)) = 2%t-2 4 211 = 20,
w(q(z)) = w(r(z)) = 2%72 = 16.
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Example 3 (given by G.Leander):

With X — (X17X27X37X47X5):

P(X) = X1Xo 4+ XoX3 + X3X4,
Q(X) =P(X) + X1X3+ X5

Let f be defined by its AFN:
F(X0,X) =1+ Xo0)P(X) + XoQ(X)

One can check by computer that the boolean function
f is a bent function. We find :

p(a:) — $28 _|_ $27 _I_ $23 _I_ $20 _I_ 5619 _I_ 5618 _I_ £Cl7 _I_ £Cl6
+2t° + 21 4 2 + 2% = x3(x + 1)°Ma(x)

q(az) :ZC3O+ZC27+ZC25+ZC24+$21-|-£U20-|-5619-|-:C18
—I—x15-|—x14-|—x11-I—x10+x9-|—x7—|—az5—|—a:4
=x*x+1D)EP+xXP+xB+ x5+ x5+ x*+x3+x+ 1) Mo (x)

r(w) — 30 + 128 + 125 + 124 + 121 + 217 + 116 + 13
—|—3311—|—3310—|—5139—|—$8—|—$7—|—£C5—|—£U4
=x*(x+1)E*+x3+ 1D +x+ 1)Ma(x)

Then f belongs to B,(6)[2, 2]

The degree of f is 3.
w(p(z)) =272 4 271 =12,

w(q(z)) = w(r(z)) =222 =16
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Example 4:

f is defined by:
fo(x) = tr(we + " + zt1)
fo(x) = tr((w+ Dz +2" +211) with w = a1,
We check by computer that f is a bent func-
tion. We find:
p(w) — $28 + $27 + 5624 + $23 + $22 + 1621 + CCQO + £Cl7
—|—:1316—|-:1313—|-£1311—|—:C9+ZU8+$5—|—$3—|—$2
= A(x)(x+ 1)M;1(x) with
A(z) = 2?(204 22+ 28+ 2+ 24+ 22+ 1) m7(z)m11(x).

q(a:) — ZB28 + 51727 + 51326 + £B23 + ZE18 + ZU16 + ZU12 + xlO
428 4+ 2% + 22+ 1
= B(x)(x 4+ 1)M;(x) with

B(z) =(x+ Dt +z" + 23+ 22 + 1D)m7z(z)m11(z).

’I“(CU) — $26 _|_ x24 _|_ $22 _I_ x21 _I_ $20 _I_ x18 _I_ xl? _I_ x13
-I-ZClQ-I-ZCll+x10+x9+x6+$5+$3+1
= (x + 1)M3s(x)

f belongs to B(6)[1, 3]
The degree of f is 3.
Weights:
w(q(z)) = 2%-2 _2t—1 =20
w(p(z)) = w(r(z)) =222 =16
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