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General Problems

@ Find conditions that guarantee the solvability of systems of
polynomial equations (Chevalley)

@ For systems of the form

31X1d—|-"‘—|-a,,X,c,!—|- G1(X1,~~- ,X,,) =0
biXf + -+ by XK+ Go(Xy, -+, X,) =0, (1)
determine the minimum number of variables n such that these

systems always have solutions.
(Waring)



Our Approach
Our Approach

Let F(X) =N aiXPi-. X, a; #0. If

n )

S(F) = S ek, O(F(xa xa)), then vo(S(F)) > 57,

where L = min(jl’m’jN) {ZIIV:]_ Up(j,‘) ‘ 0 Sj, < q} g and (jl7 . ,_jN)
is a solution to the system

e11j1 + e+ ... +enjy =0modg—1

enj1 +emnjp+...+emnjv =0modqg—1,

where S-I | ejji #0, for [=1,--- ,n.

Using this Theorem in our systems we get v,(N) > 0.



Our Approach

Our Approach

Compute the exact p-divisibility of exponential sums
associated to the systems of polynomials by studying the minimal
solutions to

el +ewp+...+enjy =0modqg—1
: : (3)
entfi+emp+...+emnjy =0modg—1,

Our Approach: Classify all minimal solutions and count them.
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Our Approach

Our Approach

Compute the exact p-divisibility of exponential sums
associated to the systems of polynomials by studying the minimal
solutions to

el +ewp+...+enjy =0modqg—1

: : (3)
en1+emnjp+...+emnjvy =0modqg—1,

Our Approach: Classify all minimal solutions and count them.

@ Unique minimal solution (prove this)
@ All solutions have the same form (prove it and count them)
@ More than one form of minimal solutions (need more tools...)
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Known Results

Notation

°oq=p
o n=ag+aip+ap®+---+ap where0<a <p

op(n) = Zﬁ:o aj.

® wp(X{t -+ Xgn) =op(er) + -+ + op(en).
) F(X]_,...,Xn) = Zia,-Xfli cee XCniog; 7é 0

n >

o wp(F) = max; wp(a; XY -+ X&nh).



Known Results

Chevalley-Warning's Theorem

Let F(Xi,...,X,) be a polynomial of degree d over F; with n > d.
Then p divides the number of solutions of F = 0, and, in particular,
if F(0,...,0) =0, then F has a nontrivial solution over F,.




Known Results

Carlitz's Theorem

Let d be a divisor of p—1, and a; € Fg* fori=1,--- ,d. If
G(Xi,...,Xq) is a polynomial over Ty with deg(G) < d, then the
equation ay X{ + -+ + adXC‘,"' + G(X1,...,Xy4) =0 has at least one
solution over If,.




Known Results
Felszeghy's Theorem

X+ 4 an X+ G(Xq, ...
n> | 2=L | where deg(G) < d.

[E5T

, Xn) = 0 is solvable over [, for




Known Results

Previous Results

Let d;|(p — 1) and a; € F4*. Suppose that "¢_; dl,- is an integer
and consider

(X -+ X,

)d17 (Xi

ny+1 ’

d
= X, )% (X

nyg_1+1 o

X )" (4)
all with the same degree d > 1, disjoint support, and
1<ij<n=ne If G(Xq,...,Xn) € F[X] with wy(G) < d, and
F(Xl, 500 ;Xn) = al(X,- o -)(,'”1

+at(X,'

ne_1+1

)t a2 (Xiy oy Xy )®
= Xi)% + G(X, ..., Xn),

L 1) . e .
then p (=571 s the exact divisibility of the number of solutions
of F = 0. In particular, F has at least one solution over I,.
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Previous Results

Let d;|(p — 1) and a; € F4*. Suppose that "¢_; dl,- is an integer
and consider

(X -+ X,

)d17 (Xi

ny+1 ’

d
= X, )% (X

nyg_1+1 o

X )" (4)
all with the same degree d > 1, disjoint support, and
1<ij<n=ne If G(Xq,...,Xn) € F[X] with wy(G) < d, and
F(Xl, 500 ;Xn) = al(X,- o -)(,'”1

+at(X,'

ne_1+1

)t a2 (Xiy oy Xy )®
= Xi)% + G(X, ..., Xn),

L 1) . e .
then p (=571 s the exact divisibility of the number of solutions
of F = 0. In particular, F has at least one solution over I,.

@ One minimal solution.
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Previous Results

F:X17+X27+"'+X77+Zi<jai,inXj+X129i+1+---—|-X729"+1E
Byor [X1, ..., X7].

Then F = (3 has at least one solution for any 3 &€ Eyr.




Known Results

Previous Results

F:X17+X27+"'+X77+Zi<jai,inXj+X129i+1+---—|-X729"+1E
Byor [X1, ..., X7].

Then F = (3 has at least one solution for any 3 &€ Eyr.

@ Result generalizes Carlitz's result.
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New Result:

Zarl(Xl, ce ,Xn)d”l + G1(X1, . 7Xn) =0

Za,z(Xl, ce ,)(,,)d"2 + G2(X1, ce ,Xn) =0

Z art(Xla tee 7Xn)dr’t + Gt(le s 7Xn) =0.
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New Result:

Example
Let 12| (p — 1) and consider

XP 4+ X3+ X3+ X+ X2+ X¢ + Gu(Xy,..., X10) =0
X3+ Xg + Xg + Xy + Go(X, ..., X10) =0,

over s, where w,(G;) < 3.

Then v,(N) = p’ and the system has solution.




New Results

New Result:

Let 6| (p — 1) and consider

XP+X3+ X+ X0+ X2+ + X =m
(X5Xe)® + (XeXe)® + > XiXj = 12

i<j
X+ X+ X3+ X0+ Xu =

over [Fr. The system has solution for every (71,72,73) € IFPZ,.




New Results

New Result:
Consider
Z aa(%y o0 o 0 g X,,)d"l + G (X1, ..., Xn) =0
S (X, Xa) T2 4 Ga(Xe, ., Xn) =
Z are (X1, - - ,X,,)d"t + Ge(X1, Xn) =
where

@ all a,i(X1,...,X,)% have disjoint support and deg > 1
o G € ]Fq [X] 5 WP(G,') < min; {deg (a,,-(Xh c.. ,Xn)d”i)}

o dil(p—1)
Then vp(N) =3} ﬁ — tf, and the system has solution whenever

1 . . T
er,‘ is an integer fori =1,...,t.
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New Result:

Theorem

Let a,b € F,*, d, k such that gcd(d, k) =1, dk =p—1, d even
and n>d+ k # p.

Let Gl(Xl, oo ,Xn), Gg(Xl, <o ,Xn) E FP[X] with
deg G1 < d,deg Gy < k, and consider

aXfi 4+ 4 axd+ GuXa, -, X)) =0
+bXf £ £ bXS+ Go( Xy, -+, X,) = 0. (5)

Then, the system has solution in Fp”.




New Results
New Result:

Theorem

Let a,b € F,*, d, k such that gcd(d, k) =1, dk =p—1, d even
and n>d+ k # p.

Let Gl(Xl, oo ,Xn), Gg(Xl, <o ,Xn) E FP[X] with
deg G1 < d,deg Gy < k, and consider

aXfi 4+ 4 axd+ GuXa, -, X)) =0
+bXf £ £ bXS+ Go( Xy, -+, X,) = 0. (5)

Then, the system has solution in Fp”.

@ Minimal solutions of the same form but not unique.



New Results
General Coefficients??

Example

Let g =1, deg G < 3,deg G, < 2, and consider

X24+2X3+ X3+ X2+ X2+ Gi(Xy, ..., X5)

0
X2+ X2+ X3+ X2+ X2+ Go(Xa,..., X5) = 0. (6)

If all coefficients were equal, our method would give that 7 fN for
any Gi, Go. But 7|N




New Results
General Coefficients??

Corollary

Let p=3mod4,d="21 n=d+2 deg G < d,deg G, <2 and
consider

+aX{ £ +aX?+ Gi(X1,..., Xn) =0
biXZ+ -+ bp X2+ Go(Xy,..., Xn) =0 (7)

Let m be the number of quadratic nonresidue mod p in
(b1,...,bn). Then system is solvable if and only if
m:O,l,pgl,n, orl<m< pTJrl and

16m? —24m+3 =0 mod p. Otherwise p divides N.




New Results
New Result:

Corollary

Let 3 € I, and N be the number of solutions of the system

aXP b+ aXP T+ Gi(Xe, e, Xp) =0
+hX, £ - £ bX, + = 0. (8)

Then, p|N.




New Results
New Result:

Corollary

Let 3 € I, and N be the number of solutions of the system

aXP b+ aXP T+ Gi(Xe, e, Xp) =0
+hX, £ - £ bX, + = 0. (8)

Then, p|N.

e Note that n = p =) d; and this improves
Chevalley-Warning's (and Katz's) theorem.



New Results
New Result:

Let ac F,", p>3, andd = pT_l. Suppose deg G < d and let N
be the number of solutions of the system
aX1d+ +aXc7+1 + G(X17 7Xd+1) - 0
X1+-"+Xd+1—‘rﬁ:0. (9)

Then v,(N) = 0 and the system has solution in I," for all 3 € F,.
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@ Note that dk # p — 1.



New Results
New Result:

Let ac F,", p>3, andd = pT_l. Suppose deg G < d and let N
be the number of solutions of the system
aX{ 4+ +aXdy + G(Xe, -, Xg41) =0
X1+-"+Xd+1—‘rﬁ:0. (9)

Then v,(N) = 0 and the system has solution in I," for all 3 € F,.

@ Note that dk # p — 1.

@ Two different forms of solutions.



Our Method

p-divisibility and Number of Solutions

Theorem

Let g = pf, F(X), -, Fr(X) € F4[X] and N be the number of
common zeros of F1,--- , F;:. Then,

N=ptf Z A(y1Fi(x) + - - + ye Fe(x)).
xGFqn,yEth

To determine solvability:

e Exact p-divisibility: If v,(N) = a, then N # 0



Our Method
Bound on p-divisibility:

Let F(X) = SN g X{ui ... Xeni | a; # 0. If

S(F) =Yy oeF, $(F(x1s -, xn), then vp(S(F)) = 5y,
where L = ming;, i {Z,N:l op(i) | 0 <ji < q} , and (ji, ..., Jn)
is a solution to the system

e11j1 + e+ ... +enjy =0modg—1
: : (10)
entj1 +emfp+ ...+ ennjv =0mod g —1,

where S eji #0, for [=1,--- ,n.

Using this Theorem in our systems we get v,(N) > 0.



Our Method

Our approach

q—1 -1 [ N N o
S(F) = ' Z [H C(J:)] [Z tj1e1+--.+j/ve/v] [H aIJii]

Jjnv=0 Li=1 te7Tn

o
=
I

o

N N
vo(T) = v ([H cu,-)] [Z tﬁ“*”'””eN] [H D (11)
i=1 t

i=1

N .
— Z U"’(J’l) + fs,
i—1 P~
Problem: There can be many (ji, ..., n) that produce solutions

with minimal p-divisibility.
Our solution: To classify all minimal solutions and count them.



Our Method

To compute exact divisibility of the exponential sum by:
Finding all minimal solutions
Determining if they give similar terms in the sum

Counting the number of similar terms in each group

Computing the exact value of the terms



Sketch of Some Proofs

Case gcd(d, k) =1, dk=p—1and n=d + k:

Theorem

Let a,b € F,*, d, k such that gcd(d, k) =1, dk=p—1, d even
and n>d+ k # p.

Let G1(X1, oo ,Xn), GQ(Xl, <o ,Xn) E FP[X] with
deg G1 < d,deg Gy < k, and consider

aXii oot axd 4 G, , X)) =0
+bXf £ £ bXK+ Go( Xy, -+, X)) =0. (12)

Then, the system has solution in IFP”.




Sketch of Some Proofs

Case gcd(d, k) =1, dk=p—1and n=d + k:

XP4+- X =a
Xf 4+ 4 X =p.

Associated system of modular equations:

dhi + ks; =0mod p—1

dh, + ks, =0mod p—1
hi+---+hy+hps1=0modp—1
s1+---+Sy+ 541 =0mod p— 1.

(h17"' ahn ©S1,° " ,5n hn+1,5n+1)



Sketch of Some Proofs

Case gcd(d, k) =1, dk=p—1and n=d + k:

All solutions with minimal p-divisibility have the form:
d k d k
—— N S —
(k,'-- .k,0,---,0:0,---,0,d,--- ,d:0,0)

They produce (/) similar terms T with v,(T) = 2.

_ n
N=p 2<d>p2N’, p N

If n=d+ k # p, then p f(]) and v,(N) = 0.



Sketch of Some Proofs

aX{ + -+ aX§ + G(X1, Xap1) =0
Xu bt Xy £ = 0. (13)

Associated system of modular equations:

dhy +eiiti+---+enty+s1=0mod p—1
: (14)
dhgi1 + egr11ti + - + egyinty + Sgr1 =0mod p— 1
h+---+hyp1+t1+---+ty=0modp—1
si+--+S411+/=0mod p— 1.

(hi,- - Jhgyr st ,Sd1 it -ty 2 )



Sketch of Some Proofs

Minimal solutions have two forms:

(0,2,---,2:p—1,0,---,0:0,---,0:0)

(1,1,2,---,2:d,d,0,---,0:0,---,0:0)

They produce d + 1 similar terms T; and (d;rl) similar terms T

with vp(T;) = 2.

Problems!!!!



Sketch of Some Proofs

To prove that v,(N) = 0, we need to compute the values of :

C(O)2d+3+NC(2)dC(p - 1)(P o 1)d+3(a/)2d
— c(2)%e(p— 1)(p — )",

c(0)T TN e(1)2e(2) L e(d)(p — 1) ()
= c(1c(2)’ He(d)(p — 1))

and
w(F) = vo ((d +1)e(2)?e(p — 1)(p — 1))

(751 cze@ teare - v ).



Sketch of Some Proofs
_ p-1l.
Case d = 5~

We prove that v,(N) = 0 by proving that

(d +1)c(2)%c(p— 1)(p—1)7"3
92(p—1)




_ p—1.
Case d = o

Lemma

There is a unique polynomial C(X) = qu;ol c()XI € K(&)[X] of
degree q — 1 such that

C(t) =" %® forallte T,
Moreover, the coefficients of C(X) satisfy
c(0)=1
(g-1Dc(g—-1)=—q
(g—1)c() =g() for0<j<qg-—1,
where g(j) is the Gauss sum,

gl) = Y e,

teT*




_ p-1l.
Case d = o

Theorem (Stickelberger)

For0<j<qg-—1,

0ol _ ; vog
QUP(J)




Conclusion

Conclusion

We computed exact divisibility of exponential sums to determine
that very general families of systems of polynomial equations
always have solutions over finite fields. The solvability of these
type of systems could not be determined before by other methods.
Our results extend and generalize well know theorems such as
Chevalley's and Carlitz's theorems.
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