Realizing profinite reduced special groups
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Abstract

Special groups are an axiomatisation of the algebraic theory of
quadratic forms over fields. It is known that any finite reduced spe-
cial group is the special group of some field. We show that any special
group that is the projective limit of a projective system of finite re-
duced special groups is also the special group of some field.

1 Introduction

The theory of special groups is an axiomatisation of the algebraic theory of
quadratic forms, introduced by Dickmann and Miraglia (see [5]). The class of
special groups, together with its morphisms, forms a category. As for other
such axiomatisations, the main examples of special groups are provided by
fields, in this case by applying the special group functor, which associates to
each field F' a special group G(F') describing the theory of quadratic forms
over F.

The category of special groups is equivalent to that of abstract Witt
rings via covariant functors, while the category of reduced special groups is
equivalent, via the restriction of the same covariant functors, to the category
of reduced abstract Witt rings (see [5, 1.25 and 1.26] ; recall that the special
group of a field F'is reduced if and only if F' is formally real and Pythagorean).
The category of reduced special groups is also equivalent, via contravariant
functors, to the category of abstract spaces of orderings (see [5, Chapter 3]).

The question whether it is possible to realize every (reduced) special
group as the special group of some (formally real, Pythagorean) field is still
open, but the case of finite reduced special groups (actually of reduced special
groups of finite chain length) has been positively answered by the combina-
tion of two results of Kula and Marshall:
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In [11], and building on techniques introduced in the field case by Brocker
in [3], Kula showed that the product of two finite special groups of (formally
real, Pythagorean) fields is still the special group of some (formally real,
Pythagorean) field, and in [15], Marshall showed that every finite reduced
special group can be constructed from the special group of any real closed
field by applying a finite number of times the operations of product and ex-
tension (Marshall’s result is actually stated and proved for abstract spaces
of orderings). Since the extension of the special group of a (formally real,
Pythagorean) field is still the special group of a (formally real, Pythagorean)
field, it shows that every finite reduced special group (or reduced special
group of finite chain length) is realized as the special group of a field.

After finite reduced special groups, the simplest objects to consider are
probably projective limits of finite reduced special groups, i.e. profinite re-
duced special groups. They have already been studied in several publications,
such as [1], [13], [14], and more notably in [12] where the question of the re-
alization of these special groups by fields is considered and where it is shown
that every profinite reduced special group is isomorphic to a quotient of the
reduced special group of some field ([12, Corollary 4.7]).

In this paper, we improve on this result by showing that every profinite
reduced special group is isomorphic to the special group of some (necessarily
formally real and Pythagorean) field.

Both authors wish to thank the referee for many detailed and helpful
comments.

2 Preliminaries

We will make repeated use of the following general notion

Definition 2.1 Let A, B, A’, B' be objects in a category C, and let A : A —
B, N : A — B be C-morphisms. Then \,\ are said to be naturally
identified (in symbols, X\ = X' ) if and only if there are C-isomorphisms
in:A— A, ig: B — B such that the following diagram

A4 g

Al | l”

B—2>p

commutes. In this case, we also say that A and X' are naturally identified
via i4,15.



2.1 On special groups

We assume some familiarity with the theory of special groups, as presented
in [5], and only introduce the following notation:

If G is a special group, Ssat(G) denotes the poset of saturated subgroups
of G, ordered by inclusion. We recall that if A € Ssat(G), then G/A is a
reduced special group if and only if A C G, if and only if —1 ¢ A.

Definition 2.2 A profinite reduced special group is the projective limit of a
projective system of finite reduced special groups.

If (G}, fi;)i<jer is a projective system of finite reduced special groups, where
(1,<) is a downward directed poset, and if G is the projective limit of this
system, the fact that G is indeed a special group (with the structure induced
by its inclusion in the product [ [, ; G}) follows immediately from [6, Theorem
3.24]. Moreover, as proved in [13, Proposition 1.9.11], it is always possible to
describe G as the projective limit of a projective system (Gj, fi;)i<jer having
the properties

1. For every i € I, G; is G/A; with A; saturated subgroup of G of finite
index;

2. For every « < j € I, A; C A and f;; is the canonical projection of
special groups induced by this inclusion.

We briefly sketch the argument: Let ¢ : G — Hjel G be the canonical
embedding given by the definition of projective limit, and let 7; : ]| jer G —
G’ be the canonical projection. We define A; := ker(m; o), G; == G/A;
and, for i < j € I, f;; to be the canonical projection induced by A; C A;.
The system (Gj, fij)i<jer is a projective system, whose projective limit is
isomorphic to G, via the map g € G +— (g.A)ies € {iin(G/Ai, fij)i<jer-

Remark 2.3 If M = (M, fi;)i<jer is any projective system, and if i’ € I,
by restricting this system to the set I' := {i € I | i < i'} we obtain a new
system

M= (Mi> fij)igje[/-
Since 1" is coinitial in I, M and M’ have isomorphic projective limits, and
M’ possesses the following extra property

3. The index set of the projective system has a maximum element.

Definition 2.4 We call adequate a projective system of special groups that
satisfies conditions 1, 2 and 3 above.



We will adhere to the following convention throughout this paper: Let (1, <)
be a downward directed poset. If (I, <) has a maximum element, we will
denote it by T, and if (/,<) has a minimum element (which happens for
instance if I is finite), we will denote it by L.

Let Gg, G, be abstract groups and denote by my : Gog x G; — Gy
(g0, q1) = 9o, ™1 : Go X G1 — Gy : (go,91) +— g1 the canonical projections
and by o : Go — Go X G1 : go = (90,1), t1 : G1 — Go x G1: g1 — (1,91)
the canonical injections.

Fact 2.5 below is straightforward.

Fact 2.5 Let Gy, Gy be special groups. Then the canonical map

¥ Ssat(Go x Gh) — Ssat(Gy) x Ssat(G1)
A= (19" [A] e [A]) = (mo[ Al m[A])

is an order-preserving bijection, whose inverse is (Ag, Aq) w»—_; Ag X Aq.
In particular, if A € Ssat(Go x G1) and (Do, A1) = (15[A], ¢ [A]), then
A=Ay x Ay and A is proper if and only if Ay or Ay is proper. Moreover:

e The canonical surjective morphism of special groups Gox Gy — Go/Agx
G1/A; induces a natural isomorphism of special groups ' qa : (Go %

G1)/A =5 Go/Ag x Gi/A;

o I[f A C A" € Ssat(Gy x Gy), then the projection (Gy x G1)/A —
(Go x G1) /A" is naturally identified, via the isomorphisms qa, Gas, with
the (product) projection Go/Aog X G1/Ay — Go/ Ay x G1/A.

2.2  On projective systems of (valued) fields

Let (I,<) be a poset. For each i,5 € I such that i < j we define d(i,j) :=
max{length of a chain from i to j} € NU {oo}, and if i £ j then we set
d(i,j) := —oo. Of course, in case i and j are comparable, we have d(i,j) =
d(j,1) if and only if 7« = j if and only if d(7, j) = 0.

We will often consider (I, <) as a directed graph whose vertices are the
elements of I, and where there is an edge from ¢ to j if and only if i < j and
d(i,j) = 1.

We first remark that it is possible to describe some projective systems of
fields as projective systems whose morphisms are all inclusions.

!That are reduced if A is proper or, otherwise, the trivial special group {1}.



Remark 2.6 Let F := (F, fij)i<jer be a projective system of fields over a
downward directed poset (I, <) with mazximum element T € I. Then there
is an isomorphic projective system of fields F' = (F], v;j)i<jer such that: if
i < j €1, then F] C Fj and the morphism of fields v;; : F] — Fj is the
inclusion. In particular, the projective limit of the system F is isomorphic
to the intersection of the fields F}, i € I.

We briefly sketch the argument. For each i € I, we define F! := f;7[F;] C Fr.
Since for i < j € I, fit = fjT o fij, we obtain F] C F}, so we can define ¢;; to
be this inclusion. It follows that F and F’ are isomorphic via the morphisms
(fir)ier. Therefore: m(Fj, fij)icjer = Mm(Fj, vij)i<jer = ﬂl F C Fr.

The next results lead to corollary 2.10, which shows thateany finite pro-

jective system of fields of characteristic zero, whose index set has a maximum
element, is isomorphic to the projective system given by the residues of a fi-
nite projective system of valued fields. We first fix some notation:
If (K,v) is a valued field, we denote by Kv or by K (if there is no risk of
confusion about which valuation we consider) the residue field of v, by vK its
value group, by O the valuation ring associated to v and by M its maximal
ideal (if there is no ambiguity about the valuation v under consideration). If
a € Ok, we denote by av or @ (once again if there is no risk of confusion)
the class of a in the residue field K. Finally, if v has rank one, K* denotes
a completion of K with respect to v.

If F = (Fi,&j)i<jer is a projective system of fields, we denote by G(F) the
system (G(F;), G(&;))i<jer obtained from F by applying the special group
functor G.

If F = ((F,v),&;j)i<jer is a projective system of valued fields, we denote
by res F or Fu the induced residue projective system (F;v;, (§v);;)i<jer, Where
the (§v);; are the induced morphisms of fields.

If a projective system of fields or of valued fields is denoted by (F});es
or (Fj,v;)ier, i.e. without mention of the morphisms, it means that the
morphisms are all inclusions (from a field within all fields with larger index).

Lemma 2.7 Let (K,v) be a henselian valued field of residue characteristic
zero and let L be a subfield of K. Let N be a subfield of K such that L C
N C K. Then there is a field M such that L C M C K and M = N.
Moreover, if [N : L] is algebraic, respectively finite, then M can be chosen
such that [M : L] is algebraic, respectively finite.

PROOF: Write N = L(X)(ay,i € B), where X is a transcendence basis of N
over L and (a;,1 € ) is a (possibly infinite) tuple of elements that are alge-
braic over L(X), indexed by an ordinal 3. Let Y be a set of transcendental
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elements over L such that Y = X. By [8, Corollary 2.2.2], the restriction
of v to L(Y) is the Gauss extension of v from L to L(Y). In particular
L(Y) = L(X).

We now proceed by induction on k € 3 to find elements a; € K, i < k, such

that L(Y)(a;,i < k) = L(X) (e, i < k).

If k = 0 there is nothing to prove since L(Y) = L(X).

Assume we have found all a; for i < k. Let Ny = L(Y)(ai,i < k) and
My, = L(X)(a;,i < k). By hypothesis we have N, = M, Let P € Og|[T] be a
unitary polynomial such that P is the minimal polynomial of v, over L(X).
Let ag, be aroot of P in K such that a; = ay, (it exists since (K, v) is henselian

of residue characteristic zero). We have Ny (ax) 2 Mk(ai) and the fundamen-
tal inequality (see [8, Theorem 3.3.4]) tells us [Ng(ax) : Ni] < [Ni(ar) @ NiJ(<

deg P). Since [Mg(ay) : My] = deg P, it follows that Ny (ax) = Mg(ay), which
is the desired result. a

Definition 2.8 Let (K,v) be a valued field and let (E;)i<n and (F})ic, be
two sequences of fields of the same length n. We say that (F})i<, is a good
residue of (F;)i<n in (K,v) if

1. EigKandFigffori<n;

2. For every A C{0,...,n—1}, (E;,i € A) = (F},i € A) (where (L;,i €
A) denotes the compositum of the fields L;).

Lemma 2.9 Let (K,v) be a henselian valued field of residue characteristic
zero, and let (F;)i<n and (F;);<n be two sequences of fields of length n such
that (F})i<n is a good residue of (E;)i<n in (K,v). Let (F})i<m be a sequence
of subfields of K, and let, fori € {0,...m — 1}

A ={j€{0,....,n—1} | F; C F/}.
Then there is a sequence (E.);<m of subfields of K such that

1. for everyi € {0,...,m — 1} and every j € A;, E; C E! and trdeg E! |
E; = trdeg F! | F};

2. (F!)icm 1is a good residue of (E!)i<m.
ProoOF: We will use the following fact, which is a reformulation of [8, Remark
412 (3)]:
Fact 1: Let (N,w) be a valued field and let P,QQ € Oy[T]| and R € NIT]

be such that P = QR. Assume that ) is primitive (i.e. w'(Q) = 0, where
w' is the Gauss extension of w to N[T7], i.e., min;<; w(a;) = 0 if one writes
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Q=ag+ -+ aT"). Then R € Oy[T].
Proof of fact 1: Write P = aP; and R = cRy with a,c € N and Py, Ry € N|[T]
such that w'(P;) = w'(Ry) = 0 (so Pi, Ry € On[T]). Then w(c) = w'(Q) +
w'(cRy) = w'(QcRy) = w'(QR) = w'(P) > 0 since P € Oy[T]. This yields
R = cRy with w'(R) = w(c) + w'(Ry) = w(c) > 0, i.e. R € Oyn[T]. End of
proof of fact 1.

We need to fix some notation:
For A C {0,...,n — 1} we denote by Fy4 the field (F;,i € A) and similarly
by E4 the field (E;,i € A).
For i < mlet X; = {z;1,..., 2z, } be a transcendence basis of F! over Fy, =
E_Ai, and let Y; = {y;1,...,yir,} C K be a set of transcendental elements over
E,4, such that Y; = X;. Note that by [8, corollary 2.2.2], it implies that the
restriction of v to Ey,(Y;) is the Gauss extension of v from Ea, to Ea,(Y;).
In particular we have Ex,(Y;) = Ea,(X;) = F4,(X;) (the last equality holds
because (F})i<p is a good residue of (E;)i<y).

Write F! = Fy,(X;)(;), where a; = (ayj)jep, is a (possibly infinite) tuple
of elements algebraic over Fs, (X;). Fori <mand j € §; let Pi; € Og, ;[T

be a unitary polynomial such that P;; is the minimal polynomial of c;; over
E4,(Y:) = Fa,(X;), and let a;; € Ok be aroot of P;; with @;; = o; (a;; exists
since (K, v) is henselian of residue characteristic zero). We take for E! the
field E4,(Y;)(a;), where a; = (a;;)jep,- The first conclusion of the lemma is

obviously satisfied. Let A C {0,...,m — 1}.

Claim: Let L be a subfield of K such that (L, v) is henselian, (E;,j € A;,i €
A)(Y;,i € A) C L, and (F/,;i € A) C L. Then a; € L for every i € A, i.e.
LD (ElicA).

Proof of claim: Let i € A and j € 3;. Since a;; € L and (L, ) is henselian
(of residue characteristic zero), there is b;; € Oy, such that E = ay; and by
is a root of P,;. Assume b;; # a;;. Then we can write P;;(T) = (T — a;;)(T —
bi)R(T) in Ea, (Y3, aij, biy). But Py, (T'—ag;), (T'—bij) € Op,, (viay, b [T] and
(T — ai;)(T — by;) is primitive, so by Fact 1 we have R(T') € O, (v;,a5.5:,) [1]-
Going to the residue field K we get Pi;(T) = (T — ay;)*R(T), so «j is root of
order at least 2 of P_ij, which is impossible since P_w is the minimal polynomial
of a;; and char K = 0. So a;; = bj; € L. End of proof of the claim.

We have Ey = (E,i € A) = ((E;,j € A)(Yi)(aw),i € A) = (E;,j €
A i€ A)(Yi,i € A)(a;,i € A), and

(E;,je A ic A\ (Y,ic A) = (E;,j€ Ay i€ A)(X, i€ A)
= (Fj,j € Ai,i € A)(Xy,i € A).

Moreover (F,i € A) = ((F},j € A)(Xi)(«),i € A) = (F},j € Aj,i €
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A) (X0 € A)(ay,t € A). So (F,i € A) is an algebraic extension of
(E;,j € Aj,ie A)(Yi,i € A). In particular (see lemma 2.7) there is an al-
gebraic extension E” of (E;,j € A;,i € A)(Y;,i € A) (inside K) such that
E" = (F!,i € A). Let E be the henselian closure of E” in (K,v). We
have £ = (F!,i € A), E" C E. By the claim, since E is henselian and
E D (F!,i € A), we have a; € E for every i € A. It implies E', C F, which
gives, taking residues £, C E = (F!,i € A). But by construction of the E!
we obviously have £, D (F/,i € A). Tt follows that E, = (F!,i € A). O

Corollary 2.10 Let F = (F})ie; be a finite projective system of fields of
characteristic zero and let L be the minimum of I. Assume that (I,<) has a
mazimum T and let (E,v,) be a valued field such that E v, = F,. Then
there is a projective system of valued fields (E;, v;)icr such that (F})ier =
res(E;, v;)ier and, for every i € I, trdeg E; | By = trdeg F; | F'\. Moreover

e we can assume that all (F;,v;), i € I, are henselian;

e if v, has rank one, then we can choose the valuations v;, i € I, such
that they all have rank one.

PROOF: Claim: There is a projective system of fields F/' = (F));e; with
F' = F and there is an extension (K,v) of (E,,v,) such that K = F and
such that v has rank one if v; has rank one. In particular K D F for every
1€ 1.

Indeed, write Fr = F| (X)(a), where X is a set of elements transcendental
over F| and a is a sequence of elements algebraic over F'|(X). Take Y
a set of indeterminates with the same cardinality as X and consider the

Gauss extension w of v, to E,(Y). Then E,(Y) = F(X). Note that w
has rank one if v; has rank one. Using now for instance [7, Satz 1], we
find an (algebraic) extension (K,v) of (E,(Y),w) such that K and Fr are
isomorphic via a map which we denote by h : K — Fr (and with v of rank
one if w has rank one). Define F} := h™![F};]. End of the proof of the claim.

To keep notation simple, we assume F = F’ as in the claim above. We
construct the valued fields (E;,v;) (for i # 1) as subfields of K endowed
with the restriction of the valuation v. Since the valuation will always be v,
we only look for the subfields F;. Let L be the minimum of I. We find the
fields E; by induction on d(L,%) (note that d(L, T) = max;e; d(L,7)).

For 1 € {0,...,d(L, )}, let D, ={iel|d(L,i) =1}

If d(L,7) = 0, then, by hypothesis and by the claim above, we already
have the sub-valued field (E,,v,) C (K,v). Note that since Dy = { L} the
sequence of fields (F});ep, is a good residue of (E;);cp, in (K, v).



Assume we have found a system of fields (E;)icr,a(1,i)<; such that res(E;, v [
E;) = F; fori € I sothat d(L,i) <l and (F})icp, is a good residue of (E;);ep,
in (K,v). We write D;11 = {ix | K < m}, then we apply lemma 2.9 with
(F})k<m = (Fi, )k<m, and obtain in this way a sequence (E})i<n. We define
the fields E; for i € Diyy by (Ei )k<m = (E})k<m-

Finally, we can replace (ET,vT) by one of it henselian closures, and each
(E;,v;) by its henselian closure inside (ET,vT). The new residue system is
isomorphic to the previously defined residue system, which shows that we
can assume that all (E;,v;) are henselian. O

3 Main results

Our main result, corollary 3.3, is a direct consequence of the following two
theorems, whose proofs are given in sections 4 and 5 respectively.

Theorem 3.1 Let K := (K, fij)i<jer be a projective system of fields (re-
spectively formally real Pythagorean fields) such that G(K;) is finite for ev-
eryi € I. Let (G, Nij)i<jer = G(K) and let G be the projective limit of this
projective system of finite special groups. Then G is isomorphic to the special
group of some field (respectively formally real Pythagorean field).

Theorem 3.2 Let G := (G;, \ij)i<jer be an adequate projective system of
finite reduced special groups (see definition 2.4). Then there is a projective
system KC of formally real Pythagorean fields whose morphisms are inclusions,

such that G = G(K).

Consider now a profinite reduced special group G. Say it is the projective
limit of the system G = (Gi, fi;)i<jer of finite reduced special groups. Let
i be any element in I and consider the system G’ equal to G restricted to
indices in I’ := {i € I | 1 <¢'}. The special group G is the projective limit
of the system G’, whose index set I’ has a maximum element T = i’. We can
now use the strategy outlined after definition 2.2 to express GG as an adequate
projective system whose index set is I’. Applying theorem 3.2 then theorem
3.1 now yields

Corollary 3.3 FEvery profinite reduced special group is isomorphic to the
special group of some formally real Pythagorean field.

4 Proof of theorem 3.1

If (I,<) is a downward directed poset and i € I, then i denotes {j € I |
j <i}and i~ denotes {j € I |j > i}.
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First of all, we assume the following reductions:
1. I has a maximum T ([ = T%);

2. all K;, v € I, are subfields of the field M := K+, and the morphisms
fi; + Ki — K are inclusions. In particular, the projective limit of the
system [ is isomorphic to the intersection of the fields K, ¢ € I.

These assumptions can safely be made because for the original projective
system of fields KC := (K, fjx);<ker and for each i’ € I fixed:

(i) The set i< is a coinitial subset of I;

(ii) If j <4’ € I, we can identify K; with the subfield K7 := f;i[K}] of Ky,
and the morphisms fj; : K; — K}, are naturally identified with inclusions
Lik © K — K.

The reductions above give us:

lim (K5, fi)j<ner = Um(KG, i) j<ner— = Um(KG, jg) j<rei-

ﬂ finlK5] C© K

Jjevs

G = lm(G(K;), G(fin))j<rer = Um(G(K;), G(fn))j<neir
= lm(G(K7), Glyn))jreir-

12

Now consider the language L = LrU{R;};cs, where Lg is the language of
rings and the R; are unary relation symbols. We turn M into an L-structure
by interpreting each R; in M by the subfield K.

Let N be an |I|*-saturated elementary extension of M in the language L
(see [4, Chapter 5 and Lemma 5.1.2], or [10, p. 480 and Corollary 10.2.2] for
the definition of saturated models and the existence result we just used. Note
that this notion of saturation is not linked to the existing one for subgroups
of special groups). Each F; := RY is a field (a subfield of N), and the fields
F; form a projective system of fields F (since for k < i,j € I the sentence
“Rr, € R; N R;” is in the theory of M). Moreover, for every i € I, K; —
F; is an Lg-elementary embedding and therefore induces an isomorphism
of special groups G(Kj;) =, G(F;) (since the special groups G(K;), being
finite, are described in the theory of M). More generally G(K) = G(F), so
G = lim G(K) = lim G(F).

— —
Let [ :=(,c; Fi and define

£ G(F) — lmG(F)
a-F2 — (Q'EQ)ie].
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We show that ¢ is an isomorphism of special groups, which yields G = G(F)
as needed (in particular, if the fields K;, ¢ € I, are formally real Pythagorean,
then ' = (,o; Fi is formally real Pythagorean, since G(F) is a reduced
special group).

1) Tt is clear that £ is well-defined and is a morphism of groups.

2) ¢ is a morphism of special groups:

It is clear that & sends —1 to —1.

Let a- F2,b- F? € G(F) be such that a - F? € Dgr)(1,b- F2). There are
then ¢,d € F such that, for all i € I, a = ¢® + bd? in F;. Then a - F,-Z S
Doy (1,b- Ey) for every i € I, and therefore £(a - F2) € Der(1,£(b - F?)).

3) ¢ is surjective: Let a = (a; - F?)ier € imG(F). So for all i < j € I,
%

7

a; - sz =a;- FJ2 We want z € N satisfying the following set of formulas

A :={z € F}ic; U{z = a; mod F?};c;.

Every finite part of A is satisfied in N since a = (a; - F?)ie; € lim G(F;) (it
%

suffices to take x = a;, where k is less than every one of the indices i € [

occurring in this finite part). By |I["-saturation, A has a solution z in N.

Then &(x) = (a; - FP).

The rest of the proof relies on the following lemma.
Lemma 4.1 Let n € N and let P(Xy,...,X,) € F[Xy,...,X,]. Assume

that P(X1,...,X,) =0 has a solution in every F;, i € I. Then the equation
P(Xy,...,X,) =0 has a solution in F.

PrOOF: We are looking for £ € N such that the set of formulas

Y ={P(z) =0} U{Z € F}ies

is satisfied in V.
Since the Fj, together with the inclusions between them, form a projective

system, every finite part of > has a solution, and by the |I|*-saturation of
N, > has a solution in N. O

We go back to proving that £ is an isomorphism:

4) € is injective: Let a = a - F? € G(F) be such that £(a) = 1, i.e. a € B’
for every i € I, i.e. the polynomial X2 — a has a root in each F}, i € I. By
lemma 4.1, X2 — @ has a root in F, hence a € F?.

5) £ is a monomorphism of special groups: Let a,b € F be such that, for
everyi € I, a-F? € D(1,b- F?). Let P(X,Y) =a— (X2 +bY?) € F[X,Y].
By hypothesis, P(X,Y) = 0 has a solution in each Fj, hence a solution in F
by lemma 4.1, which means a € D¢p) (1, b).
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5 Proof of theorem 3.2

5.1 Reducing to a finite projective system

Since G is adequate, the set (I, <) has a maximum element T.

The purpose of this short section is to observe that it is enough to prove
theorem 3.2 when G := (G, fi;j)i<jer is a finite projective system of special
groups such that I has a maximum (which we will also denote by T).

Let L be the language {0,1,—,+,-} U{F; |i € I} U{Q} |i € I,g9 € G},
where 0, 1 are constant symbols, — is a unary function symbol, +, - are binary
function symbols and F;, QY are unary predicate symbols, for each ¢ € I and
g € G;. Denote by \; the inverse of the bijection g € G; — @Y, i € I.
The projective system of fields we are looking for is a model of the theory
Q) consisting of (first-order) L-sentences that are informally described in the
four items below:

1. the interpretation of the unary predicate F7r is the universe of the L-
structure (i.e., Vz(Fr(x))) and “(F7,0,1,+,-) is a field”;

2. forevery i < je€I:
“F; C F;” and “(F;,0,1,+,-) is a subfield of the field (Fr,0,1,+,-)"
(technically speaking, + and - are functional symbols globally defined
whose restrictions to F; give internal operations on Fj);

3. for every 1 € I:
“); is an isomorphism of special groups G(F;) — G,”;

4. for every 1 < j € I:
“the morphism of special groups induced by the inclusion F; C Fj is
naturally identified with f;;, via the isomorphisms \;, A;”.

It is clear how to describe the expressions in items 1 and 2 by first-order
L-sentences. For the reader’s convenience, we add a more explicit description
of the L-sentences involved in the two remaining items: the hypothesis that
the special groups G; are all finite ensures that the prescription in item 3 can
be encoded by a set of first-order L-sentences.

Item 3: for each ¢ € I:
e for each g € G;, “QY C F;” and “QI = aF?, for some a € Fj;
e for each g, ¢ € G; such that g # ¢, “QI N Qf/ =0,

o “Fy = |J{QY | g € G;V (as G; is a finite special group, this can be
described by a first-order L-sentence);
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e “leQ!and —1€Q;";

e for each g,¢' € G;, “for each a,d’, if a € QY and o' € Qf/ then a-d’ €
Qgg’n,
1 )

e for each g,¢' € G; such that ¢ € Dg,(1,g), “for each a,d’, if a € Q7
and a' € QY then there are x,y € F; such that a’ = 22 + ay®”;

e for each g,¢ € G; such that ¢ ¢ Dg,(1,g), “for each a,d’, if a € Q7
and o € Qf, then for all z,y € F}, a’ # 2* + ay®”.

Item 4: for each i < j € I:

By the axioms above: as F; C F; and we have the partitions F;/EF? = {Q? |
g € G;} and Fj/Ff = {Q?/ | ¢ € G,}, then for each g € G, there is
a unique ¢ € G; such that Q7 C Q?/. In this way we obtain a function
qij : Fi/F? — Fj/F?. Clearly q;;(a.F?) = a.F? |, for every a € Fj, ie. g
is the special group morphism induced by the inclusion F; C F;. We add a
new list of axioms expressing that A; o g;; = fi; o A;. A direct examination of
the equivalent condition g;; = )\j_l o fij o A; shows that these axioms must be

for each g € G;, “QJ C Q;‘cij(g)n.

Using now the compactness theorem (see [4, Theorem 1.3.22] or [10, The-
orem 6.1.1]), to find a model of this theory we only need to find a model of
every finite part 0y C ). Let J be the set of elements of I occurring in this
finite part (), together with T. Since I is downward directed, we can assume
that J is also downward directed (taking a larger set J if necessary), that is
J has a first element L. In particular J determines a finite projective system
of special groups whose index set that has a maximum and a minimum.

5.2 Description of the proof by induction

We therefore assume from now on that the index poset (I, <) is finite and that
it has a minimum 1L and a maximum T. We find a finite projective system
K of Pythagorean fields of characteristic 0 such that G = G(K) by induction
on the construction of G| by products and extensions. For the purpose of
the proof, we allow the (non-reduced) special group {1} to appear in G.

Recall that since G is an adequate projective system, the morphisms f;;,
i < j € I, are quotients by saturated subgroups (see the paragraph after
definition 2.2).

If G, = {1}, then all special groups in the system are trivial and all
morphisms are isomorphisms. We can obviously realize such a system by

13



taking F; = A, 1 € I, where A is any fixed algebraically closed field of
characteristic 0.

If G, = Z,, then all special groups in the system are isomorphic to Z,
or to {1} and all morphisms are isomorphisms or naturally identified with
Zs — {1}. We can obviously realize such a system by simply selecting a real
closed field R and an algebraically closed field A such that R C A.

If G, = G’ xG". Since all morphisms and special groups in the systems
are quotients of G| by (larger and larger) saturated subgroups, and using fact
2.5, the whole projective system (G, f;j)i<jer splits according to the product
G, = G’ x G| into two adequate projective systems of finite special groups:
(G}, fl)i<jer and (GY, f15)i<jer *. By induction these systems are realized by
two projective systems of Pythagorean fields of characteristic 0: F' = (F);es
and F” = (F!");er (where the morphisms are inclusions), so we just need to
“glue” them together. For this we use results from [11], which describe how
to realize a finite product of finite special groups when each one is already
realized. This is achieved in section 5.3.

If G, = G'[H]. As above, the morphisms of special groups in the projec-
tive system are quotients of G| by (larger and larger) saturated subgroups
A;. This case is dealt with in section 5.4, using results from [2].

5.3 Gluing, the product case

This section consists entirely in the proof of the following result.

Theorem 5.1 Let (I,<) be a finite downward directed index set with first
element L and last element T. Let F' = (F!)ier, F" = (F!")icr be finite
projective systems of fields of characteristic 0, where the morphisms are in-
clusions and such that for every i € I G(F}) and G(F}") are finite special
groups. Then there is a finite projective system F = (F;)icr of fields of

characteristic 0 (where the morphisms are inclusions) such that
G(F) =2 G(F) x G(F").

Remark 5.2 In the above theorem, for each i € I we have:

a) F; is Pythagorean if and only if F! and F!" are Pythagorean.

b) If F; is Pythagorean, then F; is formally real if and only if F! or F!" is
formally real.

We begin with a reformulation of some results from [11].

2Note that, for each i € I, if G; is reduced, then either both G’ and G are reduced or
one of them is the trivial special group {1} and the other is reduced.
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Definition 5.3 Let F' be a field equipped with n mutually independent val-
uations of rank one vy,...,v,, and let f; be an embedding of F into F"i,
a completion of F' with respect to v;. We say that (F, fi, ..., fn) fulfils the
global squares property if for every a € F:

acF2evic{l,. .. n} fila) € (F).
(Note that the left to right implication always holds.)

Theorem 5.4 ([11], Corollary 2.5) With notation as in definition 5.3,
assume that (F, fi1,..., fa) fulfils the global squares property. Then the map

¢r:GF) — [In, GF™)

1111

1S an isomorphism of special groups.

Theorem 5.5 ([11], Theorem 2.6) Let (L;, vi1, ..., vin)icr be a finite pro-
jective system of fields equipped with n mutually independent valuations of
rank one, and such that I has a maximum element T. Then for every i € 1

there is an algebraic extension E(L;) of L; and a morphism of special groups
ni: G(E(Ly)) — [1r— G((L;)"*) such that

1. E(L;) CE(Lj) for every j €1, j>1i;
2. G(E(Ly)) = [T G((Li)“*);

3. The morphism of special groups [[}_; G((L;)"*) — [1,—; G((L;)"*),
given by the product of the morphisms of special groups induced by
(L;)v* C (L;)%* is naturally identified, via the isomorphisms n; and
nj, with the morphism of special groups G(E(L;)) — G(E(L;)) induced
by E(L;) C E(L;).

PROOF: Since a valuation v;;, is the restriction on L; of the valuation vy,
we drop the first index and simply denote it by vy. For k € {1,...,n} we
fix a completion LE of L+ with respect to vy, and define, for i € I, LF to
be the completion of L; in L% with respect to vg. The systems (LF)er, for
k € {1,...,n}, are all projective systems of fields, where the morphisms
are the inclusions (since L¥ is simply the set of limits in L% of v,-Cauchy
sequences of elements of L;).

Let K| be an algebraic closure of L+. We define the set

L:={(Ei,ti,--stin)ier | (Ei,ti1, -, Lin)ier Projective system of fields,
L; C E; C K, with E; | L; algebraic, and equipped with
the L;-embeddings of fields ¢, : F; — Lf fork=1,...,n},
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(note that the condition that (E;, ti1, .. ., Lin)icr 1S & projective system implies
g C oy fori < j €1 and k € {1,...,n}, which is possible since LF C Lf)
We equip £ with the partial ordering:

(Ei, tity - tin)ier < (Fy, Kit, - - Kin)icl
if and only if
for every i € I and k € {1,...,n}, E; C F; and v, C K.

By Zorn’s lemma, £ has a maximal element (M;, fi1, ..., fin)icr- We show
that, for j € I, (M;, fj1, ..., f;n) fulfils the global squares property. Let j € [
and let a € M; \ {0} be such that fjz(a) € (L})*?, for k=1,... ,n. Assume
va & M;. Fix a square root v/a of a and oy € L} such that of = fjr(a).
Then each morphism fj, can be (properly) extended to M := M;(y/a) by
sending v/a to ai. Moreover, with A; := {r € I | r > j}, and since for
r € A; we have L;‘? C LF, the same reasoning tells us that, for each r € A;
and k € {1,...,n}, each morphism f,; can be extended to M/ := M,(\/a)
by sending v/a to ay (since oy, € LF). If r € T\ A;, we take M/ := M,. We
obtain in this way (M{, f/,..., f])icr, a projective system of fields equipped
with n morphisms of fields that is (strictly) larger than (M, fi, ..., fu)ier,
a contradiction. It follows that \/a € M; and thus that (M;, fj1,-.., fin).
for j € I, fulfils the global squares property. If we take £(L;) = M; for
1 € I, the first conclusion of the theorem then holds, and the second follows

by theorem 5.4 ([11, Corollary 2.5]), with 7; : G(M;) — [Tr_, G((L:)¥)

-----

the next lemma. O

Lemma 5.6 With notation as in theorem 5.5 and its proof:
Let (L,vy,...,v,) 2 (K,u1 | K,... v, | K) be two fields equipped with n
mutually independent valuations of rank one. Form =1,...,n let

e L™ be a completion of L with respect to v,, and K™ be a completion of
K with respect to v, | K such that K™ C L™,

e f.. be an embedding of K into K™ and g,, be an embedding of L into
L™ extending f,.

Assume that (K, f1,..., fu) and (L, q1, - .., gn) satisfy the global squares prop-
erty.

Let X : T[_, G(K™) — [['_, G(L™) be the product of the morphisms of
special groups induced by the inclusions K™ C L™ form =1,...,n, and let
p: G(K) — G(L) be the morphism of special groups induced by K C L.
Then A and p are naturally identified via the isomorphisms £k and & of
Theorem 5.4.
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PROOF: By theorem 5.4 the isomorphism between G(K) and G(K') x - -+ x
G(K™) is
(k:G(K) — G(KY) x---x G(K")
K2 o (fi@) (K)o L) - (K.
Similarly, the isomorphism between G(L) and G(L') x --- x G(L") is

&1 G(L) = GLY) x - x G(L") |
v L2 = (gi(z) - (L), ga(z) - (LP)).

Then A\ = & o o &yt since, form =1,...,n, g | K = fo. =

We now turn our attention to the two finite projective systems of fields
F' = (F))ier and F" = (F/');es of characteristic zero introduced in the state-
ment of theorem 5.1. We first show that we can assume that the fields in
F'and F" are at most countable and of finite transcendence degree over Q.

This is achieved by the following proposition.

Proposition 5.7 ([11], Proposition 3.1) Let £ := (L;)icr be a finite pro-
jective system of fields of characteristic 0 such that for all i € I, G(L;) is
a finite special group. There is a map F, defined on {L;}icr, such that, for
every1 < j € I:

1. F(Ly) is a countable subfield of L; with finite transcendence degree over
Q;

2. If ¢; © F(L;) — L; is the inclusion map, then G(p;) : G(F(L;)) —
G(L;) is an isomorphism of special groups;

3. F(Li) € F(Ly);

4. If Nij + G(L;) — G(L;) is the morphism of special groups induced by
L; C L;, then the morphism of special groups G(F(L;)) — G(F(L;))
induced by F(L;) C F(L;) is naturally identified with \;;, via the iso-
morphisms G(p;) and G(p;).

PRrROOF: The proof is a trivial extension of Kula’s. If L is a field with a finite

number of square classes, a representative system of G(L) is a finite subset
R(L) = AU B of L such that

e ACLand L/L? = A/L?

e For every ay,ay € A with ay € Dy (1, as), there are by, by € B such that
ap = b% + agb%.
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Claim: For every i € I there is a representative system R(L;) of L; such that
R(L;) € R(L;) whenever i < j.

Proof of the claim: Direct by induction on d(L,7) (just take a system of
representatives of L; and add to it all the R(L;) for L < j <1).

Then, just as in [11], take for F(L;) the algebraic closure of Q(R(L;)) in
L;. a

The following two propositions show that we can assume that atd(F)) =
atd(F]") for every i € I, where atd denotes the absolute transcendence degree,
i.e. the transcendence degree over Q.

Proposition 5.8 ([11], Lemma 3.2) Let (L;)icr be a finite projective sys-
tem of countable fields of finite absolute transcendence degree. There is a
map T defined on {L;}ier such that, for everyi < j € I:

1. T(L;) is a countable field extension of L;;

3. If 1y Ly — T (L;) is the inclusion map, then G(7;) : G(L;) — G(T (L;))
is an isomorphism of special groups;

5. If \ij + G(L;) = G(Lj) is the morphism of special groups induced by
L; C L;, then the morphism of special groups G(T (L;)) — G(T(L;))
induced by T(L;) C T(L;) is naturally identified with X\;; (via G(1;)
and G(tj)).

PrROOF: For i € I let K; := Li(2)( 3/2)nen (2 is an indeterminate), and
consider on K; the unique extension v; of the valuation on L;(z) determined
by the irreducible polynomial . The K, together with their inclusions, form
a projective system, and the sets ®; := {v;} satisfy the hypothesis of theorem
5.5. We now apply the map £ defined in theorem 5.5 to the projective system
of the K; and get the projective system of the 7 (L;). Since L; is countable,
K; and T(L;) = £(K;) are countable. Kula’s proof of [11, lemma 3.2] shows
that the second and third claims of the proposition hold, and the last two
hold by theorem 5.5. O

Proposition 5.9 There exist two finite projective systems of fields of char-
acteristic 0, K' = (K})ijer and K" = (K[')icr, such that

1. GK') = G(F') and G(K") = G(F");
2. For everyi € I, atd(K}) = atd(K}) < oo.
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PROOF: We assume there is some i € [ such that atd(F]) # atd(F!") and we
proceed by induction on d(L, ), the maximal length of a chain from L to i.

e d(L,i) =0,ie i= L. Let t := max{atd(F"),atd(F])}. We then
apply proposition 5.8 as many times as necessary to the system F’ or
F" (the one that does no realize the maximum), and we obtain two
new systems JF{, and F indexed by I, whose fields of index L have

same (finite) absolute transcendence degree ¢.

e d(L,i) =n > 0. We now proceed by induction on the number of i’s
with d(L,7) = n and atd(F]) # atd(F!). We fix one of them: 7.
By induction we can assume that the projective systems F’ and F”
satisfy atd(Fj) = atd(F}) for every j € I, d(L,j) < n. We consider
the systems F' | i7" and F” [ i7’. By applying proposition 5.8, we
get two new systems 7' and T, indexed by i7" whose fields indexed
by i; have same absolute transcendence degree. We replace, in F’,
respectively F”, the subsystem F' [ i7" by 7', respectively F” [ i7" by
T" and we write J(,,, F{}, for the new sets of fields. Since every field
has been replaced by a field extension, we still get projective systems
of fields and, moreover, G(F(;,) = G(F') and G(F(})) = G(F"). Now
atd(F(,),;, ) = atd(F(});,) < oo, and we proceed by induction. O

So from now on, we assume that our two finite projective systems of fields
F' and F” consist of countable fields having the same finite transcendence
degree over Q at each index.

Remark 5.10 Let K be a field equipped with two independent valuations
v; and vy and let (L,w;,ws) be an extension of (K, vy, vy). Then wy and
wy are independent. Indeed, if it were not the case, then w; and w, would
define the same topology on L (see [8, Theorem 2.3.4]), and therefore the
same induced topologies on K, which coincide with the topologies defined
by v; and vy. It shows that v; and vy define the same topology on K, a
contradiction since they are independent (again by [8, theorem 2.3.4]).

Lemma 5.11 There are two henselian valued fields (E' ,v") and (E',v")
both containing Q(X), such that

1. v and V" are of rank one;
o~ T "o~ I
2. B\ = F and E'v" = FY;

3. atdE| =atdF| +1=atd F| + 1 =atd £ ;
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4. V'E'| and V"E' are divisible (two-divisible is actually enough for our
purposes);

5. The restrictions of v' and v" to Q(X) are independent.

PROOF: Let {y1,...,yxr} be a finite transcendence basis of F'| over Q, and let
E be Q(y1, ..., yk)(X), equipped with the valuation v determined by the irre-
ducible polynomial X € Q(y1,...,%:)[X]. Then E = Q(y1,..., %), vE = Z
and F'| is isomorphic to an algebraic extension of E. By [7, Satz 1], there
is an algebraic extension £’ of E and an extension v’ of v to £’ such that
E'| = F| and v'E' is divisible of rank one.

To construct (E',v"), we proceed as above but start with the valuation on
Q(y1, - - -, yk)(X) associated to the irreducible polynomial X — 1. Obviously,
" [ Q(X) and v’ | Q(X) are independent over Q(X). O

We now apply corollary 2.10 twice (with the valued fields (E' ,v") and (£, v")
given by lemma 5.11), and get two projective systems of henselian valued
fields & = (E!,v})icr and " = (B!, v});er equipped with valuations of rank
one, such that res(€’) = F’ and res(€”) = F”. Up to renaming the transcen-
dental elements, we can assume that for every ¢ € I there is a finite set X;
of transcendental elements over Q and an algebraic closure @); of Q(X;) such
that £/, £} C ();, and such that, for every ¢ < j e I X; C X; and @); C Q.

Since, for i € I, E! and E! are both subfields of @);, we can consider the
projective system of valued fields (E;NE, v}, v} );e;. Note that v} and v} are

independent by remark 5.10 and lemma 5.11 (5). We recall now the following
special case of a result due to Heinemann [9]:

Theorem 5.12 Let K be a field equipped with two independent valuations
vy and vy. Fix an algebraic closure K of K. Let (H;,v;) be a henselian
extension of (K,v;) for i =1,2, such that Hy, Hy C K and K = HiNH,.
Then (H;,v;) is a henselization of (K, v;), fori=1,2.

!} is a henselization
). In particular:

Applying this result, we obtain that, for every i € I, (E!, !
of (E/NE!, v}) and (E”

iU 7 v!) is a henselization of (E’ NE" v

1. V(BN E!Y) and v'(E; N E!') are two-divisible;
2. res(EINE! v

[ ’L

DNier = F and res(EL N E! 0 )ier =2 F";

3. v" and v” are independent on E! N E! (by lemma 5.11.(5) and remark
5.10).

We now apply theorem 5.5 to the system (E. N E! v, v!);e; and get the

i Y Vg

system (E(E!NE!))ser, which satisfies G((E(E/NE!))icr) = (G((E/NE!)%) x
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G((E!nNE"NY), g” X gw)lqe[, where g;;, respectively gw, is the map induced
by (E/NE!)Y C C (BN EY) 3, respectively by (E/NE!)Y C C (E;N E") . We
claim that this last projective system of (Pythagorean) fields is 1somorphlc
o (G(F)) x G(F}"), fi; ”)Z<]€1 It suffices to check that, for instance, the
projective system (G((E' NE"NY), 9i;)i<jer is isomorphic to (G(FY), fi;)i<jer-
This is the content of the remainder of this section.

Since ((E! N E”) Vi v}) is an immediate extension of (B! N E!' ), we
have res((E’ N B, l)zg ~ F' so G(res((E! N B, )Zg) = GF) =
(G(F}), fi;)i<jer and it suffices to show that (G((E; N E”)” s Gij)i<jer is iso-
morphic to G(res((E, N E")",v})ier)).

We are now in position to conclude by using the following adaptation of
the Baer-Krull theorem ([5, Theorem 1.33]). Recall that the functor G is
well defined, in general, from the category of unitary commutative rings into
the category of Lgqg-structures.

Lemma 5.13 Let (K,v) be a valued field, i : Ox — K be the inclusion and
q: Oxg — K be the projection on the quotient (K = Ok /My ). Suppose that
v(2) = 0.

1. The Lgg-structures G(K) and G(K) are special groups. The induced
Lsg-morphism G(i) : G(Og) — G(K) is injective and the induced

Lsg-morphism G(q) : G(Ok) — G(K) is surjective.

2. If (K,v) is 2-henselian and vK = 2vK, then G(i) : G(Okg) — G(K)
and G(q) : G(Og) — G(K) are Lsg-isomorphisms. In particular, the
Lsg-structure G(Og) is a special group.

3. If (K',v") D (K,v) is a valued field extension, then Ox C Ogr, My C
My and the diagram of special groups below is commutative (where the
vertical arrows are induced by the field extension).

G(E) 2 G(0x) 2 (k)

— G(d) l G(") J/

G <L G(Ogr) % G(K)

-

PROOF:

1. Since v(2) = 0, 2 is invertible in the rings K, O and K, and there-
fore, as K and K are fields, the Lgg-structures G(K) and G(K) are
special groups ([5, Theorem 1.32 p.23]). As ¢ : Ox — K is a surjec-
tive ring homomorphism, it induces a surjective group homomorphism
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Ok /0% — K/K and therefore G(q) : G(Ok) — G(K) is a surjective
Lsg-morphism. Now let a € Ok such that a.K? = 1.K2, i.e. there is
b € K such that a = b?, then 2v(b) = v(a) = 0 and b € Ok; there-
fore ker(G(i)) = {1.02 } and G(i) : G(Ok) — G(K) is an injective
Lsg-morphism.

. We first prove that G(q) is an Lgg-isomorphism.

Let a € Ok such that q(a).F2 = 1.?2 then, as ¢ : Og — K is a
surjective ring homomorphism, there is b € O such that q(a) = g(b?).
Consider now the polynomial P(t) = ¢* — a in Ok|t]: it is a quadratic
monic polynomial such that ¢(b) € K is a root of Pi(t) = t*> — ¢(a)
in K and this root is simple (since g(a) # 0 and char(K) # 2). The
hypothesis (K, v) 2-henselian then entails that there is ¥ € Ok such
that ¢(b') = q(b) and P(V') =0, i.e. a = b, for some V' € Ok (because
a € Og). Therefore ker(G(q)) = {1.0%} and G(q) is an injective
Lsg-morphism.

We show that whenever a € Oy, we have DG(R)<1,G(q)(aO%{)> C
G(9)[Daog)(1,a0%)]. Since ¢ and G(q) are surjective, it is enough
to prove that for any z € Oy such that there are z y € Ok with
q(z) = 1.q(x)* + q(a).q(y)?, there are z € Ok and o',y € Ok with

2 = 1.2"%+a.y? and ¢(z ).Kz q(2). 7. We recall that Ok = Ox\ My
and we split the proof in four cases:

o x € Mg,y € Mg: it is not possible because ¢(z) # 0.

e 2 € O,y € Mg: then q(z) = q(2?) and the quadratic monic poly-
nomial P(t) = t? — z over Ok has a root in K, and this root is simple
(because q(z) # 0 and char(K) # 2). By the hypothesis (K,v) 2-
hensenlian, P has then a root 2’ in Og. Taking this z’ as well as
z' .=z and y' := 0 proves the result.

o1 € MK, € Og: then q(z) = q(ay?) and the polynomial P(t) =
t> —a 'z has a root in K and this root is again simple (because
q(2),q(a) # 0 and char(K) ;é 2) Therefore P has a root 3y € Ok.
Taking this ¢’ together with 2’ := 2z and 2" = 0 proves the result.

oz € O,y € Og: then q((m/y) +a — 2y~?) = 0 and the polynomial
P(t) = t*+(a—2'), with 2’ := zy 2, is a quadratic monic polynomial in
Ok|t] such that ¢(z/y) € F is a root of P(t) =t>+¢q(a—2') in K and
we may suppose this root is simple (because, if not, as char(K) # 2,
then g(a — 2y™2) = 0 and we can procceed as in the case just above).
Then the hypothesis (K,v) 2-henselian entails that there is 2’ € O
such that 0 = P(2') = 2% + a — 2’ and ¢(2') = ¢(z/y), i.e. such that
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7 =12 +a.y? with y := 1. Therefore G(q)(2.0%) = G(q)(z".0%) €
G(q)[Deo) (1, aO%)].

We now prove that G(i) is an Lgg-isomorphism.

As vK = 2uK, for any a € K there is ¢ € K such that v(ac?) = 0 i.e.
ac® € Og. Therefore G(i)(ac®.0%) = a.K? and G(i) is surjective.

To finish the proof, we must check that for each a € Op, we have
Dex)(1, G(3)(aO% )> C G()[D¢ ) (L, a0%)]. Remark that if a =
—62 for some b € Oy then, as 2 € Oy, we have Dg(o)(1,a0% )

O /O%. Using now that G( ) a surjective group homomorphism,

G(i)[Daog (1, a0%)] = K/K and therefore Dg(re)(1, G(i)(aO%)) C
G(i)[Dg(oK)<1,aO%<)]. Thus we only have to deal with the case a ¢
—Of( and, again as G(7) is a surjective group homomorphism, it is
enough to prove that for any z € O such that there are z,y € K
with z = 1.22 + a.y?, there are 2/ € Ok and /.y’ € Ok such that
7 =122 +ay?and 2. K? = 2. K2.

We split the proof in four cases:

e z,y € Og. Then we simply take 2/ := z, 2’ := x and ¢/ := v.

ez € Og and y € Okg. Then y ! € Mg and z/y € Mg. Thus
(x/y)* € Mg and 1(z/y)? + a = 2y~ € Mg. This implies a € Mg, a
contradiction because a € O = Ok \ M.

o2 & Ok and y = 0. Then 2z = 22 € Ok, a contradiction.

ez ¢ Ok and y # 0. Then z = 2%(1 + a(y/x)?) € Ok and 27! €
Mg. As z € Ok, this implies (1 4 a(y/z)?) = zz72 € Mg, and
thus —a(y/x)? € 1+ My. As (K,v) is 2-henselian and char(K) # 2,
14+ Mg C O% and as y # 0, then —a € K2 But —a € Ok, so
—a € O N K? = 0%, contradicting the hypothesis a € O \ —O0%.

. It follows directly from the definition of extension of valued fields that
the diagram of (local) rings and (local) homomorphisms below is com-
mutative

K<~ Ox ——K

|,

K'<—— Ok s K

1

and the result follows by applying the functor G to it. O
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Under the hypotheses of lemma 5.13, the last item gives us in particular
the following commutative diagram

G(K)—=G(K)

]

G(K) =~ G(K")
where the maps 7 = G(q) o G(i)™' and 7% := G(¢') o G(i')~! are iso-
morphisms of special groups whenever (K,v) and (K’,;v’) are 2-henselian
with 2-divisible value groups, and the vertical maps are induced by the field
inclusions.

Since, for i < j € I, we have an extension of valued fields ((E! N
ENYil) C (&% N EY )“3‘,11;.) and these two fields are 2-henselian with di-
visible value groups, we conclude that the following diagram is commutative

G((E,N E!)) ——G((E;n E/)%)

| |

G((E,NEY)™) —= G((E, N EY)Y)

where the maps 7; and 7; are the isomorphisms corresponding to 75 and 7x-
in (1). This concludes the proof of theorem 5.1.

5.4 Gluing, the extension case

Since we are now in the last case of section 5.2, we have, for every ¢ € I,
G; = G'[H]|/A;, where H is a fixed finite group of exponent 2, A; is a
saturated subgroup of G'[H] and A, = {1}. Furthermore, if i < j € I we
have A; € A; and f;; is naturally identified with the canonical projection
from G'[H]/A; onto G'[H]/A;.

In view of this, the following theorem is a reformulation of the last induc-
tion step presented in section 5.2, and this section is devoted to its proof.

Theorem 5.14 Let (I,<) be a finite downward directed index set with first
element L and last element T. Let G' be a reduced special group and as-
sume that whenever G = (G;,mi5)i<jer 1S a projective system of reduced special
groups with G, = G', then G is realized by a projective system of Pythagorean
fields of characteristic zero (where the morphisms are inclusions).

Let H be a finite group of exponent 2 and let (A;);c; be a projective system
of saturated subgroups of G'[H], where the morphisms are inclusions. Let G’
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be the projective system indexed by I of the special groups G'[H|/A;, where
the morphisms are the canonical projections.

Then G' is realized by a projective system of Pythagorean fields of character-
istic zero (where the morphisms are inclusions).

Notation: If G is a special group and H is a group of exponent 2, we will
identify G (respectively H) with the subgroup G x {1} (respectively {1} x H)
in GH] ={(g,h) | g € G,h € H} and write g - h for the pair (g, h).

As H = Hy x Hy entails G'[H| = (G'[H,])[H2], we may assume dimp, H =
1,ie. H={1,h} with h?> =1 and h # 1.
We define, for i € [ and ¢ < j € I
Qi =ANG, G :=G'/Q; (note that ; C Q)
qij - Gi — G the canonical projection, and
O, :={(g-Q).we G/[H]| gw e A;}.
The following fact is then easily checked
Fact 5.15 1. €, is a saturated subgroup of G';

2. ©, is a saturated subgroup of GY[H| with Gf N ©; = {1};

3. The morphism of special groups ¢;; x 1d : GJ/[H] — G/[H] is such that
(gi; x 1d)(©;) € ©; and (¢;; x Id) | ©; : ©; — O; is injective;
4. The map
wi o G'[H]/A, — (G'/Q;)[H]/6;
(g-h)/Ai = ((g/%) - h)/©;
s an isomorphism of special groups;

5. The following diagram commutes

G'H]/A L2 G A,

wii iw‘j

qij x1Id

G}[H]/©; = Gj[H]/O;

where q;; x 1d is the canonical map induced on the quotients.
Note that by hypothesis, since G’/ = G’, the projective system (G7, ¢i;)i<jer
is realized by a system of Pythagorean fields (K;);cr of characteristic zero.
To complete the proof, it is then/\egmgh to represent the projective sys-
tem of special groups (G7[H|/©;, ¢;; % Id);<jer by some projective system of
Pythagorean fields of characteristic zero, i.e. to prove the following proposi-
tion.
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Proposition 5.16 There is a projective system of Pythagorean fields of char-
acteristic zero (L;)ier, where the morphisms are inclusions, such that

(G7[H]/6:, g5 x 1d)icjer = G((Li)ier)-

The rest of this section now consists in the proof of proposition 5.16.
Let us denote by ;; the morphism of special groups induced by K; C Kj:

(G(K:),vij)i<ier = (GY, ij)i<jer-

We define M; = K;((t)) for every i € I and record the following well
known result:

Lemma 5.17 MZ/J\/[,2 = {at* - M | a € Ki, k € {0,1}}, and the isomor-
phism of special groups from G(M;) to G(K;)[H] is

att - M (a- KR
ProOF: This is exactly [5, Theorem 1.33], where the explicit definition of
the isomorphism is given at the beginning of the proof on page 28. O

It immediately follows that
(G(Ki((t)))7%j X Id)z‘gjel = (G;,[H]a qij X Id)igjel- (2)

For each i € I, let I'; be the saturated subgroup of G(K;((t))) that corre-
sponds, by the isomorphisms above, to the saturated subgroup ©; of G/[H].
This then yields

(GUS((£)/Ts vy X Wd)izier 2 (GU[H]/Os, g7 % 1d)icjer

(where v;; x Id denotes the induced map on the quotients), which in turn
shows that we only have to find a projective system of fields realizing the

system (G(K;((t)))/Ti, 75 x Id)i<jer. Therefore, to keep notation simple, we
may assume that G(K;)[H] = GY[H]|, I = ©;, v;; x Id = ¢;; x Id, and
that ¢;; x Id is the map from G(K;)[H|/©; — G(K;)[H]/©; induced by

In this vein, for every i < j € I, we will write G(M,;) = G/ [H], ¢;; x1d will
stand for the morphism of special groups induced by the inclusion M; C M;;,
and the following diagram is commutative:

Jyp—
pli pji (3)

qij x1Id

G(M;) — G(M;)
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(where p; and p; denote the canonical maps).

Define, for i € I, n; := dimy, ©;. Note that dimp, ©; < dimp, H = 1, so
n; € {0,1}. Since (¢;; x Id) [ ©; : ©; — O; is injective, we have n; < n;
whenever i < j € I. If n; = 1, write ©; = {1,a;h}, with a; € G!. In this
case, and if ¢ < j € I, we have (¢;; x Id)(©;) = 0, so ¢;j(a;) = a;.

Lemma 5.18 There is b € M, such that, for everyi € I, ©; C {1,pi(b)}.

PrRoOOF: For every ¢ < j € I, the map ¢;; is surjective. In particular the
map ¢ 7 is surjective and, by diagram (3) above, pr(M,) = Im(q. x Id) =
G(M-7). Let b € M, be such that {1,pr(b)} = ©+. Let now i € I and let
z € ©;. Then (¢;v x Id)(x) € ©1 = {1,pr(b)}. If (¢;v x Id)(x) = 1, we
get © =1 € {1,p;(b)}, because (¢;; x Id) [: ©; — O, is an injective group
homomorphism. If (¢t x Id)(x) = p7(b), since diagram (3) is commutative,
we get pr(b) = (gt x Id)(pi(b)), so (g;T x Id)(z) = (g;T x Id)(p;s(b)) and we
conclude that @ = p;(b). O

We assume from now on that there is i € I such that n; = 1 (or equiv-
alently nt = 1). Otherwise ©; = {1} for every j € I, and the projec-
tive system of fields (M;);e; realizes the projective system of special groups
(GY[H]/Oi, qij x Id)icjer-

Recall that an element a of a special group 7' is called rigid when a # 1
and Dr(l,a) = {1,a} and an element b of T is birigid when b and —b are
rigid. If ' = G[H], then every element in G[H|\G is birigid (this is essentially
the only way to obtain birigid elements in a special group; see [5, Berman’s
Theorem on p. 12]).

Since we assume that n; = 1 for some ¢ € I (in other words nt = 1), it
follows that the element b produced in lemma 5.18 is birigid in M; for every
eI

The next proposition is [2, Proposition 8.2] and uses the following nota-
tion: If K is a field and a € K then K( §/a) stands for K( %/a,n € N).

Proposition 5.19 Let F' be a field, let a be a birigid element in F (i.e.,
a € F and a.F? is birigid in G(F)) and let ¢ be a quadratic form over F.
Let L := F(/a). Then

1. L=FL* and FNL? = F2 U aF?;
2. @ 1s isotropic over L if and only if p & ap is isotropic over F.

We define, for ¢ € I:
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Since n; = 1 implies n; = 1 whenever ¢ < j € I, the system (L;);es is
a projective system of fields. Note that the following diagram of fields is
obviously commutative (with the natural inclusions as morphisms)

M; — M,

|

Li—1L;

which implies that the induced diagram of special groups is also commutative

qij x1d

G(M;) — G(Mj)
l __ i (4)

G(L;) —— G(L;)

where y; : G(M;) — G(L;) is the map induced by M; C L; and 7;; is the
map induced by L; C Lj.

Lemma 5.20 Fori€ I, let m; : G(K;)[H| — G(K;)[H]/O; be the canonical
projection. Then

1. p; 18 surjective;
2. There is a unique isomorphism of special groups
& G(L) — G(K))[H]/©;
such that the following diagram is commutative

G(M;) —"—G(L;)

| Je

G(K;)[H] -~ G(K;)[H]/©;

In particular L; is Pythagorean.

PrROOF: The case n; = 0 is trivial, so we assume n; = 1. To avoid unneces-
sary notational complications, if K is a field and z € K, we simply write Z for
the class of z in K / K?2. By proposition 5.19 1 we know that ;18 surjective
and that ker(p; o A7) = {1, \i(b)} = Dy (1, Ai(b)). In particular, there

28



is a unique isomorphism of groups & : G(L;) — G(K;)[H]/{1,\:(b)} such
that the following diagram commutes.

G(K)[H] /{1, M (D)}

We show that &; is an isomorphism of special groups. The image of —1 is

clearly —1. Let u;(¢), ui(d) € G(L;), where ¢,d € M;. We have

14(6) €D (L, u(d) ¢ € Dy (1,d)

& ((—c,d)) isotropic over L;

< ((—¢,d)) @ b{{—c,d)) isotropic over M;

(by proposition 5.19 2)

& (1,b) ® ((—c¢,d)) isotropic over M;

< (1,b) ® ((—c,d)) hyperbolic over M;

(since Pfister forms are isotropic if and only if they are hyperbolic)

& (1,0(5)) @ ((=(@), M(d))) hyperbolic in G(K)[H]

& (L) @ ((=Xi(@), Mi(d))) = (1, \i(b)) @ (=1, 1, -1, 1)
in G(K;)[H]

& ((=mi o Xi(0), mi o Xi(d))) = (-1,
in G [H)/D(1, \(B) = G

(by [5, Proposition 2.21])

& ((—m; 0 \i(€), m; 0 \i(d))) hyperbolic in G(K;)[H]/{1, X;(b)}

< 7 0 Xi(€) € Dagrymynmy (Lm0 Ai(d)),

1,-1,1)
DLH]/{L (D)}

which shows that &; is an isomorphism of special groups. Since \;(b) is birigid
and |H| = 2, we obtain that G(L;), being isomorphic to G(K;)[H|/{1, \i(b)} =
G(K;), is areduced special group or {1}, which entails that L; is a Pythagorean
field. O

Recall that, using the identifications made after equation (2), we have,
for a € K; and k € {0,1}:

(Qij X Id)((CLKZQ)hk . @z) = (CLKjQ)hk . ®j'
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Proposition 5.21 The following diagram commutes

G(Li) G(Ly)

N s

qij xId

G(K)[H]/©; — G(K;)[H]/©;

In particular G((L;)ier) = (Gg’[H]/@i,qﬁd)iSjg, and im G((L;)ier) =
ljin(Giafij)igjeL

PROOF: Since y; and p; are surjective (see lemma 5.20 1), the commuta-
tive diagram in lemma 5.20 2 completely determines & and §;. Let z =

/Li(atk’Mf) € G(L;) (with a € K; and k € {0,1}). Then

6(z) = &opml(atML)
=m0 N(at*M;") by lemma 5.20 2
2

= m((qéﬁ )h*)
— ((aKHHH) -6,

Applying this, we obtain

(5 X 10) 0 () = (a X 1) (((@K ") - ©0)

and

-2
§jomy(z) = &omyo pi(at®M;") L
= & op;o (g xId)(at*M;") by diagram (4)
= §o ,uj(at’“MjQ) since g;; X Id is induced by M; C M;
= (aK;")h* - ©; by (5),

which finishes the proof. a
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