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1 Introduction

It is well-known that any two real closed fields R and S are elementarily
equivalent. We can then consider some simple constructions of new structures
out of real closed fields, and try to determine if these constructions, when
applied to R and S, give elementarily equivalent structures. We can for
instance consider def(R", R), the ring of definable functions from R" to R,
and we obtain without difficulty that the rings def(R"™, R) and def(S™, S) are
elementarily equivalent ([A]).

However, if we consider cdef(R", R), the ring of continuous definable func-
tions from R™ to R, the situation becomes more complicated: Unpublished
results of M. Tressl show that, for n > 1, cdef(R", R) defines the set of con-
stant functions with integer value, by a formula that is independent of R and
n. Therefore we may have cdef(R", R) # cdef(S™, S), for instance if one field
is Archimedean and the other not.

It shows that introducing conditions linked to the topology of the real
closed field may present an obstacle to elementary equivalence. To under-
stand the situation better it is natural to consider simpler structures than
rings of continuous definable functions, but that still demand some topo-
logical information from the field. This is what we do in this paper, where
we consider the lattices of open definable sets. We show in particular, in
Corollary 2.16, that if R and S are elementarily equivalent o-minimal expan-
sions of real closed fields, then the lattices of open definable subsets of R"
and of open definable subsets of S™ are L.,-elementarily equivalent in the
language of bounded lattices expanded by predicates for the dimension and
Euler characteristic. The proof is done by a back-and-forth argument.

It is worth noting that by [G, Corollary 1] and for n > 1, the lattice of
semi-algebraic open subsets of R™ (for R real closed field) is undecidable. In



particular, there can be no description of the theory of such lattices in terms
of “simpler” structures that would be constructive enough to give decidability
results.

2 Boolean algebras of definable sets equipped
with predicates for dimension, Euler char-
acteristic and open sets

We follow the notation and definitions of [V], in particular we use the defini-
tion of complex that appears in this book. We work with o-minimal expan-
sions of real closed fields, i.e. with real closed fields that are o-minimal in a
fixed language containing L.¢, the language of ordered fields.

Concerning the notation, we denote by N, the set of positive integers,
by Lga = {V,A,—, T, L} the language of boolean algebras, and by cl(A)
the topological closure of a set A. If a = (ay,...,a,) and i = (iy,...,4;) C
{1,...,n}, we denote by a; the tuple (a;,...,a; ).

Finally, by definable we mean definable with parameters, unless otherwise
specified.

Definition 2.1. Let M be an ordered field and let n € N,. Let K be a
complex in M™.

1. We denote by V(K) the set of vertices of K. If S = (ag,...,a) € K
and a = (ao, . ..,ax), we denote by (@) the simplex S.

2. Let xg,...,2y € M"™. We denote by Al(x,...,zs) the formula in the
language of fields expressing the fact that the points of coordinates

Xo, ..., xp are affine independent.
3. Let a = (ai,...,a,) be an enumeration of the vertices of K and let
T = (x1,...,%y,) (where each z; is a tuple of n variables). We define

Yk a(Z), the type of K with respect to the enumeration a, to be the
following set of L.¢-sentences

{cl((2)) Nel((x7)) = cl((Tp)) [ i,k S{L,...,m}A
k) € K Acl((a) Nel((az)) = cl((ag))} U
Ky
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Lemma 2.2. Let M be an ordered field and let n € N,. Let K be a complex
in M™ with a = (ay,...,ay), an enumeration of V(K). Let S be an ordered
field and let 5 C S be such that S |= Xk a(5). We define the following set of
simplices in S™:

W= {(5) |7 C{1,...,m} AAL(F;) € Dga).

Then W is a complex in S™ and YXw;s = Xga. We say that the complex W
is determined by Y g.

Proof. We follow the definition of complex given in [V, Definition 1.5, Chap-
ter 8]. It is clear that each (5;) € W is a simplex since by hypothesis §; is
affine independent, and the other conditions in the definition of complex are
also satisfied since the definition of Yk ; mimics the definition of complex.
The fact that Xy 5 = X5 follows from the definition of W. O

Definition 2.3. Let M be an o-minimal expansion of a real closed field. A
homeomorphism of complexes is a triple (£, K, W) such that

1. K and W are complexes in M"™ for some n € N,

2. £:|K| — |W| is a homeomorphism,

3. £ | V(K) is a bijection from V(K) to V(W),

4. for every C' = (aq,...,ax) € K, £(C) is equal to ({(aop),...,&(ax)), has

dimension k, and belongs to W,

5. the map é : K — W, which sends a simplex C' € K to the simplex
£(C) € W, is a bijection.

We say that two complexes K and W in M™ are homeomorphic as complexes
if there is a map £ such that the triple (§, K, W) is a homeomorphism of
complexes. We say that this homeomorphism of complexes is (M-)definable
if the map & is (M-)definable.

Proposition 2.4. Let M be an o-minimal expansion of a real closed field
and let n € Ny. Let K and W be complexes in M"™. Then K and W are
definably homeomorphic as complexes if and only if X a = Xy for some
well-chosen enumerations @ and b of the vertices of K and W.

Proof. “=" Let (£, K,W) be a homeomorphism of complexes between K
and W (it does not need to be definable). Let a = (ay,...,a,) be an enu-
meration of V(K). Then &£(a) is an enumeration of V(W). By hypothesis
(@i, - .., a;) is a simplex in K if and only if ({(a;,), ..., &(a;,)) is a simplex
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in L, and using that § is a homeomorphism, it follows that Yk ; = Xwea)-
“<” Leta = (ai, ..., a) be an enumeration of V(K) and let b = (by,. .., b,,)
be an enumeration of V(W) such that Yx 5z = Xyy5. For every tuple iy, ..., i €
{1,...,m} we have (a;,,...,a; ) € K if and only if (b;,,...,b;,) € W.

Let C' = (aj, ..., a;) € K. For k =0 we define {4, )((ai,)) = (b;,) and
for k > 1 we define

gcl C — (bio,...,bik)

ZI::O trai, = Zf:o trbi,
(all t, >0, 30 ¢, =1)

It is clear that £ is a homeomorphism for every C' € K, and we define

ER| = W, €= o

CeK

It is easy to check that £ is continuous. For instance using [V, Lemma 4.2,
Chapter 6]: Let x belong to some C' € K and let v : (0,1) — |K| be definable
continuous such that lim; ,o+ y(t) = z. Since we are only interested in the
behaviour of v at 0, we can assume by o-minimality that there is a simplex
T € K such that v((0,1)) CT. Say C = (ay, - ..,q;,) and T = (aj,, - . ., aj,)
with {ig,...,it} € {Jo,...,Je} (since C C cl(T)). By definition of & we
have £(C) = (byy, ..., b;,) and {(T) = (bj,, ..., bj,). We then see easily that
limy o+ £ 0 y(t) = &(2).
Conversely, {71 = Ucex 551, and since 551 is defined in a similar way to ¢,
we see that €71 is also continuous, and so that £ is a homeomorphism. The
other conditions in Definition 2.3 follow directly from the definition of &.
Observe that by construction of & we have ¢(a) = b. O

Definition 2.5. Let R < M be two ordered fields in some language L.

1. Let ¢(z) be an L-formula. If C' = ¢(R") is a definable subset of R",
we denote by C) the subset ¢(M™) of M™.

2. If K ={C},...,C,} is a complex in R", we denote by K, the complex
{(Cl)M, ceey (Cg)M} in M™.

Definition 2.6. Let R and S be o-minimal expansions of real closed fields in
the same language L, and let M be an elementary extension of R and S. Let
n € Ny, let ¢ be a bounded definable subset of R", and let 1) be a bounded
definable subset of S™.

We denote by I(¢, ) the set of all bijections f : A — B, where

1. A is a partition of ¢ into definable sets and B is a partition of ¢ into
definable sets.



2. there are

e two complexes K in R™ and W in S™,
e a triangulation (F, K) of ¢ partitioning every element of A,
e a triangulation (G, W) of ¢ partitioning every element of 15, and

e an M-definable homeomorphism of complexes (&, Ky, Way)

K| — W

|

K] W]
¢| lo
¢ ¥

such that f is the map induced by the above diagram, i.e. for every
Cie K,E; e W (fori=1,...,{), we have

f(A) =G YE,U---UE)).
Every partition A of ¢ generates a boolean subalgebra BA(A) of the

boolean algebra of subsets of ¢, whose atoms are precisely the elements of
A. Soif f € I(p,v), f induces an Lpa-isomorphism

BA(f) : BA(A) — BA(B)
AU--UA, s FA)U---U F(A)
(where Ay, ..., A, € A)

We denote by I54(¢,1)) the set of all BA(f) : BA(A) — BA(B), for
fel(o.).

Definition 2.7. We define the languages L™ and Ln by
L" :=LpaU{Dy | k=0,...,n} U{Ey | kK € w} U{Open},

L" = {V,A, T, LYU{Dy | k=0,...,n} U{E} | k € w},

where the Dy’s, E}’s and Open are new unary predicates.
In a structure whose elements are definable subsets of R", where R is an o-
minimal expansion of a real closed field, the new predicates will be interpreted



as follows

Di(A) & dimA =k
Ey(A) < E(A) =k
(where E denotes the Euler characteristic)
Open(A) < A is open in R".

Lemma 2.8. With notation as in Definition 2.6, let f € I(¢,v). Then
BA(f) is an L"-isomorphism from

(BA(-A)7 VoA T (Dk)Z:Oa (Ek)keun Open)
to
(BA(B)7 \/7 /\7 ) Ta J—v (Dk)zzm (Ek)kELw Open)'

Proof. Since BA(f) is an Lp4-isomorphism, we only have to show that BA(f)
isa ({Dy | k=0,...,nfU{E | £ € w} U{Open})-isomorphism. Let
A € BA(A). Then F(A) = C4 U ---UC, for some C,...,Cy € K, and
if By,...,E, € W are such that {((C;)y) = (Ei)p for ¢ = 1,..., ¢, then
f(A) =G Y (EyU---UE;). The result for the predicates Dy and Open then
follows from

dim A = dim F(A) = max{dim C; | i =1,...,(}
=max{dimFE; |[i=1,...,/(}
=dim f(A)

and

A open < Cy U ---UCy open
< {((C)m) U+ UE((Cr)m) open
& (B1)mU---U(Eg)y open
& EiU--- U Ep open
< f(A) open.

For the Euler characteristic, we first observe that E(C;) = E(E;) for i =
1,...,¢ (indeed, if C; is a simplex of dimension k, then E; is also a simplex
of dimension k and E(C;) = (—1)* = E(E};)). Since F and G are definable
bijections, by [V, Proposition 2.4, Chapter 4], to prove that E(A) = E(f(A))
we only have to check that E(Cy U---Cy) = E(Ey U ---U Ey). Since these
unions are disjoint unions, this statement is equivalent to Zle E(C;) =

Zle E(i) (see [V, 2.9, Chapter 4]), and the result is proved. O



Definition 2.9. If M is an o-minimal structure, n € N, and €2 is a definable
subset of M™, we denote by

1. defy;(Q2) the boolean algebra of subsets of €2 that are definable in M.
2. odef;(£2) the lattice of open subsets of € that are definable in M.

We recall the following definition, which is a reformulation of [H, pp. 97-
98].

Definition 2.10. Let L be a first-order language and let M and N be L-
structures.

1. A partial L-isomorphism from M to N is an L-isomorphism between
an L-substructure of M and L-substructure of N.

2. A set I of partial L-isomorphisms from M to A is called a back-and-
forth system if for every f € I:

(a) for every a € M there is g € I such that a € dom g and g extends
e
(b) for every b € N there is g € I such that b € Im g and g extends f.

3. We say that M and N are back-and-forth equivalent if there is a non-
empty set of partial L-isomorphisms from M to N that is a back-and-
forth system.

Lemma 2.11. With the same notation as in Definition 2.6, assume that
I(¢,%) is non-empty. Then IBPA(p,1)) is a back-and-forth system between

defr(¢) and defg(v)).

Proof. Let f € I(¢,%) and let U be a definable subset of ¢ such that U ¢
dom(BA(f)) = BA(A). (The case of U being a definable subset of ¢, U ¢
Im f, is similar.)

By the triangulation theorem [V, Theorem 2.9, Chapter 8| there is a
triangulation (Fy, K) of | K| partitioning F'(U) and every element of K. By
definition of triangulation, the map F} is definable in R, say for instance that
the graph of Fj is defined by the formula Fi(7,v) where v is a tuple of 2n
variables, 7 C R, and F}(u,v) is a formula without parameters.

In such a case, i.e. if a formula (¢, v) defines the graph of a function
(where ¢ is a tuple of parameters), we will denote this function by fpzs). So
for instance, in the situation described above we have F1 = fr (74).

We fix an enumeration a of the vertices of K and an enumeration a’ of
the vertices of K. Then &(a) is an enumeration of the vertices of W and
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Yka = Lwge@)- The following set of L-sentences describes how the simplices
of K are included in the image of the simplices of K by fr, 7z

En (2, y) ={ (Wi, - vi) © freo (@, w5,) |

Al(zjy, ... 25,) € Sra(@) AAL(Yiy, - ¥i) € Sk ar (T)A
(a5, - -5 a5,) € freo((ag, - a5))}

U{(irs - %) O frea (@, ,25,)) = 0]
Al(zjy, ... 25,) € Sra(@) AAL(Yiy, - ¥i) € Sk a (T)A
(aly, ... al) N fr (7,0)((ag,, - - a5,)) = 0},

We have
R E373y3z Yka(T) A Ek, ()N

[F1(Z,0) defines the graph of a triangulation from the

complex determined by Xk ;(Z) to the complex

determined by ¥k, & (y), partitioning the simplices

in the complex determined by X 4(Z)]A
ZFI (ja g) :

(The above sentence can be expressed as a first-order sentence in the language
L.)
Since R = S and Yg s = Xwe(a), it follows that

S EIZTIWIZ Lwew (T) A Sk a (YA
[F1(z,0) defines the graph of a triangulation from the
complex determined by Xy ¢@)(Z) to the complex
determined by X, & (¥), partitioning the simplices

(1)

in the complex determined by i ¢(a)(Z)]A
EF1 (fa g) :

Let &,b and 3 C S be tuples realising the variables Z,§ and Z respectively
in (1). Let W’ be the complex in S determined by & (as in Lemma 2.2)
and let W) be the complex in S determined by b. Since Yg, o = Yk
and Yy o = Xwea), by Proposition 2.4 there is an M-definable homeomor-
phism of complexes (o, (K1), (W1)y) and an S-definable homeomorphism



of complexes (&', Wy, W},), which yield the following (informal) diagram

(K1)m z (W1i)m
fFW,U)T ]fmm)
Ky — Wy — w2, (2)
FT Tc
Om Yu

This diagram need not be commutative at the level of maps (i.e. there is
no reason why we should have o o fr 75y = fr (s 0§ 0 &), but is actually
commutative at the level of boolean algebras generated by the complexes, as
proved in the following claim.

Claim 2.12. Let C' € K and E € W’ be such that £ o {(Cy) = Ep. Let
Tres)(Cu) = (CHm U---U(Cr)a with Cf € Ky and o((C)) ) = (E;)ar for
EleW,andi=1,...,[

Then frs0)(En) = (EY)u U+ U (E]) -

Proof of Claim 2.12: Let C' = (a;,,...,a;,), i.e. E=({0o&(aj),...,& 0
(aj,)). Ifaj ..., a;, taken from the tuple @', are such that (a;,, ..., aj,) € K,

(i.e. (biy,...,b;,) € Wy), we have

(a;p s ’a;t) - fFl(F,TJ)(C) And

& Wirs - %) € freo (@), -, 25)) € Br(2,7)

g (bip 7bit) - fF1(8 U)((&]N "?O‘je))

s o((a,....a},)) C freEn(E o&la)), ..., 0&(a;)))
e o((ag,, - a;)m) C friso(Ewm)

which proves the statement. End of the proof of Claim 2.12.

We simply follow diagram (2) to find what set we associate to U in the back-
and-forth process:
Let Cf,...,C} be simplices in K; such that (fp s o F)(Um) = (C7)m U
<+ U (C)) . Observe that for i = 1,...,¢, each o((C})p) is a simplex in
(Wh)ur, 1.e. is equal to (EY)y, for some E! € Wi. In particular the set E :=
(fr@Go) H(E1U---UE)) is definable in S and if we define V := ({0 G) " }(E),
then V is also definable in S. We define a map f’ such that BA(f’) extends
BA(f) and sends U to V.

Let A" := (fr s 0 F)7' (K1) and B' := (fr 50 0 & o G)~'(W;). Since
F(7,v) partitions the simplices of K and F}(S,v)o¢’ partitions the simplices
of W, A" is a refinement of A and B’ is a refinement of B. In particular A’ is a
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partition of ¢, B’ is a partition of ¢, BA(A) C BA(A") and BA(B) C BA(B').
For each (fr (5 o F)"'(C") with C" € K, there is a unique E' € W; such
that o(C",) = E},, and we define f': A" — B’ as follows:

F(freo o F)H(C) = (freo 0§ 0 G)H(E).

It is clear that f’ is a bijection from A’ to B'.
Claim 2.13. 1. U € BA(A);

2.
3.

BA(f") extends BA(f);
fre (o).

Proof of Claim 2.13:

1.
2.

This holds by definition of A’ and the triangulation (fg, (7z), K1)

Let A € A. Since F partitions every element of A we have F(Ay) =
(C1)mVU- - -U(Cy)u for some C1, ..., Cy € K, and since fr, (75 partitions
the simplices in K, we have fr, 5 ((Ci)ar) = (Cf1)mU---U(C},. ) for
some C;; € K. Let Ey, ..., B, € W be such that £((Ci)u) = (Ei)m
for i = 1 0, and let B, € Wy be such that o((C; ;)m) = (B} ;)m
fori=1,. f j=1,.

Since (£ o f)(( ) = 5’(( ) ), Claim 2.12 gives, for i = 1,...,¢,
(fro) 0 E)(Ei)ar) = (Bi)u U+ U (B}, (3)
By definition of BA(f) and BA(f’):

BA(f)(Au) = GTH((E))m U -+ U (B m),
¢

BA(f")(Au) = | J(fra 0 € 0 G) (EL)w U+ U (EL, )ar)

1=1

U frGa o) (B )mU---U(E;, )m),

=

1
and the claim follows by (3).

. To finish checking that f’ € I(¢,1), we have to verify the second item

in Definition 2.6. For this we consider the complexes K; and Wy, and
the maps fr e 0 F and fr 0 0 & o G. We know that (fp s ©
F, K;) is an R-definable triangulation, while (fg, 5.5 0& o G, W) is an
S-definable triangulation. Finally, (o, Ky, Wiar) is an M-definable
homeomorphism of complexes, and the rest of Definition 2.6 is fulfilled
by definition of f’.
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End of the proof of Claim 2.13.
Therefore 154(¢,) is a back-and-forth system. O

Our main result now follows from Karp’s theorem, which we briefly recall
(see [H, Corollary 3.5.3]).

Theorem 2.14 (Karp). Let L be a first-order language and let M and N
be L-structures. Then M and N are back-and-forth equivalent if and only if
they are Lo, -equivalent (i.e. satisfy the same Loy, -formulas).

Theorem 2.15. Let R and S be elementarily equivalent o-minimal Lg-struc-
tures that are expansions of real closed fields, and let ¢,0,,...,0 be Lg-
formulas with n free variables such that 6;(R") C ¢(R") fori = 1,... k.
Then the structures

(defr(p(R™)); VoA, =, T, L (De)j—gs (Ee)rew, Open, 01 (R"), ..., 0k(R"))
and

(defs(o(S™)); V, A, =, T, L, (De)j—g, (Ee)ecw, Open, 01(S™), ..., 0k(S™))
are L% -equivalent.

Proof. We first observe that R™ and (0,1)g" on the one hand, and S™ and
(0,1)s" on the other hand, are definably homeomorphic, using homeomor-
phisms that are defined by the same Lg-formula without parameters in R

and S. Therefore, and up to applying these homeomorphisms, we can as-

sume that ¢ defines a bounded subset of R™ and S™.

By Lemma 2.11 and Theorem 2.14, it suffices to show that the set I(¢(R™), ¢(S™))

is non-empty and contains a map sending 6;(R"™) to 0;(S™) for i = 1,... k.

Let (F1, K) be a triangulation of ¢(R™) partitioning 6, (R"), ..., Ox(R"). Let
Fi(y,u) be an Ly-sentence such that F;(7, @) defines the graph of F} for some

7 € R, and let @ be an enumeration of V(K'). Then

R E=373Z2 Yk a(Z) A Fi(Z,u) defines the graph
of a triangulation from ¢ to the complex

determined by Xk ;(Z), partitioning 6y, ..., 0.

The above sentence can be expressed as a first-order Ly-sentence €2 and since
R =5, it follows that
SEQ. (4)

Let b,5 C S be realisations of the variables Z and z in (4), let W be the
complex in S™ determined by Yk ;(b) and let G be the triangulation whose
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graph is defined by Fi(5,u). We have Sx 4(Z) = Sy 5(Z). Let A = F; ' (K)
and B = G (W).

By Proposition 2.4, if M is any common elementary extension of R and
S, there is a homeomorphism of complexes (£, Ky, Wyy) such that for every
simplex (a;,, ..., a;,) of K, &((aiy, ... a;,)ar) = (biy,y ..., b;,)ar- It follows that
the map

f: A — B
FTH(C) = GTY(E)

(where C' € K and F is the unique element in W such that Ey = £(Cyy)) is

in I(¢p(R™),p(S™)), with f(6;(R")) = 6;(S™) for i = 1,...,k and the result
follows. O

Corollary 2.16. Let R and S be o-minimal Ly-structures that are expansions
of real closed fields, and let A C RNS be such that R and S are elementarily
equivalent as Lo(A)-structures (where Lo(A) is the language Ly expanded by
constants for the elements of A). Let ¢ be an Lo(A)-formula with n free
variables. Then

1. the bounded lattices
(odefr(p(R™)); V, A\, T, L, (Do)y—os (Ee)ocw, 01 (R™), ..., 0k(R"))

and

(odefs(p(S™)); VoA, Ty L (Do)io, (Ee)ecw, 01(S™), ..., 0k(S™))

are L™ -equivalent, for every 61(R™), ..., 0:(R™) open subsets of ¢(R™)
that are definable with parameters in A.

In particular, if R < S then

2. (odefr(d(R™); V, N\, T, L, (De)}—g, (E)eew) s an L"-elementary substruc-
ture Of (odefg(¢(S")), VA, Ta J—7 (DE)ZL:W (Ef)fau)'

Proof. Statement 1 follows immediately from Theorem 2.15, while statement
2 is a clear consequence of the first one. O

3 Link with semilinear sets

We refer to [V, Chapter 1] for the notion of semilinear set, and recall [V, 2.14,
Exercise 2, Chapter 8]: Let Si,..., Sk be semilinear subsets of a bounded
semilinear set S C R™ (where R is an ordered field). Then there is a complex
K in R" such that |K| = S and each S; is a union of elements of K. For
the sake of terminology, it is convenient to reformulate this as a triangulation
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result: If S is a bounded semilinear subset of R and 51, . .., Sy are semilinear
subsets of S, then there is a complex K in R" such that (id : S — |K|, K) is
a triangulation of S partitioning Si, ..., Sk.

We say that a triangulation (F, K) of some definable set is semilinear
if the homeomorphism F' is semilinear. In this section, R denotes a fixed
o-minimal expansion of a real closed field.

Much credit for this section goes to Marcus Tressl, who provided both
the question and the reference to [B]. We recall Definition 1.3 and Theorem
1.4 from [B] (restated to follow our notational conventions).

Definition 3.1. Let K be a complex in R". A triangulation (f, K') of | K] is
a normal triangulation of the complex K if it satisfies the following conditions

1. (f, K’) partitions every simplex in K,
2. K’ is a subdivision of K and

3. forevery T'€ K’ and S € K, if T C S then T C f(95).

Observe that in such a case we have f(S) = S for every S € K. Definition
1.3 in [B] asks that ¢'(T) C S whenever T' € K’ and S € K are such that
T C S (and where ¢’ is the homeomorphism in the normal triangulation).
This is due to a different notation for triangulations: a triangulation (F, W)
of the set S would be denoted in [B] by (W, F~'), i.e. the homeomorphism
starts from the realisation of the complex.

Theorem 3.2 (Normal Triangulation Theorem). Let K be a complex in R™
and let Si,...,S; be definable subsets of |K|. Then there exists a normal
triangulation of K partitioning St,...,Sy.

Definition 3.3. Let n € N, and let {2 be a semilinear subset of R". We
denote by

1. slg(£2) the boolean algebra of semilinear subsets of {2 that are definable
with parameters from R.

2. oslg(Q2) the lattice of open semilinear subsets (for the order topology
on R) of Q that are definable with parameters from R.

Methods similar to those of the previous section, together with Theorem
3.2, allow us to compare the structures defgr(¢) and slg(¢), and well as
odefg(¢) and oslg(¢), when ¢ is a bounded semilinear subset of R".

Definition 3.4. Let n € N, and assume that ¢ is a bounded semilinear
subset of R™. We denote by I(¢) the set of all bijections f : A — B such
that

13



1. A is a partition of ¢ into definable sets, and B is a partition of ¢ into
semilinear sets.

2. There are

e a complex K in R",
e a triangulation (F, K) of ¢ partitioning every element of A, and

e a semilinear triangulation (G, K') of ¢ partitioning every element

of B
K]
F G
¢/ \cb

such that f is the map induced by the above diagram, i.e. for every
A € A such that FI(A)=CU---UC, with C; € K, (fori=1,...,¢),
we have

flA) =G HC,U---UCy).

As in Lemma 2.8, such a map f induces an L"-isomorphism BA(f) from
BA(A) to BA(B), and, defining

I"4(¢) == {BA(f) | f € I(¢)},

we have the following lemma.

Lemma 3.5. With the same notation and hypotheses as in Definition 3.4,
assume that I(¢) is non-empty. Then IPA(¢) is a back-and-forth system
between defg(¢) and slr(o).

Proof. Let f € I(¢). For this proof, we need to check both directions of the
back-and-forth.

e Let U € slg(¢) be such that U € ImBA(f) = BA(B). As explained at
the beginning of this section, by [V, 2.14, Exercise 2, Chapter 8| there
is a semilinear triangulation (id, W) of | K| partitioning the semilinear
set G(U) and every element of K, so we have the following maps.

W

|

7N
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Let A" := F~Y(W) and B’ := G~'(W). The triangulations (F, W) and
(G, W) define a map f': A" — B by f/(F1T)) := G }T) for every
T € W. By definition we have ' € I(¢), and U € ImBA(f’). We
only have to check that BA(f’) extends BA(f). Let A € BA(A) and
write F'(A) = C1U---UC, with C,...,Cs € K. By definition we have
BA(f)(A) = G7Y(Cy U---UC,). Furthermore, each C; is of the form
D,y U---UD,y, for some D, ,...,D;y, € W, and

BA(f")(A) =G~ '(| JDiaU---UDiy,)

:G%U@)
= BA(f)(A).

Let U € defg(¢) be such that U ¢ dom BA(f) = BA(A). Applying
Theorem 3.2 we find a normal triangulation (H, K') of K partitioning
F(U). By definition of normal triangulation, K’ is a subdivision of K
and therefore the identity map from |K| to |K’| is a triangulation of
| K| partitioning every simplex in K. As observed after the definition
of normal triangulation, we have H(S) = S for every S € K.

K|

nl Y

¢74K&¢

We define A" := (H o F)"}(K') and B’ := (id o G)"!(K’). The trian-
gulations (H o F, K') and (id o G, K') define a map f' : A" — B’ by
f'(Ho F)™XT)) := (id o G)"(T) for every T € K’. By definition
we have f' € I(¢) and U € dom BA(f’). Observe that by construc-
tion H o F(U) = S{U---US. for some S,...,S. € K’ and thus
(id o G)"Y(H o F(U)) is a semilinear subset of ¢.

We only have to check that BA(f’) extends BA(f). Let A € BA(A)
and write F(A) = C,U---UC, with C4,...,C, € K. By definition of
f we have BA(f)(A) = G7(CyU---UC,). To compute BA(f")(A) we
write H(C;) = Cf, U---UC],. for some Cfy,...,C;,. € K'. It follows
that

CipU--UC, = H(C) =C; (5)
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since H is a normal triangulation of K and C; € K. We have A =

Ui, Uy (H o F)7!(C};) and thus

BA(f)(4) = JJGd o G)7(CY,)

i=1j=1
= Jaiy
i=1 j=1

=UGﬂ@mM@

= BA(f)(A).
O
The following two results follow, as in the previous section.
Theorem 3.6. Let ¢ be a bounded semilinear subset of R™ and let 64, ...,0,
be semilinear subsets of ¢. Then the structures
(defR<¢)a \/7 /\7 ) T7 J—a (Df)?:m (EE)ZEwa Opena 917 R gk)
and
(slr(®); Vo A =, T, L (De)y—y, (Er)rew, Open, by, . . ., 6)
are L2 -equivalent.
Corollary 3.7. Let ¢ be a bounded semilinear subset of R™.
1. The bounded lattices
(OdefR<¢>a \/7 /\7 Ta J—a (Dé)quoa (EZ)EGLLM 817 ] 79k)
and
(OSIR(¢); vv /\7 T) J—a (Dﬂ)?:(h (EK)ZEQM 017 ey ek)
are Egow—equz’valent, for every 61, ...,0, open semilinear subsets of ¢.

2. In particular (oslg(¢); V, A\, T, L, (D)o, (Er)rew) is an elementary L"-

substructure of (odefg(d); V, A, T, L, (De)}—g: (Ee)tew)-
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