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1 Introduction

The theory of Witt rings of fields has led to different axiomatizations of quadratic
form theory, for example abstract Witt rings, quadratic form schemes, quater-
nionic structures; each of these axiomatizations highlighting a particular point
of view.

Recently, Dickmann and Miraglia have introduced a new axiomatization,
the theory of special groups, which they have developed to get new results: see
[DM], and [DM;] in which Marshall’s and Lam’s conjectures are proven.

The category of special groups (with its morphisms) is naturally isomorphic to
that of abstract Witt rings. Moreover, the theory of special groups is axioma-
tized by a finite set of formulae in a first-order language, and it is thus natural
to look at it form the point of view of model theory.

This is the subject matter of this paper, in which we present some model-
theoretic results concerning special groups of finite type (see definition 4.3):
We recall Feferman and Vaught’s notion of generalized product and prove some
results about them, and we introduce briefly the main concepts concerning spe-
cial groups (sections 2 and 3).

In section 4, we interpret the operation of extension as a generalized product.
Using this we characterize in section 6 the first-order theories of special groups
of finite type by means of finite trees (proposition 6.2), and get some conse-
quences concerning categoricity and saturation.

These results lead us to the problems of model-completeness and quantifier elim-
iation for reduced special groups of finite type: this is the content of sections 7
and 8, in which we characterize the elementary monomorphisms between such
special groups (theorem 7.4), and we introduce an extended language in which
they admit quantifier elimination (theorem 8.3).

We conclude this paper by the explicit computation of the (finite) Morley rank
of special groups of finite type (section 9). *

Throughout this paper, the symbols ¢ and ¢ will denote, respectively, the end
of a proof, and the end of a proof within another.

2 Generalized products

As the model-theoretic notions used here are standard (except for the fact that
we will use the same notation to denote a first-order structure and its underlying

1These results are part of a PhD thesis written under the direction of M. Dickmann. I
would like to express here my gratitude to him for his many advice and remarks.



set), we only recall the notion of generalized product which appears in [FV].
For a given collection of first-order structures {4;};cr of language L, this con-
struction explicitly produces new first-order structures (in various languages),
the usual product being a particular case.

Let {A;}icr be a set of L-structures indexed by I and let S be the boolean
algebra < P(I);0,U,N, 7, C, Ry,..., Ry, ... > of subsets of I, equipped with
new relations R;. We denote by Lg = {0,u,N, ", C, Ry,..., Ry,...} the lan-
guage of S. The underlying set of every generalized product of the A; is the
product A = [[;c; Ai, the relations on it being the only objects that can be
chosen more freely. We denote by f a tuple of elements in [[;c; A;, and by f;
the tuple in A; consisting of the i-th coordinates of f.

If 0 is a L-formula, we write:

[0N] ={iel|AFo(f)},

and for any Lg-formula ® with m free variables, and any L-formulas 6, ---,0,,,
the sequence:
(=<®,0,---,0, >

is called an acceptable sequence. For an acceptable sequence (, we define:

Qe={F=(f,.. ) eA [ SE2([(N]. . [0a(N]) }, (&%)

and the generalized product of the A; relative to the algebra S is the
structure:
< A;{Q¢ | ¢ acceptable sequence} >

(we will also call generalized product every structure < A;{Q¢}cea >, where
only a particular set of acceptable sequences has been chosen).

The results that we will use concerning generalized products are summarized in
the following theorem:

Theorem 2.1 ([FV], theorem 5.1 and theorem 5.2, and [D], corollary 4.5.3,
p. 361) Generalized products preserve elementary equivalence, Loox-equivalence
for every cardinal A\, and elementary extensions. More precisely:

If A; = B; (respectively A; =cox Bi, A;i < B;) for alli € I, the generalized
product of the A; is elementarily equivalent to the generalized product of the B;
(respectively, Loox-equivalent, is an elementary substructure).

Now we prove some results about generalized products:

Lemma 2.2 Let My,..., M, be L-structures (n is finite), and N be a general-
ized product of My, ..., M, relative to the algebra S. Denote by L the language
of N. Then, for any L-formula ¢(Z) there exist L-formulas 61(Z),...,0,(Z),
and a propositional formula F', all of these depending only on ¢, such that, for
alla=(ay,...,a,) € N:

Npla) <
= FM = bi(@), - My = 0i(an), -, My = Ok (a1), - -, My = Oi(an)),

where M; = 0;(a;) denotes the truth value of 8;(a;) in M.



Proof: Let ¢(Z) be a L-formula. By [FV], theorem 3.1, there exists a Lg-formula
®, and L-formulas 61, -- -, ), depending only on ¢, such that, for all @ € N:

N p(a) < SEo([0@)],---, [0k(@)])

But since the underlying set of S, P({1,---,n}), is finite, so is ®(S), the set of
tuples of S satisfying &:

®(S) ={Ay,---, A}, with Ay, -, A € P({1,---,n})k.
This gives:
SE ([0 (@], - [0@]) & ([01(a)], -, [6(@)]) € {A1,---, A}
& ([6:@)], -, [0@)]) = A v---V([6:@)], -, [6(@)]) = A
([[91(&)]] Y SR WARERA ﬂ9k( ) =A1k) v

% ([[91( )]] —Al LA A Wk( )] = Az,k) (%)
where A; = (41, -, A;k) for j=1,---,1. But for fixed § and A:
[0@)] =As N\ M =60@)n \ M = 0(a)
€A €A

Using this in (), we get the formula F' and the truth values of 0;(a;) in M;.
Moreover, since ® and 64, - -, 0 depend only on ¢, so does F'. ¢

Corollary 2.3 Generalized products of a finite number of structures preserve
A-saturation, for any cardinal \.

Proof: Let Mj,..., M, be A-saturated L-structures, and N be a L-structure
that is a generalized product of My,..., M, relative to the algebra S. After
replacing functions by their graphs, if necessary, we may suppose that L does
not contain any function symbol.

Let LT be the language on N containing all possible relations given by
the generalized product of My, - - -, M,,, together with the projections p1,---,pp
from N to Mj, -+, M, (to do this we have to identify M; with the subset
€1 X -+ X ¢im1 X M X ¢ip1 X -+ X ¢ of N, where the ¢; are arbitrary (but fixed)
elements of M;, j =1,---,n). Then:

Fact 2.4 Ifi € {1,---,n}, then M; is definable as a L-structure in the L*-
structure N.

The proof of the fact is a straightforward verification. O

Let N’ be a A-saturated elementary extension of N in the language L™, and
M = Im(PN"). Since N < N’, we have N’ = M] x --- x M/ (as sets), and,
using fact 2.4:

M; < M/ in the language L, for i =1,---,n

As L CL* Nis naturally a L-structure. Lemma 2.2 gives that, for any
L-formula ¢ there exist L-formulas 61, ---,0; and a propositional formula F?¥,
depending only on ¢, such that for any a € N:

N (@) ©
): FW(Ml ': 91(@1),-~-,Mn ': Hl(an)7"'7M1 ': ek(dl)v"'7Mn ': ek(an))‘



We get:

Fact 2.5 N’ is obtained from Mj,---, M/} in the same way that N is obtained
from My, -, My, i.e., for everya € N':
N' = p(a)
54
= F2(M = 01(a1), -+, My, = 01(an), -+, My = O(@n), -+, My, 1= k(@)

Proof: Routine verification, since the M/ are definable in N’ by the same L-
formulas that define the M; in N. O
Now we show the A-saturation of N: Let A C N with card(A) < A, and let
p € Si(A) be a L-type in N. Since N’ is A-saturated, p is realized in N’ by
(a1, ,ap), with a; € M.
Let p(x,&) € p (@ € A are the parameters). Lemma 2.2 applied to N gives
a propositional formula G¥ and L-formulas 67,-- -, 92‘;, depending only on ¢,
such that for all x,7 € N,
N o(r,y) &
':Gw(Ml ):af(xlagl)v"'an ':e(f(xnagn)v» (*)
M, ): 92’2(%1, gl)v ce, My, ): Gli(xn7gn))7

using fact 2.5 and assigning the values a to z and @ to § we get:
N' [ ¢(a,a) <
E G?(M] =07 (ar,01),- -, My, |= 0F (an, an), -,
M{ ': gli,(ala C_Vl)v ) M7/1 ': e;i(anv O_‘n))

Looking at the truth table of G¥ shows that this is equivalent to a formula of
the form:

(M{ ): Ef,lef(al’@l) ARRRNA Mr/L ‘: Ef,nefp (anv@n)) Vo (*)
V(M{ Eef 0f(a1,a1) AN My = ef 07 (an, an)),
where the ef- are the empty symbol or —.
For example, we have (as (x) is a disjunction, and a, & are fixed):
N p(a,a) & M kel 0f(a,a1) Ao A M, et 0f (an, an),
i.e.

, N'E¢(a,a) < ,
Ef,lef(xa 6‘1) € tle (dl/pl (A))’ T ’Efnelt (:L‘, dn) € tpM" (&n/pn(A))

Applying this to every formula ¢ € p, we get:

a is a realization of p <
{1107 (2, a1 }pep © tp" (@1 /p1(A)), -+ {5,107 (2, @) boep C 0™ (@n/pn(A)).

Since the M; are A-saturated the types tpMi(ay /p1(A)), - - -, tp™n (an/pn(A)) are
realized in My, -+, M,, say by by, --,by,.

Unravelling the preceding equivalences, using (&), we obtain that (by,---,b,) is
a realization of p in N, which is therefore A-saturated. ¢

The following will be of later use:



Lemma 2.6 Let M be a generalized product of the L-structures My,---, My,
and p1,---,pn be the projections from M = My X --- x M, onto My,---, M,,
respectively. Then, for any A C M and any a € M, tpM(a/A) is determined
by:

tp™ (p1(@), p1(A)), -+, tp™" (pn(@), pa(A)).
Proof: Let &, 3 € M be such that:

tp™i (p1(@), pi(A)) = tp™ (p1(B), pi(A)), forall i =1,---,n

We will show that tpM(a/A) = tp™(3/A).

Let ¢(z,a) € tpM(a/A), with a € A. By lemma 2.2, there exist L-formulas
01(Z,9),..., 0k(Z,7), and a propositional formula F', depending only on ¢, such
that, for all u,v € M:

M = p(u,0) <
': F(Ml ): 91(])1(@),]91({/)), B M, ): al(pn(ﬂ')apn(a))v e
e, My ': ek(pl(ﬁ)7p1(®>)7 e, M

Since M = (@, a), we have:

|=F(M1 = 01(p1(@),pi(a)), - F91(Pn @), pn(@)), - -
My = Ok(pr(@),pr(a )) M,

and the hypothesis gives:

= F(M = 01(p1(B). pa1(a)
o My |=9k(p1(5),p

which implies ¢ (7, a) € tp™ (5/A). ¢

3 Special groups

As mentioned in the introduction, the relevant reference concerning special
groups is [DM], but in order to keep this paper as self-contained as possible, we
recall some basic facts:

Definition 3.1 A special group G is a group of exponent 2 (written multiplica-
tively) with a distinguished element —1 and a binary relation = on G2, which
verify the following azioms:

SGy) = is an equivalence relation.
SG1) Va,b (a,b) = (b,a)
(for a,b € G, we denote by (a,b) the associated element of G?).

SGs) Va (a,—a) = (1,-1), with —a = —1.a.
SG3) Va, b, e, d (a,b) = (¢,d) = ab = cd.
SGy4) VYa,b,e,d (a,b) = (¢,d) = (a,—c) = (=b,d).
SGs) Ya,b,c,d,x (a,b) = (¢,d) = (ax,bx) = (cz,dx).

)

SGg) (3-transitivity) Vai,aq, as Vby, b, b3 Veq, co,c3

(< ai,az,a3 >=< bl,bg,bg >N < bl,bg,bg >=< ¢1,C2,C3 >)
=< ay,a2,a3 >=< C1,C2,C3 >.
(The relation = between triples of elements of G is defined below.)



A quadratic form of dimension n over G is a n-tuple < ay,---,a, > of
elements of G.

If Fis a field of characteristic different from 2, and if we interpret G as
G(F)= F/F? and = as the isometry relation between quadratic forms of di-

mension 2, then the axioms SGy,---,SGg are satisfied (if we consider only
quadratic forms in diagonal form, represented by the tuples of elements on the
diagonal).

In this context, the meaning of SGg is clear: it asserts that isometry between
quadratic forms of dimension 3 is transitive. In the special group context, we
have to define isometry between quadratic forms of dimension greater than 2.
This is done by the following definition, inspired by the inductive description of
isometry in the field case (see [M;], theorem 1.13, p. 16):

Definition 3.2 We define a relation (still denoted by =) between two n-tuples
of elements of G, by induction on n:
o < ay >=<b; > a; = b;.

o < ay,as >=< by, by > (al,aQ) = (bl,bg).

o <Ay, Gy >=E< by, by > 3x,Y, 23, -+, 2, sSuch that
<a,x >=<b,y>AN<ag, 0y >=E< T, 23, ,2n > A
<bQ7"'abn >=< Y, 23,000, 2n >

Thus, a special group is a first-order structure in the language Lsg = {1, —1, .,
=}. A morphism (respectively monomorphism, isomorphism) of special groups
(SG-morphism for short) is just a Lgg-morphism (respectively monomorphism,
isomorphism), in the usual model-theoretic sense.

With this notion of morphism, we can form the category of special groups,
which turns out to be naturally isomorphic to that of abstract Witt rings, by a
covariant functor (see [Da]).

For a special group G and a quadratic form < aq,---,a, > over G, we define
the set of elements represented by < ay,---,a, >:

Dg<aj, - -,apn>={be G| Tby,---,b, €CG
<ap, --,an >E<b7b27"'7bn>}

(in the field case, this coincides with the set (modulo squares) of non-zero values
of the quadratic form < aq,---,a, >; see [M;], corollary 1.5, p. 10).

Remark: For binary forms, isometry and representation are definable in terms
of each other by quantifier-free positive formulas:

<a,b>=<c¢,d>= (ab=cdNac € Dg < 1,cd >),

a€ Dg<1,b>=<a,ab>=<1,b>.

We will thus indistinctly work with isometry between forms of dimension 2, or
with representation by binary forms of type < 1,b >.

A special group G verifying —1¢ # 1¢ and Dg < 1,1 >= {1} is called reduced.
A special group of the form G(K), K a field, is reduced if and only if K is a
Pythagorean field (every sum of squares is a square). The category of reduced
special groups is isomorphic to the category of reduced abstract Witt rings
(by restricting the covariant functor mentioned above), and to the category of



abstract order spaces (by a contravariant functor; see [L] chapter 1, section 6,
or [DM] chapter 3). A Lgg-substructure which satisfies the axioms of special
groups is called a special subgroup.

Examples:

o If G is a group of exponent 2 with a distinguished element —1, the following
relations between pairs of elements of G2 define a special group structure

on G:

— The trivial isometry:
<a,b>=(< c,d> if and only if ab = cd.

This isometry contains any other isometry relation on G.

— The fan isometry, if —1 # 1, which is more easily described in
terms of representation:

G ifa=-1

Dfan <1,a>= { {1,a} otherwise

A special group with the fan relation is always reduced. This isometry
(denoted by =y4,) is contained in any other isometry relation on G.

o If {—1,1} is the 2-element group of exponent 2, there is a unique isometry
which turns it into a reduced special group. The resulting special group
is that of any real closed field, and is denoted by ZZ5.

Unfortunately, there is no general theory of quotients for special groups. One
simple example is given by the identity f : (G,=fan) — (G,=¢), which is a
surjective SG-morphism, but (G, =;) is not a quotient of (G, =qn).

There are nevertheless two cases in which a notion of quotient exists:

1. Quotients by Pfister subgroups (see [DM], chapter 2). This is the most
important (and the most used) notion of a quotient, but it will not be used
in this paper.

2. In this second case, the quotient is described as follows:

Lemma 3.3 Let G be a special group and K be a subgroup of G. Assume

there is a group homomorphism f: G — K such that f | K = idx and, for
a,b,c,d € G:

<a,b>=¢< c,d > = < f(a), f(b) >=¢< f(c), f(d) > .

Then, the Lgg-structure < K;=¢| K, f(—1¢) > is a special group and f is
a special group morphism.
Furthermore, f induces an isomorphism between this structure and

< G/ker(f);=*,—1g/ker(f) >, where, for a,b,c,d € G:

< afker(f),b/ker(f) >=*< c/ker(f),d/ker(f) >
if and only if there are a’,b', ', d’ € G such that aa’, bV, cc’,dd’ € ker(f)
and < d' )V >=g< ,d >.

%

In particular, < G/ker(f);=*,—1g/ker(f) > is a special group.



Proof: Straightforward verification ¢

This isometry on K will be refered to as the retract isometry with
respect to f.

We shall apply lemma 3.3 to the following situation:

Let Dg =) e Dg < 1,9 >. Routine verification shows that the isometry
=¢| Dg is trivial. Hence, choosing —1p, to be any element of D¢, the Lgg-
structure < Dg;=¢| Dg, —1p, > is a special group, which is called the trivial
part of G. Now, let G be a complement of D¢ in G (as Fy-vector spaces), and
let f: G — G be the projection onto G. With K = G, lemma 3.3 implies:

Fact 3.4 With notation as above, let —15 be the unique element of G such that
—1g = —1pg.—1g. Then, < G;=¢| G, —1g > 1is a special group. Furthermore,
G = G x Dg as special groups.

4 Constructions

There are two constructions which give new special groups: the product, which
is the usual product of first-order structures, and the extension, which we now
describe:

Definition 4.1 If G is a special group, and H is a group of exponent 2, the
group G x H can be turned into a special group (see [L], definition 1.10.1 and
theorem 1.10.2, p. 93), written G[H], by taking —lgg) = —lg X 1g, and
representation given by:

{1, gh} ifh#1
Dgiay < 1,gh>=4 Do <1,9>x{1} ifh=1andg# —1
GxH ifh=1and g=—1

This special group is called the extension of G by H, and we will sometimes
denote the elements of G[H| by g[h| rather than gh.

The product is obviously a generalized product, and we can show that the
extension is one too. Here there is a little problem: the definition of generalized
product requires all factors to be of the same similarity type, but G is in the
language Lsc and H is in the language {.,1} of groups. In order to use the
definition of generalized product we have to add a relation on H* and a constant
on H, which may be taken arbitrarily (they do not appear in the expression of
the generalized product):

Proposition 4.2 Let G be a special group, and H be a group of exponent 2.
Then G[H] is a generalized product of the Lsg-structures G and H, where H is
equipped with a new distinguished element, and a new quaternary relation (this
relation and this element may be chosen freely).

Proof: For convenience of notation, we set Go = G and G; = H, as Lgg-
structures, and use notation as in the beginning of section 2.

S =<P({0,1});0,U,N,” , C> is the boolean algebra relatively to which we will
express the generalized product.

Since —1g(a) = (—1g, Lx), it suffices to show that RG] the isometry relation
seen as a subset of G[H]?, is a relation of the generalized product. We have:



< g1hi, g2he >=qgia< 93hs, gahy >

(hi =haANhg=hsANg1=—g2Ngs = —ga)V

(hi =h3ANhy =hsANg1=g3Nga=ga)V

(h1 :h4/\h2:h3/\g1 :g4/\92=g3)\/

(h1 = ha = hz = ha\ < g1,92 >=a< g3, 94 >)-
RCM] is thus the union of 4 subsets Ay, ---, A4 of G[H]*, and it is enough to
show that each of these subsets is a relation in the generalized product. We
check this for the first subset:

A ={(g1h1,...,94ha) | i =hao Ahg =ha AN g1 = —g2 AN g3 = —ga) }.
We have A; = Q¢,, where:

Cl =< @1,01,9’1 >,(‘P1(X17X2) ~X1921ANX55> 0,
91(3?1,...,1’4) ~T] = To \T3 = Ty,
9/1(1‘1,...,.134) ~ T =—Ta \NT3 = —T4.

The verification is similar for the other 3 subsets, and is done without using the
additional structure on H, which may then be chosen freely. ¢

A special group is said to be indecomposable if it is not the product of
two non-trivial (i.e. different from {1}) special groups. Otherwise it is said to
be decomposable.

We close this section by introducing the notion of special group of finite
type. It generalizes (and dualizes) the notion of abstract order space of finite
type which appears in [ABR], chapter 1V, 3.

Definition 4.3 A special group of finite type is a special group built from
finite special groups, using a finite number of times the operations of product
and extension.

As in [ABR] (for abstract order spaces of finite type), to each special group
of finite type, G, we associate a tree, denoted by a(G), which describes its
construction:

e The tree of a special group G which is neither an extension, nor a product,
consists in one leaf: G.

o If H, K are special groups of finite type, the tree of G = H x K is:

e The tree of an extension G = K[H] is:

« , where a = dim]FQH > 1.

a(K)

Trees are identified according to the following rules:



e Successive products as in the left diagram are denoted as in the one on
the right (associativity of product):

a(H)  a(K) a(l) a(H) a(K)  a(L)

e Successive extensions are reduced to one:

B
. . Cv—i—ﬂ
a(K) a(K)

e Extensions from ZZy are not allowed. They are replaced as follows:

a—1
o —_—
/2 /2 /2
This is possible because the special groups represented by these trees are

isomorphic.

Modulo identification by the rules above, the tree of a special group of finite
type is unique (see [M;], theorem 5.23, p. 120, or, for the reduced case, [ABR],
chapter IV, sections 3,4, and theorem 5.1).

The pruned tree of G is the tree of G with the following modification:
each cardinal « labelling a vertical edge (i.e. corresponding to an extension) is
replaced by min(a, Rg).

We have

Corollary 4.4 If G is a special group of finite type, then G is w-stable and
w-categorical, and hence of finite Morley rank.

Proof: Since G is of finite type, it is built in a finite number of steps, starting
from finite special groups (which are w-categorical and w-stable) and using the
following two operations: product of two special groups, extension of a special
group by a group of exponent two. It follows from proposition 4.2 that these
two operations are generalized products in the sense of [FV]. Using lemma 2.6,
we see that a generalized product of a finite number of structures preserves w-
categoricity and w-stability, and the result follows. ¢

In particular, any special group of finite type, being stable, is of finite chain
length (by [Ps], proposition 1.6 p. 23, or [H], theorem 5.7.2 p. 249), where the
chain length is:

e The largest integer n such that there exist ag,- - -, a, such that:

Dg <1,a; >% Dg < 1,ai41 >, i=0,---,n—1,

10



if this integer exists.
e oo otherwise.

Moreover, using results of Marshall in [Ms], and the duality between reduced
special groups and abstract order spaces that appears in [L], chapter 1, section
6, we know that the reduced special groups of finite chain length are the special
groups of finite type that are built up starting out with the special group 7.
The preceding observation gives the converse: a reduced special group of finite
type has finite chain length.

Thus, for G a reduced special group, the following are equivalent:

i) G is w-stable.
ii) G is stable.
iii) G is of finite chain length.

iv) G is built up from Zs applying a finite number of times the operations of
product and extension.

v) G is of finite type.
Henceforth, all special groups will be of finite type.

5 Interpretations

In this section we show that each component in a finite product or in an exten-
sion is interpretable in the resulting special group. This will allow us to prove
some model-theoretic properties by induction over the tree of a special group of
finite type.

5.1 The product case

We have G = G x --- X G,,, where the G; are special groups of finite type, and
we may suppose that each G; is indecomposable.

By fact 3.4, we have D¢, = {1}, or G; = Dg,, and in the latter case, card(Dg,) =
2 (for, otherwise, it is easy to check that any decomposition of G; = Dg, as a
product of groups gives a decomposition of G; as a product of special groups,
contradicting the indecomposability of G;).

Furthermore, we have Dg = Dg, X --- X D¢, , and (after suitable reindexing):

G=G; x---xG; xGpy1 X -+ x Gy, as special groups,
—_——

Dg

with card(Gi41) = -+ = card(Gy) = 2.
As seen before fact 3.4, D¢ is definable in G, and if G = Gy x --- x G and
7 : G — G is the retract of the inclusion of G in G induced by G = G x Dg,
then we see that G can be interpreted in G, because G = G/ Dg as groups, and
the isometry on G is the retract isometry with respect to 7.

We now show that each G; is definable in G. To simplify notation, suppose
that [ = 2. So:

G = Gy x Gy, with Dg, = {1} and D¢, = {1}.

11



For a € G we have:
Dgs < 1,(=1g,,a) >=Dg, <1,—-1 > xDg, < l,a >=G1 X D¢, < 1,a >,

and:

() D <1.(-lg,.a) >= Gy x Dg, = Gy x {1}.

ac€Ga
Since G is w-stable, so is G, and there is no infinite decreasing chain of definable
subgroups in G (see [Ps], proposition 1.6 p. 23, or [H], theorem 5.7.2 p. 249).
So:

(] Do <L.(-lg.a)>=[)Da <1, (-1a, a) >= Gy x {1}.
a€Ga i=1

G is definable with parameters in G, and thus is interpretable with parameters
in GG. The same argument applies to G.

We then get the following lemma:

Lemma 5.1 Let G be a special group, written G = G1 X -+- X Gy X Dg as a
product of special groups.
¢ IfG <G, then G' =G} x - - x G x D with G; < G}, for alli=1,...,1,
and Dg < Dg: (i.e. Dg = Dgqr, since D¢ is finite).
Moreover, if G; is indecomposable, then G is indecomposable.
o IfG' <G, then G' =G| x --- x G} X D¢, as special groups.
Moreover, after suitable reindexing, G; < Gy, fori=1,--- 1.
Proof: Since D¢ is definable without parameters in G, we have card(Dg) =
card(Dgr), and Dg: = D¢ (they are both finite).
As seen above, the special group G is interpretable in G. Moreover, G’ is
interpretable in the same way in G (Dg and D¢ are definable by the same
formula in G, G’). This gives, using G < G’, respectively G’ < G:

G < G’ (respectively G’ < G).

We are thus reduced to the case G = G1 x-- - x Gy, with Dg = {1}, and we know
that the G; are definable in G with parameters, say by the formulas ¢4 (a, z),
.., wi(a, z), respectively.
Now we have to distinguish between the cases G < G’ and G’ < G:
e If G < G'. The proof is straightforward, using the preceding observations
about the definability of G, -+, G in G.
e If G’ < G. The following formula is first-order and is satisfied in G:
3z [/\221 “pi(%,G) is a special group” A
“G=v1(z,G) x -+ x ¢1(Z,G) as Lgg-structures”].
By elementary equivalence, G’ satisfies this formula, then:

G' = 1(b,G") x - x ¢;(b,G") as special groups ,

where b is a realization for z in G'.
The first item gives a decomposition of G: G = G{ x --- X G} X D¢, with

G, < GY, fori=1,---,l, and the unicity of such a decomposition (see [Mi],
corollary 5.10, p. 104) gives G = G, (after a suitable reindexing), and thus
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5.2 The extension case

We have G = G;[H], where G; is a special group of finite type, and H is a
group of exponent 2, with card(H) > 2.

Definition 5.2 (see [M;], p. 114) Let G be any special group different from
{-1,1}, and a € G. We say that a is basic if Dg < 1l,a >#* {l,a} or
D¢ < 1,—a># {1,—a}, and that a is rigid otherwise. If G = {-1,1}, —1
and 1 are called basic. We denote by Bg the set of all basic elements of G.

We then have (see [M;], theorem 5.18, 5.19 and corollary 5.20, pp. 115 to 117,
for proofs in the abstract Witt rings setting, and [DM], ex. 1.14, p. 14 for proofs
for special groups):

Proposition 5.3 Bg, with the structure induced by G, is a special group, and
G = Bg[H], where H = G/Bg (as groups). Moreover:

o If G =G'[H'], with G' a special subgroup of G, then Bg C G'.

o If G’ is a subgroup of G such that B C G’, then G’ is a special group (with
the structure induced by G), and G =2 G'[L] with L = G /G’ (as groups).

Using definition 5.2, one sees that if G = G; X --- X G, is a product of spe-
cial groups, then every element of G is basic, except if G = Zy X Zo, because
Zy X o = 7L3[H], where H is the 2-element group of exponent 2. Hence
ZZo x Zo = 7o [H] is the only product isomorphic to an extension.
Moreover, being basic is clearly a first-order property, so B¢ is definable (with-
out parameters) in G, and, as G is of finite type, so is Bg.

We conclude this section by a lemma that will be useful at the end of this
paper:

Lemma 5.4 If G is a special group of finite type and H is a group of exponent
2, then every definable subset of Bg|H] is definable in the product of special
groups Bg x H, where H is endowed with the fan isometry, and any element in
H\ {1} as —1pg.

Proof: Let K = ¢(Bg[H]|,m) be a definable subset of Bg[H|, with m € Bg[H].
Proposition 4.2 says that Bg[H] is a generalized product of Bg and H, if H is
endowed with the fan structure, as in the statement. Lemma 2.2 applies and

gives Lgg-formulas 61, --,6; and a propositional formula F', depending only
on ¢, such that, for all a,m € Bg[H]:
Bg[H] E ¢(a,m) if and only if (%)

= F(Bg |= 6h(a1,m1), -+, Ba |= Ok(a1,ma),
H |:91(a2,m2),~~,H |:0k(a2,m2)).

The argument at the begining of section 5.1 shows that the special groups Bg
and H are both definable in Bg x H. Furthermore, it is easy to construct
Lgg-formulas whose interpretation in Bg x H are the predicates required to
represent Bi[H] as a generalised product (i.e. the predicates Ay, -+, Ay in the
proof of proposition 4.2). It follows that there is an Lgg-formula ¥ (z, ) such
that, for all a,m € Bg x H:

= F(Bg = 01(a1,m1),- -+, Ba = (a1, m1),
H = 01(ag,m2), -, H |= (a2, m2))
if and only if
Be % H = (a,m).
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Using (*), this gives:
Bg[H] E p(a,m) if and only if Bg x H | ¥(a,m),
for all a,m € Bg x H. ¢

6 Categoricity and saturation

6.1 Categoricity

Lemma 6.1 If G is a special group of finite type, and G < G, then G =, G,
and G, G have the same pruned tree.

Proof: Since G is of finite type, we can proceed by induction on its tree:

e If G is finite, obviously we have G = G.

e If G = B [H] is an extension (with Bg # G).
Bg is definable in G, so Bg # G and G = Bg[H]. By the induction
hypothesis, Bg =ocw Ba in Lsg, and Bg, Bs have the same pruned tree.
Moreover, H = G/Bg < G/Bg = H as groups, so card(H) = card(H) if
card(H) < Ro, and card(H) > R if card(H) > .
This implies that H = H in the language {1,.} (hence H =, H), and that
G and G have the same pruned tree.
But Bg[H] is obtained from Bg in Lgg and H in the language {1,.}, by a

generalized product, and Bg [fl ] is obtained in the same way from Bg and
H (the additionnal structure on H, H, required for this generalized product,
can be chosen to be definable in {1,.} (e.g., the fan structure), and we still

have H =..,, H in this expanded language). Since generalized products

preserve Lo -equivalence, we have Bg[H| =, Bs[H] as special groups.

e If G is a product. We keep the same notation as in subsection 5.1:

G=Gy X xG xG1 X+ x Gy, as special groups.
| ——
D¢

By lemma 5.1, we have: G = G1><-~-><C~¥l><DC~;, with Gy < G4,...,G; < G,
and Dg = Dé.

By induction, G; and G; have the same pruned tree and are Loo,-equi-
valent, for ¢ = 1,---,[. Since products preserve L ,-equivalence we have
G =oo, G, and G, G have the same pruned tree. ¢

Proposition 6.2 If G is a special group of finite type and G4 is a special group
such that Go = Gy, then Gg is of finite type, and the following are equivalent:
i) G1 = Gs.
1) G1 =oow Ga.
iti) G1 and Go have the same pruned tree.
In particular, Th(G) is w-categorical.

Proof: We show that G5 is of finite type by induction on the tree of G:
e If G; is finite, then G = Gs.
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e If G = Ky x---xK, is a product. Let G’ be a common elementary extension
of G1 and Ga. The first part of lemma 5.1 gives G’ = K x --- x K], with
K; < K/ for i =1,---,n. Moreover, as G2 < G’, the second part of lemma
5.1 gives Go = Ly X -+ X Ly, with L; < K/, fori=1,---,n.

Thus L; = K;, and by induction the L; are of finite type, which implies that
G- is of finite type.

e If Gy = Bg,[H|. By elementary equivalence, Go = Bg,[H'], with Bg,
Bg,, and by induction Bg, is of finite type, which implies that Gy is of
finite type.

We show now the equivalences:
i)=ii) Let G}, GY be w-saturated elementary extensions of G1, G5 respectively.
We have G| = GY, and by w-saturation G| =, Gb:

Gy < G/l
Il oo
Gy < GIQ

The conclusion follows from the previous lemma.

ii)=-1) Obvious.

i)=ii) Consider an elementary extension G’ of G; and G5. By lemma 6.1: Gy,
G’, and G9, G’ have the same pruned tree.

iii)=-1) By induction on the tree, using the Feferman-Vaught theorem for prod-
ucts and extensions. ¢

Remarks:

e Completing proposition 6.2, we remark that there are (reduced) special
groups G of finite type such that Th(G) is not N;-categorical: the following
special groups have the same pruned tree and thus are elementarily equiva-
lent, they have the same cardinality (X;), but they are not isomorphic:

Nl ZQ NO ZQ

NO EQ ’ Nl ZQ

ZQ EQ ZZ Z2

e Proposition 6.2 implies that if G; and G2 are two special groups of finite
type, and if W(G1) and W(G2) are their associated abstract Witt rings, we
have: G1 = Gy in Lgg if and only if W(G1) = W(G2) in L, the language of
rings with a predicate G, interpreted by G in W(G1) and by G2 in W(Ga2):
If W(G1) = W(G2) in Lg, then Gy is definable in W(G1) and Gz is definable
in the same way in W(G3), which implies G; = G5 in Lgg.

If Gy = G5 in Lgg, we have G =4, Go, and thus W(G1) = W(G2) in Lg,
because for any formula ¢ in Lg, there is a formula ¢* in (Lsg)oow such
that, for i =1, 2:

W(Gi) e e GiEe.
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The formula ¢* is constructed by induction on ¢, as follows:

- If ¢ is atomic, ¢ is either “a € G”, which is always true in G;, or an
equality between two sums of elements of G;: a1+---+a, =b1++ - +b,.
We may assume n > m, and by definition of Witt rings, this equality in
W(G;) is equivalent to the following isometry in G;:

n—m
<A, Ay S=E< by, by > D

<-1,1>.

We then take for ¢* the Lgg-formula which describes this isometry.
- If o = =gy, then ¢* = —¢7.
- If o = @1 A 2, then ™ = ] A p3.
- If o =3f p1(f), we take:

90* = \/ Elxla"'axn <)0>'1<(< L1y Tn >)

new

6.2 Saturation

We start with the simple remark that every countable special group of finite
type is saturated: if G is such a special group, Th(G) is w-categorical and
has thus a countable saturated model, which is unique up to isomorphism by
w-categoricity. This can be refined in the following way:

Definition 6.3 e If G is an infinite special group of finite type, its tree contains
a finite number of extensions by infinite groups of exponent 2, say Hy,..., H,.
Define:

ext(G) = min{card(H;) | i=1,...,n}

(it is the least infinite cardinal labelling a vertical edge in the tree of G).
o If G is a finite special group, we take ext(G)= oo, and we assume that oo is
larger than any cardinal.

We have the following result:

Proposition 6.4 Let G be a special group of finite type. Then for any infinite
cardinal \:

G is A-saturated if and only if ext(G) > A.

Proof: Easy induction on the tree of G, using that interpretability and general-
ized products of a finite number of structures both preserve A-saturation, and
that a A-saturated structure has cardinal greater or equal than . ¢

7 Model-completeness

The question arises naturally whether the first-order theory of a special group
(or of a reduced special group) of finite type is model-complete. This is false in
general, as shown by the following counter-example:

Let G and G be the following reduced special groups:
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H, Ho H H;
o s 7o 7o Uy o 1o 7o

with card(Hy) = card(Hsy) = card(H) = Ro, and Hf = Hy x H, H, = Hy x H.
Take then:
f

G1 — G2
(a[hl] X b[hg])[h] — (a[hl X h] X b[hg X h])[l],
where a,b € 7y X 7L5.

One can verify that f is a SG-monomorphism, and we know that G; = G2
because these two special groups have the same pruned tree, but f is not ele-
mentary:

Take h € H \ {1}, and let a = (1[1] x 1[1])[k]. We have:

D¢, <1,a>={1,a}, but f(a) = (1[1 x h] x 1[1 x h])[1], and then:

D¢, < 1, f(a) >={1,1[1xh]} x{1, 1[1xh]} x 1, which is different from {1, f(a)}.
We thus see that f is not elementary because it does not respect an extension
of the tree (the last extension in the tree of G1). In fact this is more general,
and we will see that a SG-monomorphism between two reduced special groups
of finite type (i.e. of finite chain length) is elementary if and only if it respects
the extensions in the following sense:

Definition 7.1 If G is a reduced special group of finite chain length, we in-
troduce a predicate A which will be interpreted in G in the following way (by
induction on the construction of G):

o If G = Zy then A® = ).

o If G2 7y X Zn =2 Zs[{1,h}], where {1,h} is the group of exponent 2 with
two elements, then AY = 0 (this actually means that we chose to consider
G as a product rather than an extension; cf. below).

In all other cases:

o I[fG =Gy x---xG, then:
A% = (A% x 1. xD)U--- U1 x---x A%).
e If G = K[H| with K = Bg then:
AY = (AKX x 1)U (G \ K).

If f : G — G’ is a morphism of reduced special groups of finite type, we say
that f respects the extensions if f preserves the predicate A.
Remarks:

e One verifies easily that for any reduced special group of finite type, G,
A% is definable with parameters in G. With this, we show that two reduced
special groups of finite type, elementarily equivalent in Lgg, are elementarily
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equivalent in Lgg U {A} (by taking a common elementary extension and
using the same kind of argument as in proposition 6.2).

e If a € A%, the definition of A® tells us that (upon removing some “x1” in
the expression of a, if necessary) a € K[H|\ K, where K is a special group
that is not an extension, and whose tree is a subtree of that of G.
Moreover, for any such K[H], we have card(K[H]) > 4:

Suppose card(K[H]) < 4. This implies K[H| = Z»[{1,h}]. But we have
chosen to see Zy[{1, h}] as the product Zs x Zs, which means that AKX =

0: a contradiction since a € AKH],

e All these K[H] will be refered to as extensions of the tree of G.

Lemma 7.2 Let G be a reduced special group of finite type, a € G, K[H] be
an extension of the tree of G, and by,by € K[H]\ K be such that by,bs €
Dg < 1,a > and by # bs.

Then Dg < 1,a > D K[H].

Proof: Easy verification, by induction on the tree of G. ¢

Lemma 7.3 Let G be a special group of finite type, and K;i[H1|, K2[Hs| be
extensions of the tree of G. Then one (and only one) of the following occur:

o Kl[Hl] :KQ[HQ}
o Ki[H] C K3 or Ky[Hs] C K.
. VaGKl[Hl],VbGKQ[HQ]:

Dg < 1,ab> = Dy g,) <1,a > XDg,a,) <1,0>.

Proof: Straightforward, by induction on the tree of G. ¢

We come now to the main result of this section, which characterizes the elemen-
tary monomorphisms between reduced special groups of finite type:

Theorem 7.4 If G and G’ are two elementarily equivalent reduced special groups
of finite type, and f : G — G’ is a monomorphism of special groups which re-
spects extensions, then f is elementary.

Remark: The converse of theorem 7.4 is easily verified: if G, G’ are special
groups of finite type and f : G — G’ is an elementary Lgg-monomorphism,
then f preserves the predicate A (see the first remark after definition 7.1).

The rest of section 7 is devoted to the proof of this theorem. Before starting it,
if K[H] is an extension of the tree of G', we will say that this extension is used
if there exists g € A such that f(g) € K[H]\ K.

Lemma 7.5 Let G and G’ be reduced special groups of finite type (not necessar-
ily elementarily equivalent) and f : G — G’ be a monomorphism in the language
{1,.,=}.

If a € G is such that Dg < 1,a > contains k distinct extensions K[H] of the
tree of G, then Dg: < 1, f(a) > contains at least k distinct extensions of the
tree of G', and these extensions are all used.
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Proof of the lemma: Induction on k:

e k= 1. Let K[H]| be the extension which is contained in Dg < 1,a >. Since G
is reduced, we have —1 # 1. In particular, if h € H\{1}, then 1x.h,—1x.h €
(K[H]\ K) C A%, and:

F(Lc-h), f(—ih) € Der< 1, f(a) >, with f(Lx.h), f(—1ih) € S (f
respects the extensions).

So there exist two extensions, K[H;] and K,[H}], in the tree of G, such
that f(1x.h) € K{[H{]\ K| and f(—1k.h) € K5[HS]\ K5. This gives:

Dgr <1, f(lKh) >= {1, f(lKh)}, and

Dg <1, f(*lKh) >= {1, f(*lKh)}

Suppose now K1{[H{] # K}[H}], and consider the two remaining cases given

by lemma 7.3:

= If K{[H{] C K} or K4[H}] C Kj. Suppose, for example, K{[H{] C K.
Then f(1g.h)f(—1k.h) € K4[H,]\ Kb, and:
Der < 1, f(1k.h)f(—=1k.h) >= {1, f(1k.h)f(—1k.h)}, has 2 elements.
But, since Dg < 1,—1x >D K[H], we have:
Dg < 1, f(1k.h)f(=1k.h) >= D¢ < 1, f(=1k) >D f(K[H]), which
implies card(K[H]) < 2. This contradicts the remark after definition 7.1,
that card(K[H]) > 4.

* Otherwise, we have:

Dgr < l,f(lK.h)f(—lK.h) >=
DK{[H{] <1, f(lg.h) > XDKé[Hé] <1, f(-1kg.h) >

As in the preceding case, we have:

Dgr < 1, f(1g.h)f(=1x.h) >= Da < 1, f(—1g) >D f(K[H]), which

gives card(K[H]) < 4, contradicting the remark after definition 7.1.
We then have K{[H{] = K,[H)], and f(1x.h), f(=1k.h) € K{[H{] \ Kj.
Lemma 7.2 says that K{[H;] C D¢ < 1, f(a) > (and the extension K/[H{]
is obviously used).

e k+ 1, with £ > 1. We proceed now by induction on G (omitting the case
G = 745, for which the hypotheses are not verified).
* The extension case: G = Bg[H], with H # {1}.
Firstly, the case a € Bg[H|\ Bg is impossible, for otherwise Dg < 1,a >
= {1, a}, which cannot contain two distinct extensions. Hence, a € Bg,
and we have to distinguish two cases:

e The extension Bg[H] is not among the k + 1 extensions contained
in Dg < 1, >. In this case, Dp, < 1,a > contains k + 1 exten-
sions, and, considering f | B¢, induction applied to Bg gives us that
D¢ < 1, f(a) > contains k + 1 extensions, which are all used. The proof
is finished in this case.

e The extension Bg[H] is one of the k + 1 extensions contained in

Dg <1l,a>. Then a = —1¢g, and Dg < 1,a > = G. Consider the
restriction of f to Bg. It is a {1,.,=}-monomorphism which respects
extensions.

Remark that, as G contains at least 2 extensions (k+1 > 2), B contains
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at least one extension, and thus decomposes as a product:
B =Gy x---x G,

Let ¢; = (1,---,1,—-1¢,,1,--+,1) € Bg, and let k; be the number of
extensions contained in Dg < 1,6; >= 1 X --- x 1 xG; x1x---x 1.
Then k1 +--- + k, = k.

Fact 7.6 Do < 1, f(a) > contains k used extensions:

K{[H],--,K.[H}], and each of these extensions is included in one
Der < 1, f(&) >.
Proof: a = —1g € Bg, and Dp, < 1,a > contains k extensions. The

induction hypothesis gives that D < 1, f(a) > contains k extensions of
the tree of G’, which are all used.

We now consider Dg < 1,g; >. Induction on the tree of G, applied
to f | Bg, gives that every Dgr < 1, f(g;) > contains k; extensions,
which are all used. Moreover, since f is a {1,.,=}-monomorphism, for
all i # j, Dgr < 1, f(e;) > and Dgr < 1, f(e;) > have no used extension
in common (this would imply Dp., < 1,¢; > N Dp, < l,e; > # {1}, a
contradiction).

Since k1 +---+kn, =k, and Dgr < 1, f(g;) >C D¢ < 1, f(a) >, we may
assume that every extension (Kf[Hil,---,K[H}]) that is contained in
D¢ < 1, f(a) > is included in one of the Dg < 1, f(g;) > (replacing, if
necessary, the K{[Hj],---, K} [H}] by the k used extensions included in
U, Der < Lf(=1) >). 0
To show that Do < 1, f(a) > contains k + 1 used extensions, it only
remains to prove the following:

Fact 7.7 Do < 1, f(a) > contains an used extension (of the tree of G')
other than K{[H1|,---, K. [H}].

Proof: Let h € H \ {1}, and consider 1.h, —1.h € Bg[H] \ Bg. Because
f respects the extensions, there exist two extensions K[L}], Ko[L}] of
A% such that f(1.h) € K [L4]\ K1 and f(—1.h) € Ky[L)] \ Ky. The
same argument as in the case & = 1 shows that these two extensions
are equal, and thus: f(1.h), f(—1.h) € K;[L}] \ K;. Since we also have
f(LR), f(=1.h) € Do < 1, f(a) >, lemma 7.2 gives Dgr < 1, f(a) >2
Kq[L4).

Finally this extension is none of K{[H{],-- -, K} [H}], because this would
imply f(1.h) € Dg < 1, f(g;) > for some ¢ € {1,---,n}, and then
1.h € Dg < 1,e; > C Bg, contradicting the choice of 1.h. O

So Dgr < 1, f(a) > contains k + 1 used extensions.

The product case: G =Gy X -+ X Gy,. Then a = (a1, +,a,), and:

Dg <1l,a>=Dg, <1l,a1 > X%+ X Dg, <1,a, >.

Each Dqg, < 1,a; > contains k; extensions of the tree of G, for i =
1,---,n, withky +---+k, =k+ 1.

Then f | G; : G; — G’ is a {1,.,=}-monomorphism and induction on
G gives that each Do < 1, f(a;) > contains k; extensions of the tree of
G, which are all used.

Moreover, if ¢ # j, then Dg < l,a; > N Dg < 1l,a; > = {1}.
Since f is a {1,.,=}-monomorphism, this gives that Do < 1, f(a;) >
N D¢ < 1, f(a;) > does not contain any used extension. So:
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D¢ <1, f(a1) >U---UDg <1, f(an) > contains ky +---+k, =k+1
extensions of the tree of G’, which are used.

But f is a SG-morphism, Dg < 1,a; > C Dg < 1,a >, and G’ is re-
duced; hence, Do < 1, f(a;) > C Dgr < 1, f(a) >, foralli=1,--- n.
Thus, Dgr < 1, f(a) > contains k + 1 extensions of the tree of G', which
are all used. ¢

Proof of theorem 7.4: By induction on the tree of G:
e If G is finite, then f is an isomorphism.

o If G =Gy X+ X Gy X Gpy1, we may assume that each Gp,...,G, is an
extension and that G, is finite and does not contain any extension.
G and G’ have the same pruned tree, so G' = G| x --- x G}, x G, with
G, =G, foralli=1,---,n+1.
Fix some notation for later use: If i € {1,---,n}, we denote
ei = (lays -+, 1a,o —1ais gy > g,y ), and we denote by &; the cor-
responding element of G”.
Then we have G; = Dg < 1,e1 >,---,G,, = Dg < 1,¢, >, and let k; be
the number of extensions contained in G;.
The proof in this case is organized as a succession of facts:
Fact 7.8 Each Do < 1, f(g;) > contains exactly k; extensions, and they
are all used. Moreover, each extension of G’ is used and is included in some
Da <1, f(g;) >, forie{l,---,n}.
Proof: By lemma 7.5, we know that every D¢ < 1, f(eg;) > contains at least
k; used extensions. Moreover, if Dg < 1, f(g;) > contains one extension,
then this extension is used by no other Dg < 1, f(g;) >, where j # 4
(because f is a monomorphism and D¢ < 1,&; > N Dg < 1,e; >= {1}).
The conclusion follows, since both G’ and G contain kq +- - - +k,, extensions.

¢

Fact 7.9 Let K[H] be an extension of the tree of G', such that K[H] C
Der < 1, f(g;) >. If K'[H'] is another extension of the tree of G', which
is below or above K[H| (i.e. which verifies K'|H'] C K, or K[H] C K,
respectively), then K'[H'] C Dgr < 1, f(g;) >.
Proof: This is obvious if K'[H’] is below K[H], and this implies that:
If Dgr <1, f(g;) > contains an extension (call it E), it contains all the
extensions above E in the tree. Indeed, if an extension above E is in
Dgr <1, f(ej) > with j # 4, then the extension E of Do < 1, f(e;) >
(which is used, by the previous fact), is below an extension in D¢ < 1, f(g5) >.
By the first observation, this extension E is then in Dg < 1, f(g;) >,
and since it is used and f is a monomorphism, we have Dg < 1,¢; >
N D¢ < 1,¢; ># {1}, which is impossible. %
We show now that this implies:
Fact 7.10 There exists a permutation o € S, such that:

Vi=1,...,n, Do <1,f(e)>2G, . (*)
Proof: Let i € {1,---,n}. Since Dg < 1,e; > = G; contains an extension,
so does Dgr < 1, f(&;) >; call E this extension. We have E C G’ for one
j €{1,---,n}. But we have just seen that Do < 1, f(g;) > contains all the
extensions that are below or above E in the tree of G’. In particular, since
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G’; is an extension, we have G’ C Dgr < 1, f(e;) >, and by fact 7.8, this

last extension is used, i.e. contains an element f(a) with a € AY.

Remark that, by fact 7.8, we may assume that there exists k € {1,---,n}

such that a € Dg < 1,¢, >, and, since f is a monomorphism and

D¢ < 1,e; > N Dg < 1, >= {1} whenever i # k, we have necessarily

i = k. Thus we have o : {1,---,n} — {1,---,n} such that for all i €

{1,---,n}, Dgr <1, f(g;) > 2 G;(i).

But we have just seen that the last extension of any G/, () is used by some

f(a), with a € Dg < 1,e; >. Moreover f is injective and Dg < 1,¢; >

NDg < 1,e; > = {1} if ¢ # j. This implies that o is bijective (otherwise, if

O'(Z) = 0’(]) = k, with i # j, then G;C C Dgr < 1, f(51) > Dg < 1,f(€j) >.

But Gj, is an extension containing an element f(a), with a € Dg < 1,¢; >,

which gives f(a) € Dgr < 1, f(;) >, a contradiction). O

Remarks:

e Observe that fact 7.10 does not say anything concerning G, 41 or Gy, 4,

because the arguments we have employed involve extensions, and G,,41,
G, do not contain any.

e This latter fact implies, in particular, that every extension in the tree of
G’ is contained in some Do < 1, f(a) >, for some a € G \ {—1}.

Fact 7.11 For alli=1,....n f(e:) =€), and f(ens1) =&, 44
Proof: Let i # j € {1,...,n}. Using (x) in fact 7.10, we have:
fled) = a1 X - X ag(iy—1 X =1 X Gg(iyp1 X -+ X G X Gy,
fleg) = b1 X -+ X bo(jy—1 X =1 X bgjyq1 X -+ X by X bpyy.
By the choice of €;,e;: Dg < 1,6; >, Dg < 1,65 > C Dg < 1,465 >, and,
applying f (since G’ is reduced):

DG’ < 17f(5l) >, DG’ < 17f(€j) > g DG’ < 17f(5i€j) >,

which implies:

i,(n, G;(J) C Dg < 1,f(5i5j) >

But, as f(EiEj) =aibyx--- Xag(j),lbg(j),l X Ag(jy.— 11X Xaa(i)flba(i)fl X
—Lbgy X =+ X apbp X Gpy1byy1 (assuming for instance o(j) < o(7)), we
must have a5 ;) =1, and b,(;) = 1. Since this is true for any 4,5 = 1,...,n,
we have, fori=1,...,n:

flei) =€ ;y-0u, with o € G744

Consider now &4, and €, ;. We have:

elren = —la =f(-1lg) = f(e1. - €nt1)
=el.el(ar. o). fEntr).
This gives f(ep41) =€, 1(1. -+ .ap). But we know that G411 =

D¢g < 1,641 >, which implies:
f(Gns1) € D <1, f(en41) > =D < Ligy (o .an) > C Gy

(the last inclusion because €, (1. .ap) € G4 1).
Moreover, since card(Gn41) = card(Gh, 1), we have f(Gpy1) = G, 44, i.c.,
using the last line of inclusions: Dgr < 1, f(ep41) >= G),;;. This entails

fleny1) = €/n-;-1~
We conclude this part by showing that a; =1 for alli=1,---,n. We know
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that f(e;) = €}y, with o; € G7, ;.
If a; # 1, then Dor <1, f(e;) >N G,y 2 {1}, de:
Dgr < 1,f(ei) > N f(Gny1) 2 {1}, which contradicts Dg < 1,&; >

N Gpt1 = {1}, since f is a monomorphism.

<

Then we define o on {1,---,n + 1} by setting o(n+ 1) =n + 1.
Summarizing, we have o € S,,11 such that for any i =1,---,n+1, f(G;) C
G (i) To apply the induction hypothesis, we only need show that f(G;) =
G;(i . Letig € {1,...,n+1}. Since o is a product of cycles, let {ig, 1, ..., %}
be the cycle containing ig. To illustrate the argument, we do the proof for
{io,i1,... ik} = {1,2,3}; the general proof goes exactly the same way.

Since f is a monomorphism which preserves the predicate A, we have the
following inclusions of Lgg U {A}-structures:

Gl — GIQ7 G2 — G{37 G3 — G/17

It follows that Gy |= Thy(G%), Go = Thy(G%), G3 = Thy(GY)) (the theories
are in the language Lgg U{A}). Since G; = G (i = 1,2,3) in Lgg, the first
item in the remark after definition 7.1 shows that these equivalences also
hold in Lgg U {A}. We have then:

G1 EThy(G2), G2 = Thy(G3), Gs = Thy(Gy),

in the language Lsg U {A}.

We now invoke the following general model-theoretic result (see [H], corol-
lary 6.5.3, p. 295): if M and N are L-structures such that M = Thy(N),
then M can be embedded in a L-structure N’ elementarily equivalent to N.
Applying this, we get the following chain of inclusions:

G| — Gél) — Gél) — GgQ) — Gé2) — Gé2) — Gg?’) S (W)
where the inclusions are monomorphisms in the language Lsg U {A}, and
Vi, k GZ(-k) = G; in the language Lgg U {A}. In particular Gl(.k) and G; have
the same pruned tree. The induction hypothesis then applies to the ng),
and proves that the monomorphism:

a® o, qlk+D)
given by the chain (#) is elementary (because this monomorphism is a LggU

{A}-monomorphism, and thus respects the extensions).
Then, denoting by G the inductive limit of the chain (#), we obtain that

every Gz(»k) is an elementary substructure of G. This proves that G, Ga,
Gs, G, G, GY are elementarily equivalent.

We have then f | G; : G; — G;(i) fori=1,...,n+ 1, with G; = G'a(i),
and f | G; respects the extensions. The induction hypothesis gives that
/I G; is an elementary map from G; to G;(i), and then f : G — G’ is

elementary, since products preserve elementary inclusion.

G = Bg[H], with H # {1}.

As G and G’ have the same pruned tree, G’ = Bg/[H'] with H # {1},
and Bg: = Bg. Since B¢ is defined by an existential formula, we have
f(Bg) € Bgr. By induction, f | Bg : B¢ — B¢ is elementary.

We now show that f(H) C G'\ Bgr. Let h € H. We know that f(h) is
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in an extension of G’. This extension is G’ \ Bg/: otherwise f(h) would
be in an extension of Bg/. But Bg and Bg: are elementarily equivalent
products of special groups; then, by induction, the second item in the re-
marks after fact 7.10 applies, and we know that every extension of By is
included in Dg: < 1, f(a) >, for some a € Bg, a # —1. This implies
f(h) € Dgr < 1, f(a) > and thus h € Dg < 1,a > (f is a monomorphism),
which is impossible because Dg < 1,a > C Bg and h € G\ Bg.

So, up to isomorphism, we may assume f(H) C H’. Moreover, we know
that H and H’ are either both infinite or of the same finite cardinality (be-
cause G and G’ are elementarily equivalent). So f(H) < H’, in the language
{1, .}.

Since extensions are generalized products, we obtain that f(G) = f(Bg)[f(H)]
is an elementary substructure of G’ = Bg/[H']. ¢

8 Quantifier elimination

The theory of a special group of finite type does not necessarily admit quanti-
fier elimination in the language Lg¢, since there are monomorphisms between
elementarily equivalent special groups which are not elementary. The question
is then to look for a language in which it would eliminate quantifiers, and the
obvious first attempt is the language Lgg U{A}, where A is the relation defined
in definition 7.1.

However, we cannot get quantifier elimination in this language, as shown by the
following example of a reduced special group of finite type, whose theory (in
the language LsgU{A}) does not admit elimination of quantifiers (since in this
example all special groups are reduced, the leaves in their trees are all Zs, and
are omitted):

Remark that cl(G) = 4 and that every substructure of G has chain length at
most 4. Indeed, for spaces of orderings of finite type the chain length is the
number of leaves in the tree, see [ABR], proposition 3.7, p. 98. This is also the
case for reduced special groups of finite type by the isomorphism of categories
mentioned in section 3. To show that T'= Th(G) in Lgg U {A} does not admit
quantifier elimination, we use the following criterion (recall that 7' is model-
complete by theorem 7.4):

Proposition 8.1 ([CK], proposition 3.5.19, p. 202) Let T' be a model-complete
theory. Then the following are equivalent:

1. T is a model-completion of Ty.
2. Ty has the amalgamation property.

3. T admits elimination of quantifiers.
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We consider the following diagram, where the G;, i = 0,1,2, are models of
Ty (G):

1
G =
2
o £ ’
2
Gy =
1

Where denoting by H; the group of exponent 2 with 2¢ elements:
(Z2 X ZQ)[HQ X Zg — ((ZQ X ZQ)[HQ] X ZQ)[Hl] X ZQ y

]
(. B)[h] <y +— ((a, B)[A] x )[1] x v
(T % Tho)[Ha) x ZQ — (Za x )| H1] % %) [Ha) % Zs .
(a, B)[h] x v — (o, 0)[1] x B)[A] x v

It is easy to check that z'l and iy are Lgg U {A}-monomorphisms.
To show that Th(G) does no admit quantifier elimination in the language LggU
{A}, we show that the above diagram cannot be completed as follows:

R

where i3, 14 are LggU{A}-monomorphisms: if this were the case, then we would
have cl(Gs) > 5, contradicting that G5 should be a model of Ty:
Take, in Gp:
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ap=1,a; = (1,-1)[1] x 1,a2 = (—1,—-1)[1] x 1, and a3 = (—1,—1)[1] x —1. We
have ap € Dg, < 1,a1 >,a1 € Dg, < l,a2 >,a2 € Dg, < 1,a3 >.
Since, for j = 1,2, %; is a monomorphism, the images of these elements under
i; verify the same relations in G;. But, for a = ((—1,-1)[1] x —1)[1] x 1 € G4
and b= ((—1,1)[1] x =1)[1] x 1 € G4 we have:
i1(az) € Dg, < 1,a > and a € D¢, < 1,i1(as) >,
io(a1) € Dg, < 1,b> and b € D¢, < 1,i3(az) >.
The commutativity of the diagram would imply:
24 O ig(ao) € DG3 <1l,i40 ig(al) > 140 ig(al) S l)(;3 < 1,i4(b) >,
Z4(b) € DG3 <1l,i40 ig(a2) > 140 ig(ag) =130 il(ag) S DG3 < 1,2'3((1) >,
ig(a) € DG3 < 1,i3 Oil(ag) >
This contradicts the fact that the chain length of G3 is at most 4. ¢
We can nevertheless expand the language Lgg to obtain quantifier elimina-
tion for reduced special groups of finite type:
If G is such a special group, we define the language LT (Th(G)) by induction on
the tree of G (this language depends only on the theory of G) by adding unary
function symbols at each step of the construction of G:
o If G = ZQ then L+(Th<Z2)) = LSG-

e If G = G1 X G5 then, denoting by p; the projection from G to G; given by
this product, we take:
LT (Th(GQ)) = Lsg U {p1,p2} U{p x 1| p function symbol in LT (Th(Gy))}
U{1 x p | p function symbol in LT (Th(Gs2))},
with px1:Gy xGy — G xXGy, and 1 xp: Gy xXxGy — G X Gq
(91,92) — (p(g1),1) (91,92) = (1,p(g2))-

e If G = Bg[H] with card(H) > 2, and if 7 is the projection from G onto Bg,
we take:

LT(Th(G)) = Lsg U{r}U{p x 1 | p function symbol in LT (Th(Bg))},

with px1:Bg[H|] — Bgl[H]
(91,92) — (p(g1),1).

Before proceeding further, here is the criterion for quantifier elimination that
we will use:

Proposition 8.2 Let T be a first-order theory in the language L. Then the
following are equivalent:

1. T admits quantifier elimination in L.

2. For all A,B =T, for all C C B (C may not be a model of T), all L-
monomorphisms f : C — A, all ¢ € C, and all primitive L-formulas

O(v1, ..., 0p):
B g(e) = A o(f(e).

Recall that a primitive formula is a formula of the form:

k
p(v) =T /\ ¥i(v,2),

i=1
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where the 1); are atomic formulas or negations of atomic formulas. Moreover, the
same statement with C C A, B, and f the inclusion of C in A is still equivalent
to condition 8.2(2). We use this last form to get:

Theorem 8.3 Let G be a reduced special group of finite chain length. Then G
admits quantifier elimination in the language L™ (Th(QG)).

Proof: By induction on the tree of G:
o G = 7Ly: Th(G) admits elimination of quantifiers in Lt (Th(Zs)) = Lsc,
because Zy = {—1,1} and —1,1 € Lg¢.

e G =G x - x Gy, where each Th(G;) admits quantifier elimination in
LY (Th(G,)), fori=1,...,n.
Let A, B = Th(G), C be a LT(Th(G))-substructure of A and B, and ¢(¢)
be a Lt (Th(G))-primitive formula with parameters in C.
Let Gy be a prime model of Th(G) (if G is infinite, it is the countable model
of Th(QG), since Th(QG) is w-categorical). Then:

Go <A and f:Gy— B,

where f is an elementary monomorphism.

As G and G have the same pruned trees, Gy is a product Go,; X --- X Gy 5,
and, taking e = —1g,, X I X --- X 1,--- g, =1 x--- x1X —1g, ., we get
Go=Dg, <1l,e1 > x--- x Dg, < 1,¢, > as special groups. This implies:

A=Dy<1l,e;1 >x---xDy<1,e,> and:

B=Dg<1,f(e1)>x---xDp<1,f(en) >

as special groups, with Dy < l,e; >= D < 1, f(g;) >= G, for all
1=1,---,n.

Consider ¢ € C. In A we have ¢ = ¢ X -++ X €y, With ¢; € Dy < 1,g; >,
and ¢ = p;(¢) € C because C is a L*(Th(G))-substructure. This gives
C E & = pi(¢), and thus B |= ¢; = p;(¢) (since C C AN B).

As B Im(p;) = D < 1, f(g;) >, we obtain ¢ = ¢ X +-+ X &, in B, with
¢ € Dp <1, f(g;) >.

To complete the proof in this case, using proposition 8.2 it is enough to
show that A = B in the language LT (Th(G)) U {¢}. To do this, we
check easily that the structure < A;¢ > is a generalized product of the
structures < D4 < 1,g; >;¢; > in the languages Lt (Th(G;)) with suitable
additional constants. Likewise, < B;¢ > is obtained from the structures
< Dp <1, f(g;) >;¢ > by the same generalized product. Thus we need
only show that for all i = 1,---,n, Dyg < 1,&; >= D < 1, f(g;) > in the
language L1 (Th(G;)) U {¢;}:

Let 6(¢;) be a Lt (Th(G;))-formula. We have:

Da<1le >E0(c) Dy < 1l,e >E0(c)
CE0 @)

Dp <1, f(ei) > 0'(e)
Dg <1, f(&:) >F 0(c),

re o

where:



- ¢ is a quantifier-free L™ (Th(G;))-formula which verifies (by induction
hypothesis) G; = VZ 0(Z) < 0'(Z). This is also true in D4 < 1,&; > and
Dg < 1, f(g;) > by elementary equivalence, and justifies the first and last
equivalences.

- The second and third equivalences are true because 6’ is a quantifier-free
formula, and ¢; € AN B.

The proof is complete in the case of products.

e (G is an extension, G = Bg[H] with card(H) > 2, and by induction Bg
admits elimination of quantifiers in L*(Th(Bg)). Let A, B | Th(G), C
be a LT (Th(G))-substructure of A, B, and ¢(¢) be a Lt (Th(G))-primitive
formula with parameters ¢ = (¢1,---,¢p) € C.

We have A = BA[H_A], B = BB[HB]7 and ¢ = ¢ X &2 in A, with ¢; € By
and ¢a ¢ B4. We denote by 7 the projection from A = B4[H 4] onto B 4.
As m e LT (Th(Q)), it is easy to show (as in the case of products) that:
¢1 € Bgand ¢ =¢; X Cig in B, with Cig ¢BB
To show A = B in LT (Th(G)) U {¢}, using generalized products (as in the
product case), it is enough to prove:
Bj = Bgin L+(Th(Bg)) U {61} and
(H4,¢) = (Hg,ds) in the language {1,.}. (%)
Since the argument proving the first assertion is similar to that employed in
the case of products, we consider only the second item:
H4 = Hp in {1,.} and in such a structure (a vector space over Fs), two
elements different from 1 have the same type.
Thus (%) will be true if Vi = 1,---,k, (c2; = 1 & da; = 1) (where & =
(62,1, teey, CQ,k) and dg = (d271, teey, d2,k)). But:
Co i = 1 & A ': C; = 7T(Ci), with ¢; = C1,i X Co

< BEc¢=mn(¢), because ¢ € ANB

& dp,; =1, by choice of ds.
This completes the proof. ¢

Remarks:

e The language L™ (Th(G)) depends only on the pruned tree of G, and we can
show (by induction on the pruned tree), that the projections in Lt (Th(G))
are axiomatized by a finite number of Lt (Th(G))-first-order formulas, i.e.
there exists a LT (Th(G))-formula ¢ such that G = ¢ if and only if the func-
tion symbols in L™ (Th(Q)) verify the properties required in the construction
of LT (Th(G)) before proposition 8.2.

e Theorem 8.3 has been proved for reduced special groups of finite chain length
(which are the special groups of finite type built up from Zs). This was used
at one point at the beginning of the proof, for the case G = Zs, namely,
that Zy admits quantifier elimination in Lgg. The proof remains correct for
special groups of finite type that are built from finite special groups which
admit quantifier elimination in Lg¢.
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9 Morley rank

We have seen in corollary 4.4 and in proposition 6.2 that if G is any special
group of finite type, its theory is w-stable, w-categorical, and of finite Morley
rank. We now compute this rank, by induction on the tree of G:

o If G is finite, RM(G) = 0.

e If G is a product G x- - - X G, we use the following result: if K, K5 are groups
definable in a w-categorical, w-stable structure, then RM (K;) = RU(K;) < Yo,
for i = 1,2 (by [CHL], theorem 5.1), and RU(K; x K) = RU(K;) + RU(K>)
(see [P2], theorem 6.1, p. 182).

With the notations of fact 3.4, we have G = Gy x -+ x G, x Dg, x --- x Dg,,,
with Dg = Dg, X -+ x Dg,, finite, and we get:

RM(G) = RM(Gy x - xGpnx Dg)
= RM(Gy)+ -+ RM(G,)+ RM(Dg)
= RM(Gy)+---+ RM(G,) (since D¢ is finite).

But G;

i o= x Dg,. The same argument as above shows that RM(G;) =
RM(G;) +

Gi
RM(Dg,) = RM(G;), since Dg, is finite, and we have:
RM(G) = RM(G1) +---+ RM(G,,).
o If G = Bg[H], we know that G is a generalized product of Bg and H (if we
add a quaternary relation R¥ and a constant —1z in H). With this, we show:

Proposition 9.1 If G = Bg[H]:

) - { B 1 i
Proof: We start with a simple observation:
G=|J Bo x{h},
heH
and Bg x {h} is definable in G = Bg[H]. So if H is infinite:
RM(G) > RM(Bg) +1 (1)

(the Bg x {h} are disjoint and have the same Morley rank).
We will now show:

RM(G) < RM(Bg) + RM(H), (2)
where the Morley rank of H is that of H as vector space over Fo, i.ce.:

1 if H is infinite

RM(H) = { 0 otherwise

We have seen in lemma 5.4 that every definable subset of Bg[H] is definable in
the product Bg x H, if H is equipped with the fan isometry, and with an element
different from 1 as —1p (this relation and this constant are both definable (with
parameters in H), in the language {1,.}).
This gives:

RM(Bg[H]) < RM(Bg x H).
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The computation done for the product case applies and gives RM (Bg x H) =
RM(Bg)+ RM(H), i.e.

RM(Bg|H]) < RM(Bg) + RM (H).

As the additional structure on H is definable in the language {1,.} for groups,
we have:

1 H | 1 if H is infinite
RM( < Hi1,=1p,» BT > ) { 0 otherwise

which conludes the proof, using (1) and (2). ¢

Remarks: For any special group of finite type, it is thus easy to compute its

Morley rank from its (pruned) tree.

Furthermore, if h(G) is the height of the tree of G, and p(G) is the maximal

number of factors appearing in a product in the decomposition of G as products

and extensions, one verifies that the Morley rank of G is bounded as follows:
RM(G) < p(G)M9).

If G is reduced, this bound can be expressed in terms of ¢l(G), the chain length
of G, and we get RM(G) < cl(G)?H&),
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