
Math 40010 Ring Theory 2022/2023

Problem sheet 6

1. Let V be a vector space over a field K.

(a) Show that V is simple iff dimV = 1.

(b) Show that the following are equivalent:

i. dimV = n;

ii. There is a sequence of subspaces {0} = V0 ⊆ V1 ⊆ · · · ⊆ Vn = V
such that Vi+1/Vi is simple (as a K-module) for i = 0, . . . , n− 1.

2. Let M be an R-module and let N be a proper submodule of M . Show that
the following two statements are equivalent.

(a) If P is a submodule of M such that N ⊆ P ⊆M , then P = N or P = M .

(b) The R-module M/N is simple.

3. Let R1 and R2 be rings and let I be a left ideal of R1×R2. Show that I = I1×I2
for some left ideals I1 of R1 and I2 of R2.

Hints: (a) Find a way to define/describe I1 and I2 out of I;
(b) If a = (a1, a2) ∈ I, consider (a1, 0) and (0, a2).

This can easily be generalised to a product R1 × · · · × Rn. It is exactly the
same argument, just longer to write.

4. Let R be a commutative ring.

(a) Let x ∈ R, x not invertible. Show that there is a maximal ideal M of R
such that x ∈M (use Zorn’s lemma).

(b) Let R be a commutative ring such that R has only one maximal ideal M
(such a ring is called a local ring). Show that R\M is the set of invertible
elements of R.
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