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Instructions for Candidates

Answer three (3) questions.
All questions carry equal marks.

Please avoid the use of red ink on the answer books.

Instructions for Invigilators

Non-programmable calculators may be used during this examination.
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Question 1

(a) (8 marks) Given two independent, unbiassed temperature observations 7} and
T, with (unknown) errors £; and €9, and (known) variances o7 and o3, derive an
expression for the best linear unbiassed estimate (BLUE) of the temperature.
State all assumptions that you make.

(b) (10 marks) Assuming Ty = 14°C, T = 16°C, 0, = 1°C and oy = 3°C, find the
temperature that minimizes the least squares error, and also find its variance.

(c) (2 marks) Show that the temperature that minimizes the cost function

(T - T1)2 (T - T2)2
+
o1 09
yields the same estimate of T" as the least squares estimate. Briefly discuss the

consequences of this equivalence in the context of optimal interpolation (OI)
analysis and variational assimilation.

EE

Question 2

Consider the ordinary differential equation for a function of time, u = u(t),

du

— =F 1
= Pl )
where F'(u) is an arbitrary nonlinear function of w.

(a) (8 marks)

Write down the finite difference approximations to (1) using each of the fol-
lowing schemes:

(i) Euler or forward scheme

)
(i) Backward or fully implicit scheme
(7ii) Centered implicit scheme

(iv) Leapfrog scheme

(b) (10 marks)
The Adams-Bashforth scheme for the equation

du

bk 9
g = wu (2)
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(the linear oscillation equation) may be written
= iw (2u" — Jut) . (3)

Perform a stability analysis and show that the physical solution and the com-
putational solution have amplitudes

o+l =1+ (WA and  |p-| = j(wAY)
respectively.

(c) (2 marks) Comment on the practical utility of the Adams-Bashforth scheme
for NWP and for climate modelling.

Question 3

(a) (6 marks)

Consider a test function of time, f(t), of the form

f(t) = ayg cos(wit — 1) + g cos(wat — 1)

where |wi| < |ws| and «aq, ag, 1¥; and 1, are arbitrary (constant) amplitudes
and phases. Describe how, by taking the Laplace transform of f(t) and ap-
plying a modification of the inversion operator, the high-frequency component
Qg cos(wat — 1h9) may be filtered out of the solution.

(b) (10 marks)

The atmospheric equations of motion may be written in symbolic form
X +LX +N(X)=0 (4)

where X is the state vector, L is a linear operator (matrix) and N(X) is a
nonlinear vector function.

Show how this system may be written in normal mode form (assume LE = EA
where A is a diagonal matrix), so that rotational and gravity wave components
can be distinguished.

Apply the Laplace transform to derive an algebraic expression for the trans-
form of the solution. Describe how, by a modification of the inversion operator,
a solution comprising the low-frequency components of the solution of (4) may
be obtained.
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(c) (4 marks)

Describe the definition of the Laplace transform that is appropriate in order
to combine this approach with a semi-Lagrangian advection scheme.

Comment on the computational efficiency of the scheme for (i) finite-difference
models and (ii) spectral models.

Question 4

Consider the barotropic vorticity equation on a sphere

o 200
T2z T2 JWC)—O (5)

where the Jacobian term is defined as

_ | 9vo¢ 0¥ ¢
(¥, ¢) = [a% —@5}

i = sin ¢ and all other notation is standard.

(a) (6 marks) Assuming that the streamfunction may be expanded in spherical

harmonics
(A ;) Z Z P YA )

n=0 m=—n
show that the vorticity (A, i, t) has a similar expansion, with

G =20 Dy

a2

(b) (8 marks) Give a general argument leading to the conclusion that the evolution
of the spectral coefficients is governed by a set of ode’s of the form

dt = —i0, Cn + %Z Zk&“s Inrlzﬁgfcf
where 0" = —2Qm/n(n+ 1) is the Rossby-Haurwitz wave frequency (it is not

necessary to derive explicit expressions for the coefficients I™*).

(c) (6 marks) Describe, in outline, the transform method, and give the reason why
it is considered superior to the interaction coefficient method indicated in part
(b) above.
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Question 5

The one-dimensional advection equation may be written in either the Eulerian form
or the Lagrangian form:

oy oy

ot uax_ o

E_O’

(a) (7 marks) Describe the procedure used to develop a (semi-Lagrangian) finite
difference approximation to the Lagrangian form of the equation.

(b) (8 marks) Assuming that linear spatial interpolation from surrounding points
is used to evaluate the solution at the departure point, show that the semi-
Lagrangian scheme is stable irrespective of the time step.

(¢) (5 marks) Discuss the consequences of unconditional stability for operational
numerical weather prediction. Does unconditional stability of the scheme en-
able an arbitrarily large time step to be used in practice, or are there other
considerations limiting it?

000

©UCD 2011/Modular 50fh



